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1. Introduction

Vibration of thick-walled spheres is of great importance in many engineering applications.
Pioneering studies date back 1880s [1-2]. As easily guessed, in the first works in this realm,
spheres are assumed to be made of traditional materials having both isotropy and
homogeneity properties [3-9]. Among those, Sato and Usami [3-4] presented a basic study
on the oscillation of homogeneous elastic sphere. Shah et al. [5-6] examined analytically
and numerically the elastic waves in a hollow sphere based on the three dimensional shell
theory. Seide [7] derived the frequency equation in radial direction for hollow thin spheres.
Fixed boundary conditions for the free vibration analysis of elastic spheres were studied
by Scafbuch et. al. [8]. Gosh and Agrawal [9] worked analytically on the free and forced
radial vibrations of spheres by employing Bessel’s functions as in the present study.
Explicit expressions were presented for the natural frequencies and dynamic stresses for
various time-varying internal pressures in Gosh and Agrawal’ work [9]. Abbas [10]
presented an analytical solution for the free vibration of a thermo-elastic hollow sphere.
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Sharma and Sharma [11] and Sharma [12] also studied free vibration of thermoelastic solid
and hollow spheres, respectively.

Numerous studies have been continued to be conducted up to now by employing advanced
materials with thermal, magnetic and whatnot effects. Among them, vibration analysis of
spheres made of anisotropic materials occupy a great deal of space in the open literature
[13-29]. Eason [14] firstly examined the pure radial free vibration of transversely isotropic
spheres. Grigorenko and Kilina [18] handled 2-D and 3-D formulation of the problem at
stake. Jiang et al. [20] investigated free vibration of layered hollow spheres using three-
dimensional elasticity. After Eason [14], Stavsky and Greenberg [26], Ding and Wang [27],
and Keles [29] have addressed purely radial free vibrations for anisotropic spheres. Chen
et al. [30] dealt with free vibrations of a piezoceramic fluid-filled hollow sphere. Chiroiu
and Munteanu [31] omitted fluid effects on the free vibration of a piezoceramic sphere.
Lately free vibrations of spheres made of functionally graded materials have been gained
an attention [32-38].

This study deals with only purely radial free vibration of hollow spheres made of both
isotropic and homogeneous material. The principal aim of the present study is to present
a detailed source for engineers and young scientists. To this end, as a very fundamental
problem, the exact free vibration analysis of a thick-walled hollow sphere with the inner
radius a and the outer radius b have been reconsidered (Fig. 1) [9]. The ratio (b/a) is
defined as an aspect ratio of the sphere. When doing this, the solution method proposed by
Gosh and Agarwal [9] are step-by-step extended to additional boundary conditions. The
effects of the aspect ratio on the exact dimensionless radial natural frequencies are also
examined. These results, some of which are original, may also be served as a comparison
means. Those natural frequencies may also be used directly to study the exact dynamic
response of such structures as in References [9, 36].

Fig. 1 Geometry of a sphere

Besides, to consider a kind of emerging state of the art technological materials [39-41], a
very simple example, which may be solved by direct application of the present formulation
to the free vibration of a hollow sphere made of a carbon nanotube reinforced metal, is to
be examined.

It is also worth noting that the present formulation may easily be extended to the radial
free vibration of spheres, cylinders, or disks made of either ordinary orthotropic or
functionally graded materials as in References [36, 38, 42-43].
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2. Formulation

The strain-displacement relations under axisymmetric conditions are given in spherical
coordinates, (7, 8, @), by (Fig. 1)

o = du,
odr (1)
ul’
En =& = —
0=% =",
where ¢, is the radial unit strain, ¢, is the tangential unit strain and U, is the radial
displacement. Denoting the radial stress by o, and the hoop stress by o, Hooke’s law

for spheres is written as follows

=Ci1 &6 +Coo &
Or 11 ér 12 €0 )

o9 =Co16r +Cx &9

where the stiffness terms may be defined by Lame’s constants for and isotropic and
homogeneous linear elastic material as

Cia= A+2u ;Cpp =221 (3)

C21:A ;C22:2).+2H

Representing Poisson’s ratio by v, and elasticity modulus by E, Lame’s constants are
defined as

= vE
T (A+v)(A-2v) (4)
E
=20+

In the absence of the body forces, equation of motion in the radial direction is given by

