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ABSTRACT : In the present paper we prove some fixed point and common fixed point theorems in Banach
Spaces for new rational expression, which generalize the well known results.
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I. INTRODUCTION T? = |, where | is identity mapping .. [1.3(a)]

Browder [4] was the first mathematician to study non-
expansive mappings. Meanwhile Brouwder [4] and Ghode
[6] have independently proved a fixed point theorem for
non-expansive mapping.

Many other mathematicians viz; Datson [5] Goebel [6],

X =TIy =Ty Il x=Ty [+ x=yIF
lIx=yIP
cply =TIy =TI X =Ty lI [ x= yI?

[[TX-TYy||< a

2
Goebel and Zlotkienwicz [8], Goebd, Kirk and Simi [9], Iseki =l
[11], Singh and Chatterjee [22], Sharma and Rajput [21], +Hy[IIx=Tx[+ 1y =Ty l]
Rajput and Naroliya [20] Pathak and Maity [18], Qureshi
and Singh [19], Sharma and Bhagwan [23], Ahmad and +3[|| X=Ty |+]l y=Tx || +n [ x-y|| ... [1.3(b)]
Shakil [1], Shahzad and Udomene [24] have done the . . .
generalization of non-expansive mappings as well as non- x# Y, with10c. + 96 +8y +55 +n < 4then unique fixed

contraction mappings. Kirk [15, 16 and 17] gave the point.
comprehensive survey concerning fixed point theorems for

. ) . Proof : Suppose x is any point in Banach space X.
non-expansive mappings. On the same way we establish

some fixed point and common fixed point theorems for non- ) 1
contraction type mappings for two mappings. Taking y ZE(T +1)x, z=T(y)
Il. MAIN RESULTS I z—x||=||Ty—T2x||:||Ty_T(TX) I

Theorem 1.3: Let T be a mapping of a Banach spaces
into itself. If T satisfies the following conditions:

1Ty =T (1) £ oY =TT XUy =il ly TP
Iy -Tx]|
LI XHIT=Ty [y = X+ y_Tx [P
ly-Tx ||
/[y =Ty I ITx=xI] +8 1Ly = x I+ Tx=Ty []+n l y=Tl

1 1
Y =Ty HITX=X[IS [ x=Tx |+ 2 i x=Tx|f°
<a

Lix-TxP
4

1
ITx= X[ TX= Y+ y=Ty ]S | x=Tx ||+ [| y=Tx|
+B 2

Lx-Tx P
4

1 1
+y[Ily =Ty [+ [ITx=x][] +5[§II X=TX[|+ [ TX=y [|+]| y—WII}nEII X=Tx||
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{41ly=Ty lHITx=xIP + I x-Tx|P}/8
=aqa

Lix-Tx|p
4

1 1 1
ITx=xIl| SIx=TxI+ly =Ty [l | [1x=Tx ||+ [Ix=Tx]F
B 2 2 8

1
STl
#r[ly=Ty I+ 1 Tx=x]

1 1 1
+5[§ Tl 2Tl | y—Tyn}nEu y—Tx|

(09
< E{4II y=Ty I+l x=Tx|l}

B 21 [l x—Tx|P
+ oA T)=X P S X=TX |+ y =Ty || |+
2 2 [ Tx— x|

+y [y =Ty I+ ITx=x|[] +8 [l x=Tx ||+ [l y-Ty ||]+g|| x=Tx||
o p
= E[” x=Tx||+4]| Y—TYI|]+§[2 Ix=Tx[l+4]ly-Ty ]

Y[y =Ty I+ ITx=x[] +3[l x=Tx ||+ [l y-Ty ||]+g Il x=Tx|

o
=||x—Tx||[5+s+v+6+g}+||y—Ty||[2a+2s+v+6] (13

||z—x||s%[on+2[3+2y+28+n]+||y—Ty||[2a+2[3+y+8]

Now for |Ju—x||
lu=xlI=l12y—z-x|I=[ITx-Ty||
< JX =TIy =Tyl Ix=Tyll+ I x-yIP
I x-yI?
Ly =Tyl -TxIHIx=Ty [+l x-y IF

+B >

Ix=yll
+y (X =T+ [y =Ty Il +8[IIx=Ty I+l y =Tx[l]+n I x= y I

1 1
SIx=TIFIly-Ty I+ x=Tx|P
lu—x|l<a

Lix-Tx P
4

1 1
=Ty I =Tl ST xl -y
o8

Lix-Tx P
4

1 1
ey [Ix=Txll ] y—Ty||]+5{E||x—Tx||+5||x—Tx||}+g||x—Tx||
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[41x=Tx Py =Ty lI+ | x=Tx|F*]

2| x=Tx|f?

