
" .\Cl Fen Bilimlcri 1 -: n~titCI:-.li Dcri-! isi 9.( 'i lL 2.Sl1y 1 2005 1\ Ne\v i'v1ethod to Sho''' Isomorphistns or Fin ite< iruup:-. 
/\ . ( >. : \t u~lin 

.... 

A NEW METHOD TO SHOW ISOMORPHISMS OF FINITE GROUPS 

•• 

Ak1n Osman ATAGUN 

.. 
Erciyes Univ., Yozgat Fen-Edeb iyat Fak. 

M atcn1a tik BtHLi tn LL Y ozga t Te l:3542421 02 1 ( 144 ), aoatagun 1(i·erciycs .edu.tr 

ABSTRACT 

The concept or a group is of rundan1cntal itnportance in the study of algebra. Crroups which arc, f1·on1 the point of view 
of algebraic structure. c~~cntia ll y the san1e are sa id to be iso n1orphi c. The ideal ain1 of fin ite group theory is to find all 
lini tc group : that i ~. to '>hO\\ ho\\' to co nstruct finite groups or every possible type. and to establish effective procedures 
'' h ich wi 11 detcnn i ne \\het her t \\ O given fin itc groups are of the san1e type. W c added a ne\v one on all present 
techniques: Group M atricc". This technique is easier and shorter than the all present techniques to obta in all finite 
groups of the san1c finite order. Since this technique includes n1atrices, the theory can be translated to cornputational 
progratn tning in the ruturc. 

K c y W or cl s - F i n it e group. I c; o 111 or ph is 111. 

SONLU GRUPLARIN iZOMORFLUGUNU G6STEREN YENi BiR METOD 

•• 
OZET 

8ir grup yaptsr ccbir ~-all~tna lan i<; in ten1e l onen1 ta$tr. Cebirse l yap llar olarak bak tldrgtnda karakteri stik olarak ayn r 
ulan gruplar i;.on1orflk olarak ad landrnhr. TUn1 sonlu gruplan buln1ak, sonlu grup teori nin onernli bir aJnac tdtr. Bu ise. 
tUrn durun1lar i<;in sonlu grup yaprst nt in$a etn1ek. yani veril en iki sonlu grubu n ayn t tipte olup olrnad tgtn t veren 
proc;edli rl eri ortaya ko) n1aktrr. Bu n1akalede ktsn1en bu an1aca hizn1et eden, $Ll an bilinen tekniklere bir yen isi ilave 
cdi ln1i ~ tir: Grup Matrisleri. Bu tcknik aynt tnertcbe li tlin1 sonlu gruplan tespit etn1ede hali hazrrda bilinen tekniklere 
gore daha kolay vc kt sadtr. Bu teknik n1atrisleri iyerd igindcn, burada teoride verilenler gelecekte bilgisayar 
proQran1lan1ava a k tan lab i I ir. 

..... -

Ana hta r Keli meler - Son I u grup, i zornorfi ztn 
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1. INTRODUCTION 

I n t h i, paper, the cap it a I I e tt e rs G, !-!, K. . .. w i ll a l \V ay s 
denote groups. We shall usually denote the identity 
elen1ent of a group by e . Then if G is a group the subset 
{ <! } consist ing only of the identity elen1 ent of G forn1s a 
subgro up which we ca ll the trivial subgroup of G. Let 
,g c- G . If there are di stinct posit ive integers r . s such that 

gr =- g \ ' \Ve say that g is o r fin ite order in Ci: then there is 

a po itive integer n such that g 11
- l) and \Ve call the least 

~uc h n the order of G. denoted o(g). I f there is an element 
g of G such that every eletnent of G is express ible as a 

po,ver g
111 of g (n1 is an integer) , we say that G is a cyc lic 

group and that g generates G: then we write G= (g ) . Let 

. \" be any set. If .. ¥ i fin it e. \\'e denote by I .rl the nun1ber 
of e I erne n t s in X. 

For any group C, \Ve ca ll lcl the order of C. Further 
detail s are to be found in [ll and r21. 

The results we g ive are proven by so n1 e well known 
resul ts in finite group theory which can be found in [3], 
[4] , 15]. [6] and [7]. 

1-he new t e c h n i q u e w h i c h i s in t rod u c e d i n Sect ion I I 
g ive · that ho\v tnany different (up to iso n1 orph isms) 
groups of the san1e fi nite order and that any two groups of 
the san1e fin ite order are isotnorphic or not. This way is 
eas ier and shorter than the all present techniques to obta in 
all finit e groups of the san1e finite order. Since this 
technique inc ludes n1atrices, the theory can be translated 
to co tnputational progran11ning in the future. 

2. GROUP MATRICES 

2.1. Definition. Let G be a group of order n and e is the 
identity elen1 ent of G. We wi 11 denote the eletnents which 
order k in ( , by gk and gk 

1 
will denote the j-th ele1nent 

\Vhich order k in G. If the n1 atrice (:) = {a,1 J consists of 
. 11.\'11 

the elcrn ents 
OJJ -= e. u 12 -: CIJ J - ... = CIJ 11 = CI;_J =- OJJ = .. . = CinJ = 0 

and 
gk 

1 
= ak( ;+ I) where I < J < 17 - 1, 2 < k < n 

then \Ve wi 11 ea 11 it a group n1 atri ce of G and we denote 
t h i s by (}( i . 