_ 2
£<r20r>_ 209 _Ooy N 2(or —op) _ 9%y
or

r r or r ot2 (5)

where p is the material density and t is the time. Substituting strain-displacement

relations and Hooke’s law in the equation of motion, and taking the first derivative of the
radial stress with respect to the radial coordinate we obtain

o°u 20u, 2 p 9%

o2 ror 2" Cpy at? (6)

By assuming the following harmonic motion with an angular velocity @ (rad / s)

15



Yildirim / Research on Engineering Structures & Materials 5(1) (2019) 13-32

Ur () =up (r) e'* @)

Eqg. (6) turns into Bessel’s differential equations as follows [44-47]

2 p 5\ ., 2dup  dPup
(‘rﬁ“zu“’)”r*;W*W-o 8)

The solutions to this equation will be in terms of the first and second kinds spherical
Bessel’s functions, j,(x) and y,(x) [44-47].

uy (r)=Cyji (r2) + Gy, (r2) 9)
where
2 p 2
1+ 2k (10)

The first derivative of the solution of the radial displacement, u;, and the radial stress, a;,
may be obtained in terms of integration constants, C; and C,, as follows [44-47]

du 1 , (2
d_L; = (10 (E (]o(rﬂ) —]2(7”-0)) —112(:_0)>
1 (r2)
+ G0 (E ()’o(rﬂ) - YZ(r-Q)) - y;:n > (11)
or = % (sin(r.()) (—4Cu + Cir20% (A + 2u) + 4C,ur)

+ cos(r2) (4C,urQ + 4C,u — Cor20%(A + Zu)))

Boundary conditions considered in this study is presented in Table 1. If one applies these
constraints, the following may be obtained for free-free ends.

Ci) @11 121(C1) _ (0
Apree—Free {CZ} = [a21 a22] {Cz} - {0} (12)
In the above

a?Asin(a)N? + 2a%usin(aR)N? + 4aucos(aN) — 4usin(an)
11 = 302
al

—a?Acos(an) N% — 2a%u cos(aN) N? + 4au sin(a) 2 + 4p cos(an)

Az = 3012
af (13)
b?Asin(b2)2? + 2b?usin(b2)2? + 4bucos(bN)2 — 4usin(bN)
Az = b3.(22
—b2Acos(b2)N? — 2b?ucos(bN)Q? + 4busin(b2)2 + 4ucos(b2)
a2z =

b3()?
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For non-trivial natural frequencies, the determinant of Ag,.._gree Must be equal to zero.
This is called characteristic equation. For boundary conditions given in Table 1,
characteristic equations for different boundary conditions are found as follows

|Apree—rreel = 4u2(a — b) cos(2(a — b)) (abR?(A + 21) + 4p)
—sin(2(a — b)) (@?b20*(A + 2p)?
—4u0?(A(a? + b?) + 2u(a — b)?) +16u%) =0

(14a)
|Arixea—rreel =i (af2) (4bpQ2 sin(bQ2) — cos(b2) (b2Q* (A + 2u) — 4u))
+ y,(aR)(=sin(b2) (B20%(A + 21) — 4p)
— 4buf cos(bN)) =0
|Apree—rixeal = j1(b2)(cos(af2) (a2 + 2u) — 4up) — 4apl sin(af))
+ y,(b2) (sin(aR) (a®Q%(A + 2u) — 4p)
+ 4auf cos(aN)) =0 (14b)
|AFixea-rixeal = j1(a)y,(b2) — y,(a)j;(b2) =0
Table 1 Boundary conditions considered in this study.
Free-Free Fixed-Free Fixed-Fixed Free-Fixed
(=2 o/(@=0  u(a=0  u@=0 o (@)=0

a(r=b)  SH)=0  oM)=0  uw(b)=0  u(b)=0

Defining the dimensionless natural frequency as follows

Ci1 (15)

variation of the determinants of the characteristic equation given in Eq. (14) with the
dimensionless natural frequencies for different boundary conditions and aspect ratio of
(b/a=1.02) is graphically illustrated in Fig. 2. As seen from the graphs, dimensionless
natural frequencies make the determinant zero. There are various numerical methods to
find the roots of Eq. (14).
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Fig. 2 Variation of the determinants of the characteristic equation given in (14) with the dimensionless
natural frequencies for different boundary conditions and aspect ratio of (b/a=1.02).
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3. Verification of the Results

The present dimensionless results obtained with Eq. (14) are compared with the literature
for free-free ends and the aspect ratio of 2 in Table 2. A good agreement is observed
between the results.