1 1 1 3
—|ly-T X=TX|[| = || Xx=Tx|| |+ = || x=Tx
{zny yll ||[2|| @ A ||}

+B
1 2
= x=Tx

4 =Tl

+y [Ix=Tx[l+ 1y =Ty [l +8l X—TXII+gII x=Tx|

21y =Tyl x=Tx | + | x=Tx|F ]
2| x=Tx|P

=%[4II y=Tyll+l X—TX||]+I3[ +y[Ix=Txl+1ly=Tyl]

+3[ [l x=Tx|] +g[|| x=Tx|[

=||x—Tx||[%+%+y+5+g}+|| y-Ty [[20.+B +7]

1 ... (13.3)
+||x—Tx||E[a+[3+2y+5]+|| y-TyI[[20+B+7]
lz=ulll z— x|+ | x=ul|

S%||X—TX||[0L+2[3+2W/+25+11]+||y—Ty||[20L+2[3+y+5]
1
+E{[a+[3+2y+5] Il x=TxIl}+ I y=TylI[2a.+B+7]

||z—u||s%||x—Tx||{a+2[3+2y+25+n+a+[3+2y+5}
+ly-Tyll[200+ 2B +7+8+ 200+ B+7]
=%||x—Tx||{2a+3[3+4y+35+n}+|| y—Ty||[4o+3B+ 2y +3]

On the other hand

Iz=ull=lIT(y)-(2y-2)|l
=IT(Y)-2y+TW I
lz-ull=2[ITy-yI

1
2||Ty—y||sE|| X=Tx|[[20+3B+ 4y +38+n]+|| y-Ty|[[4o + 3B + 2y + 8]

3 3.1
+—B+2y+—0+— ||| Xx=-TX
[a B+2r+ Z}M ||

Ty—-vy||<
Ty =yl 2—[4a+3B+2y+3]

ITy—yll<S|Ix=Tx||
2 4y+ 33
WhereS=[ ot 3p+ayt +n]<1
4—[8o+ 6B+ 4y + 23]

because 100 +9B+8y+55+n <4

Let R:%[TH], then
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IR (%)= R(x) 1 =IIR(R(x)) = R(x)
1
=||R(y)—yll=§lly—TyI|

<§ [| x=Tx]|
2

By the definition of R we claim that {R” (X)} is a Cauchy sequence in X. By the completeness of X, {R” (X)} is
converges to so element x, in X. So

fim {R" () =%

S0 {R(x)} =X, Hence T (%) =X
S0 X, is afixed point of T.

Uniqueness : If possible let y, # X, is another fixed point of T. Then || x, —y, || = || TX, — T(y,) |l
<o 1% =T 111 Yo = TYo Il % = Tyo lll %o = Yo I
1% = Yo I
B 1Yo =Ty Illl Yo = Txo 1111 %o = Tyo ll+ 11 % = Yo I
1% — Yo I

+7[I1% =T l1+11 Yo = T¥o ] + 81 %0 = Tyo lI+ 1 Yo = Txo ]+ 1 1 %0 = Yo
=a 1% = Yo l+B11% = Yo 1+23 1% = Yo [I+n 1% = Yo
1% = Yo lI<(ot+B+25+m) 1%~ Yo |l

Which is a contradiction so x; =y,

Hence Fixed Point is unique.

Now we prove common fixed point theorem for two mappings.

Theorem 1.4. Let K be closed and convex subset of a Banach space X, let T: K > K and G : K —» K satisfies the
following condition.