2.2. Example. We cons ider the Klein 

I' = {e .u.b,c}, that is a 2 = b1 
= c 

1 
= e . Then 

le 0 0 ol 
1\o a b cl 

0'. =I o o o o 
lo o o oJ 

of course \Ve can change the place of a,b and c. 
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2.3. Ex a m pie. We take the group - (- - - l 
7.~ = t O. L2 J, then 

r- o () ol 
I ! 

Bz1 =\ 0 0 O j . 
- lo - 2j 

2.4. Definition. Let C and /-/ be groups of the san1 e 
fi n it e order 11 and these g r o u p 111 at r i cc s arc o< ; and o 11 

, respective I y . I f for every I ,.. , ..--: n the i -t h r o vv s o f o< ; an d 

eH have non-zero elements of san1e nurnber. then we 

\Vill call these 1natr ices are equivalent and denote 
Be ; ~ eH . lfthese are not equivalent \VC will denote thi s 

by Be; :1: eH . 
2.5. Ex a m pie. We take the group V a~ in exan1p le I 1.2 

- ~ - I ~ \ • and take another group z -1 = tO. 1. .... . _) J . f hc n 
r-1o o o o1 

Oz _I o 2 o o I 
~ -t -llo o o o J 

o I 3 o 

hence by Definition I 1.4 01 • i: r-t2 4 . 

We want to obtain isotnorphistns 01 

group tnatrices. Since this tec hniq ue in 
d is tin c t groups of the sa 111 e fin it e or d 
by co n1putational in the future. BL 
results, we want to exp lain what \\t 

exan1ple: it is we ll known that there 
groups of order 4 [7] . If we take a grou 
its group n1atri ce wi 11 be equivalent t 

example we consider the group 1\ = r l 

n1u lt i pI ication \V here ; = r-1 . Then its ,... 
!1 o o ol 

ll o - 1 o o1 
O;.:=l o o o o · 

lo , _, o 
Hence it is seen that o 1 .. : ~ Oz-t . 8 ut \\ e 

f..: :: z 4 ( K is is o n1 or ph i c to z 1 ) • 

1: gro ups b y 
tnatrices. a ll 
1c obta in e d 

n!.?. so n1 e ...... 

\\ ith a n 
d istinct 

• '-) L .. : c.: • · l t h e n 
fh r<.) r 

JS 

dy kno\v that 

11.6 Lemma. The re l at i o n ··~,, on the set of all gro u p 
n1atri ces is an equivalance relat ion. 

The proof of Len1n1a 11.6 is easy, hence otnitted. 

It is seen that every 17:-:. n tnatri ces is not represent a 
group. So we consider only group tnatrices, i.e. these 
tnatri ces represent groups. We have the fo llowing~ 

11.7 Theorem. Let G and H be groups of the sa rne 
finite order n and these group n1atrices are e<i and eH 

,respect ively. Then c; - H if and only if Oci ~ oH . 

Proof If G ::: 1-1 then both of these groups have the 
elen1ents of sarne order wh ich nu1nbers are equal 
Therefore by Definition 11.4 Bci ~ eH . Converse ly i1 
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:::: o 11 , then \Ve can define a one-to-one correspondence 

~tween the elen1 ents of G and H by using order of 
ements. Since one to one hotnon1orphisn1s between two 
·oups of the san1 e finite order is also onto, it is seen that 

I .: H . 

V.'e will denote the set of a ll non-equiva lent "" n group 
tan· ices by 011 , fro 111 Letn tna I I. 6 it can eas ily seen that On 

, the set of all equi va lance c lasses of 11.rn group n1atrices. 

h us we can do a c I ass i fi cation o r group 111 at rice s. 011 

enotes the nun1 ber of e letncnts or 011 • U nclc t-i ned sets can 

e found in [7]. In the fo llow ing table, given in the next 
age, son1e groups are Qs: Quatcrn ion group , .-111 : 

..lternating group of n letters, !>11 • Dihedral group of 

egree n and T: !\ group generated by elcn1ents a. b such 
~ ~ I 

1at o(a) =6.b - =a·'. ha = a - h. We have the fol lowin o· table· b , 

Tablel. The order of group mat r ice~ or so m~ groups 

Grouns 
Group 
~la trifes 

Order Order 
D1stinct Group\ 

(n) 011 ( ) 

I (e) l 
-

I /., I -
, 
J ZJ I 

4 1'./. .. 1 ') .... 

) /.s I 

6 z () . n:. I ..... 
·- --

7 /.7 I 
• - --

X z 2 E9 L 2 <f> /. 2, L' 2 <D 1:'.1 ·/X, (}g, D.t 5 

9 Z3 <f> l3,Z9 2 

10 Z1o - Ds 2 

I I z,l I 

12 7. 2 EB Z 6. Z 11 . . ·Lt . D6 . T 
~ 

) 

I 3 Z13 1 

14 Z 1·1· D7 2 

15 zl-) I 
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