Table 2 Comparisons of the present natural frequencies with the literature for free-free ends,
v=03,and b/a =2

Bi Present [36] [37]

1 1.01034 1.01178 0.9781990865
2 3.33252 3.33527 3.296902510
3 6.37556 6.37694 6.358013920
4 9.48585 9.48676 9.474240635
5 12.612 12.61272 12.60335232
6 15.7444 15.74499 15.73750534
7 18.8799 18.88038 18.87415459
8 22.0172 22.01756 22.01222291
9 25.1555 25.15584 25.15117544
10 28.2946 28.29486 28.29071630

4. Variation of the Natural Frequencies with the Aspect Ratios and Boundary
Conditions

Variation of the natural frequencies with the boundary conditions are presented for v =
0.3, and b/a = 1.02 in a comparative manner in Table 3. The first twelve dimensionless
natural frequencies are given in this table.

Table 3 Variation of the natural frequencies with the boundary conditions for b/a = 1.02 and
v=203

Bi Free-Free Fixed-Free Fixed-Fixed Free-Fixed
1 1.4425 78.4629 157.086 78.6432
2 157.087 235.594 314.162 235.654
3 314.163 392.684 471.241 392.72
4 471.241 549.768 628.32 549.793
5 628.32 706.85 785.399 706.87
6 785.4 863.931 942.479 863.947
7 942.479 1021.01 1099.56 1021.03
8 1099.56 1178.09 1256.64 1178.1
9 1256.64 1335.17 1413.72 1335.18
10 1413.72 1492.25 1570.8 1492.26
11 1570.8 1649.33 1727.88 1649.34
12 1727.88 1806.41 1884.96 1806.42

As expected, Table 3 suggests that increasing the total number of the degrees of freedom
at both ends decreases significantly the frequencies. This is the most noticeable
characteristicamong the fundamental frequencies. Thatis, while §; = 1.4425 for free-free
ends, it reaches 3,=157.086 for fixed-fixed ends.

Variation of the first twelve natural frequencies with aspect ratios from b/a = 1.03
through b/a = 2 for all boundary conditions and v = 0.3 is presented in Table 4 in
tabular form.
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Table 4. Variation of the first twelve natural frequencies with aspect ratios and boundary

conditions for v = 0.3

b/a
Bi 1.03 1.04 1.05 1.075 1.10 1.25 1.50 1.75 2.00
FREE-FREE
1 1.4049 1.0103
143546 1.42852 1.42167 5 1.38876 130140 1.18376  1.08938 4
2 41913 3.3325
104.73 78.5538  62.8492 3 31.449 12.6395 6.40647 434971 2
3 83.788 6.3755
209.445 157.087 125.672 5 62.8484 25.1692 12.6273  8.45626 6
4 125.67 9.4858
314.163 235.624 188.501 2 94.2588 37.7234  18.8901 12.6186 5
5 167.55
418.882 314.163  251.332 8 125.672 50.2837  25.1631 16.7942 12.612
6 209.44 15.744
523.601 392.702 314.163 5 157.086  62.8464  31.4402  20.9752 4
7 251.33 18.879
628.32 471.241 376.994 2 188.501 75.4104 37.7193  25.1588 9
8 293.21 22.017
733.04 549.781 439.825 9 219.916 87.975 43.9996  29.3438 2
9 335.10 25.155
837.759  628.32 502.657 6 251.332 100.54 50.2806  33.5298 5
10 376.99 28.294
942.479 706.86 565.489 4 282.747 113.105 56.5621 37.7164 6
11 418.88 31.434
1047.2 785.4 628.32 2 314.163 125.671 62.844 41.9035 1
12 460.76 34.574
115192 863.939  691.152 9 345.578 138.237 69.1261  46.0909 1
FIXED-FIXED
1 41910 3.2860
104.729 78.5521 62.847 1 31.4448 12.6294 6.38581  4.31683 1
2 83.786 6.3606
209.444 157.086 125.671 9 62.8463  25.1645 12.619 8.44465 8
3 125.67
314.162 235.624 188.501 1 94.2574 37.7203 18.8848 12.6115 9.4772
4 167.55 12.605
418.881 314.162 251.331 7 125.671 50.2814  25.1592 16.7891 9
5 209.44 15.739
523.601 392.702 314.162 4 157.085 62.8446 31.4371 209712 7
6 251.33
628.32 471.241 376.994 1 188.5 754088 37.7168  25.1554 18.876
7 293.21 22.013
733.04  549.78 439.825 8 219916 87.9737  43.9974 29.341 8
8 335.10 25.152
837.759  628.32 502.657 6 251.331 100.539  50.2787  33.5274 6
9 376.99
942.479 706.86 565.488 4 282.747 113.104 56.5605 37.7143 28.292
10 418.88 31.431
1047.2  785.399 628.32 1 314.162 125.67 62.8425 41.9015 8
11 460.76
115192 863.939 691.152 9 345.578 138.236 69.1247  46.0891 34.572
12 502.65 37.712
1256.64 942.479  753.983 7 376994 150.802  75.4071  50.2768 4
FREE-FIXED
1 2.0004
52.4694 39.3855 31.5374 21.08 15.858 6.50815 3.46102 2.47932 2
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2 4.8523
157116 117.848 94.2882  62.877 47.1735 189226 9.52685  6.40655 7