(2.4.1) (@) T and G commute
(2.4.2) (b) T2=1 and G? = |, where | denotes the identity mapping.
(143) (©) [Tx-Ty <o 1O X CY =Ty 11 Gx-Ty ||+ | Gx—Cy

IGx-Gy ||
|IIGy—TyII IGy - Tx Il Gx-Ty [|+[|Gx -Gy |’

IGx-Gy|f

+Y[IGx=Tx I+ |Gy ~Ty [l + 3 [l Gx~Ty [l + | Gy = Tx[[] + n [| Gx - Gy ||
forevery x,y € X,a.,B,v,8,m €[0,1] with x= yand ||Gx—Gy |l OAnd then there exists a common fixed point of T and

G such that T(x,) = x, and G(x,) = X, with 10a. + 9B + 8y + 55 + n < 4 then T and G have unique fixed point.

Proof : Suppose x is point in Banach space X. It is clears that (TG)? = |
Now

+B1
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IG(G?y)-T(G*X)I1IG(GY)-T(G%y) I1G(G*X)-T(G%Y) I+ 1G(G*x)-G(&?y) IF
IG(G?x)-G(G%y)II?

IG(G2y)-T(G%y) Il 1G(G%Y)-T(G°X) Il 1G(G?X)-T(G?) I+ 1G(G°x)-G(Gy)+IF
||G(<32x)-<3(<32y)||2
+1[116(6%%)-T (62 I+ 116(G%y) - T(%y) Il |+ 8] 116(G?x) - T (G%y) I+ 16(G%Y)-T(GX) I
f1e(et)-T(e)
| Gx-TG(GX) || 11G(y)-TG(Gy) llllG(x)-TG(Gy) [I+ || Gx-Gy I
l|Gx—Gy||?
+B|IG(y)—TG(Gy)|I |Gy -TG(Gx) || |Gx—TG(Gy) ||+ | Gx— Gy |
IGx—Gy||?
+7[1Gx=TG(Gx) [+ G(y)-TG(G(y)) Il |
+3[11G(x)-TG(G(y)) I+ 11G(y)-TG(G(x)) Il ]
[I1G(x)-G(y)Il]
Taking G(x) = p, G(y) = g, where p=q
ITGG(x)-TGG(y) = TG(p)-TG(a)

ITGG(x)-TGG(y)lI<a

+p

=al|

o p-TG(p)lIllg-TG(a) Il p-TG(a) ||+l p-qlf
I p-qlf
+B||0|—TG(0|)III|0|—TG(p)II I p-TG(q)ll+ p-alf
lp-al?
+1[Il P=TG(p)lI+1la-TG(a) ]
+8[1 p-TG(a) I+ 1la-TG(p)ll]+nll p-qll
Taking TG = R we get

I p-R(p)IIlla-R(a) Il p-R(a) I+l p-alf
I p-qlf
la-R(a)lllla=R(p) Il p-R(a) I+l p-qlf
lp-alf
+y[ll p=R(p) I+ lla—R(a)ll]
+3[ [l p=R(a) I+ lla=R(p)lI]+nll p-qall
It is clear by theorem 1.3; that R = TG has at least one fixed point say X, in K

IR(p)-R(a)ll<a

+B Il

That is R(x) = TG(x) = X, .. (14 4d)
and so T.(TG)(x) = (X)
or TH(Gx) = T(x,)

G(x,) = T(x,) ..(14¢

Now
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1T%0 =% [1=M1T% = T2 (%) = T =TT (%)
a||G(X0)_T(X0)”||GT(X0) T (M%) IH1G (%) =T (Tx) 1+ 1G (%) =G (T%,) I
1G (%) -G (Tx) I
1G(Tx0) =T (%) 1 G (T%) =T (%) 111G (%) =T (Tx) 1+ 1 G (%) = G (Txo) I
1G(%)-G(Txo) I
+7[I1G (%) T (%) I+ 1G(Tx) =T (Txo) Il]
+3[1G (%) =T (Txo) 1+ 11G (T ) =T (%) Il
N 11G(%) -G (M)l
= ol ™o = Xog I€[0 + B+ 28+ M) ol TR =X | “ a0 +B+25+1<1
So T(x,) = X,
That is x; is the fixed point of T. But T(x) = G(x) so G(x,) = X,
Hence x, is the fixed point of T and G.

+B

Uniqueness : If possible let Yy, # X, is another common fixed point of T and G.

Then (1% = Yo I=1T% (%) =T (Yo) I=IT (T (%)) - T (Tyo) I

< NB(M0) =T (M) Ml S(TY0) =T (TYo) I G (%) =T (Tyo) I+ 1G(T) = G(T¥o) I
1G(T%) - G(Tyo) I

+BIIG(Tyo)—T(Tyo) I1G(Tyo) =T (T%) H1G(Tx) =T (Tyo ) ll+ 1 G(T%y) = G(Tyo) I
1G(T%) - G(Tyo) I

+1[I1G(T%) =T (T ) 1+ 11G(T (¥0)) =T (Tyo) 1]+ 8[I1G(Tx) =T (Tyo) 1+ 1G(Tyo) T (Too) ]
MM IG(T%)~G(Tyo)
=a 1% = Yo [[+B 1% = Yo [[+25 || % = Yo [[+n 1% = Yo ll
ie 1% = Yo lI<(o+B+28+m) 1%~ Yol
But a+B+20+n<1

So X =Y,
So common fixed point is unique.
Now we generalize the theorem (1.3) for three mappings.

Theorem 1.5. Let K be Closed and Convex subset of a Banach space X. Let T: K—> G: K > K, F: K — K satisfies
the following conditions.

TG = GT, HT = TH and GH = HG .. (L58a)
T=1,G=1H =1, .. (1.5 b)
where | denote the identity conditions
IGH () =T () IlIGH (y) =Ty lllIGH () =Tyl GH (x) - GH (y) I
IGH (x)-GH (y) P
+BIIGH(B/)*T(y)IIIIGH(y)*T(X)II IGH (x)=Ty |+ IGH (x)-GH (y) I
IGH (x)-GH (y) P

+[IIGH (x) =T (X) 1+ IGH (y) =T (y) ] +8[ [IGH (x) =Ty [+ [IGH (y) - Tx|l]
+N[IGH (x)=GH (y) I .. (1.5¢)

For every x,ye X, o,B,v,6,n€[0,1, x=ye X with || GH(X) — GH(y) || # 0and then there exists at least one
common fixed point of T, G and H. If ... with 10a + 9B + 8y + 55 + n < 4 then T, H, G have unique common fixed point.

[[TX=Ty|<a
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Proof : Suppose x is a point in Banach space X.
Itisclear that (TGH)? = |
Now

ITGH.G(x)-TGH.G(y)ll

<a||GH (GHG)(x)-T(GHG)(x) |l [IGH (GHG)(y) - T (GHG)( )||||GH(GHG)(X) T(GHG)(y) I+ IIGH (GHG)(x) - GH (GHG)(y) IF

B IGH (GHG)(x) ~GH (GHG)(y) I

+ﬁ||GH(GHG)(y)—T(GHG)(y)” IGH (GHG)(y)-T (GHG)(x) || |IGH (GHG)(xX) - T (GHG)(y) ll+|IGH (GHG)(x)— GH (GHG)(y) I
IGH (GHG)(x)— GH (GHG)(y)IF

+7[IGH (GHG)(x) ~T (GHG)(X) |+ |GH (GHG)(y) - T (GHG)(y) Il |
+5[IGH (GHG)(x)~T (GHG)(y) ll+[IGH (GHG)(y)-T(GHG) ()|l ]
+7||GH (GHG)(x) -~ GH (GHG)(y) ||

:a||Gx—(TGH)G(x)||||G( y)—(TGH)G(y) lllGx—(TGH )G (y)||+||G(x)—G(y)||3
IG(x)-G(y)IF

+ﬂIIG(y)—(TGH)G(y)IIIIG(y) (TGH)G(x )||||Gx (TGH)G(Y) I+ 1G(x)-G(y) I
IIG(X) G(y)IP

+7[I1GX=(TGH )G(x) ||+ | G(y) - (TGH ) ||]

+5[11G(X)~(TGH )G (y) I+ 1G(y) - (TGH ) G(x) Il ]

7 1G(x)-G(y)l
We take G(x) = p and G(y) =
| TGH(p) — TGH(q) ||

2 IP=TGH lllg=TGH (q) Il P~ TGH () llll p-alF
) Ip-alf

lla-TGH (a) ll1a-TGH (p) Il P~TGH () Il + | p-qlF
lp-q|P .. (1.5d)

+y[Il p=TGH (p) I+ 1la=TGH (a) |l |+ [l p~TGH () I+ [lg-TGH (p) Il ]+n [ p-qll
By previous theorem (1.3.a), (1.3.b) it is clear that TGH has at least one fixed point.

+B

Say x in K.
TGH (%) = %o ..(15¢
GH (TGH (%) = GH (%) .. (151)
(GH)?T (%) =GH (%) - (159)
= T(%)=GH (%) .. (L5h)
Also H(TGH ) (%) =H (%)
TG(H) % = H (%)
= TG(%)=H (%) .. (151)

Now,
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I Hxo — % I TG (%) ~ T2 1=l TG (%)~ T(T (%)) I

< N18H (G (%)) =T(G(%)) I 1CH (T (%)) =T (T (%) I1CH (G (%)) =T (T (o))l + 1GH (G (x9)) — CH (T (9)) IP

) IGH (G (%))~ GH (T (%)) I

+B||GH(T(Xo))*T(T(Xo))II IGH (T (%)) ~T(G(%)) IIGH (G (%0)) =T (T (X)) I+ 1GH (G (%)) ~GH (T (o)) I
IGH (G (%))~ GH (T (%)) I

H[IIGH (G(%)) =T (G (%)) 1+ 1GH (T (%))~ T (G (%)) ]

+6[||GH(G(xo))fT(T(xo))||+||GH(T ))- T(G(xo)]

MIIGH (G(%))-GH (T (%))
=a || Hxg =X [+ [l Hxg = %o [l +7 [l Hxo = Hxg 11+ 11 % = % [l]
+8[ [ Hxg —Xg [+ 11 %0 = Hxg [I] + 1 | Hxg — % |l
(a+B+y+25+m) || Hxg— X |l

ie [1HX =g ll<(ot+B+y+28+m) | Hxo o |l
o, HXy = X, becauseo +B+y+26+n <1

S0 X, is fixed point of H.

Again

1T =% I=1T (%) = T2 (%) IFI T (%) =T (Tx) I

2 1BH (%) =T (%) IIGH (Tx) =T (Tx) I BH (%) - (TX0)||+||GH(X0)‘GHT(X0)||3
IGH (%)~ GHT (%) I

+B||GH(T)Q))—T(Txo)||||GH(Tx0) T (%) | GH (% )TG(TXO)||+||GH(XO)—GH(TXO)||3
IGH (%)~ GH (%) I

+7[IIGH (%) =T (Txo) I+ I GH (Txo) — T (Txo) ]

+3[[IGH (%) =T (Txo) I+ 11GH (T ) =T (%) ]

1 \GH (%) - GH (Tx) |

=a [ Txo = %o I1+B 1 X0 = %o 1 +7 [1IT% = Xo 1]+ B[ T (%) = Xo ll+ 11 X0 = TXo Il ]+ M | TXo = %o |l
=(a+B+y+23+1) [T —% || but a+B+y+25+n<1

So T(x,) = X,

Hence x, is fixed point of T.
But G(X,) = T(X) = X,
i.e G(x,) =X,

Clearly x, is common fixed point of T, G and H.

Uniqueness: To show the uniqueness suppose Y, # X, is another common fixed point of T, G and H so

1% = Yo lI=IIT2 (%) -T2 (Yo) IEI TT (%) -TT (yo) I
< o NBH () ~T (T I GH (Tyo) T (Tyo) N GH (Tx) ~ T (Tyo) Il + 1 GH (TXp) ~ GH (Tyo) IP
lIGH (Tx) = GH (Tyo ) I
IGH (Tyo) =T (Tyo) Nl GH (Tyo) = T (T%,) Il I GH (%) = T (Tyo) I+ IIGH (Tx) = GH (Tyo) I
IGH (Txp) - GH (Tyo ) IF
+Y[IGH (T%) =T (Txo) 1+ IGH (Tyo) = T (Tyo ) Il] + 8[ IGH (Txo) = T (Tyo) Il + 1 GH (Tyo )~ T (Txo ) Il
+1[IGH (Tx )~ GH (Tyo)

+B
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=al% = Yo lI+B 11 % — Yo 1 +8[1 % = Yo ll+ 11 X0 = Yo ]+ 1 [ Xo = Yo

1% = Yo lI<(a+B+8+m) 1% — Yol

XO= yO

Hence fixed point is unique.
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