3 104.74 7.9366
261.821 196.373 157.104 7 78.5696 31.4596  15.7688  10.5452 9

4 146.62 11.054
366.535 274906 219.929 7 109.977 44.0135 22.0345 14.7129 4

5 188.51 14.182
471.251 353.442  282.757 1 141.388 56.5729  28.3081 18.8901 8

6 230.39
575.969 431979 345.586 6 172.801 69.1349 34.5851 23.0715 17.316

7 272.28 20.451
680.687 510.518 408.416 2 204.215 81.6982 40.864 27.2551 9

8 314.16 23.589
785.405 589.056 471.247 8 235.629 94.2623  47.1441  31.4402 3

9 356.05 26.727
890.124 667.595 534.078 5 267.044 106.827 53.4249 35.6261 6

10 397.94 29.866
994.843 746.134 596.909 2 298459 119.392  59.7062  39.8127 7

11 439.82 33.006
1099.56 824.674 659.74 9 329.874 131957 65.9879 43.9996 2

12 481.71 36.146
1204.28 903.213  722.572 7 361.29  144.523  72.2698  48.1869 1

FIXED-FREE

1 20.902 1.7444
52.2898 39.2064 31.3589 2 15.6807 6.32563  3.25556  2.24722 2

2 62.818 4.7978
157.056 117.789 94.229 4 47.1155 18.8673 9.4737 6.3535 6

3 104.71 7.9073
261.785 196.337 157.068 2 78.5348 31.4267 15.7379  10.5154 1

4 146.60 11.034
366.509 274.88 219.903 2 109.952 43.9901 22.0127 14.692 1

5 188.49 14.167
471.231 353.422  282.737 1 141.369 56.5547 282911 18.874 3

6 17.303
575.952 431.963 345.57 230.38 172.785 69.12 345713  23.0584 4

7 272.26 20.441
680.673 510.504 408.403 8 204.202 81.6856  40.8523  27.2441 3

8 314.15 23.580
785394 589.044 471.235 7 235.618 94.2514 47.134 31.4306 1

9 356.04 26.719
890.114 667.585 534.067 5 267.034 106.817 53.416 35.6177 6

10 397.93 29.859
994.834 746.125 596.90 3 298.45 119.383  59.6982  39.8051 5

11 439.82 32.999
1099.55 824.665 659.732 1 329.866 131949 65.9807 43.9928 7

12 481.70 36.140
1204.27 903.205  722.564 9 361.282  144.516  72.2632  48.1807 2

Variation of the first six natural frequencies of free-free sphere

graphically in Figs. 3-5.

is also illustrated
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Fig. 3 Variation of the first and second natural frequencies of the sphere with the aspect ratios (v = 0.3)
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Fig. 4 Variation of the third and fourth natural frequencies of the sphere with the aspect ratios (v = 0.3)
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Fig. 5 Variation of the fifth and sixth natural frequencies of the sphere with the aspect ratios. (v = 0.3)

From Table 4 and Figs. 3 and 4, it is seen that when the thickness of the sphere increases,
the dimensionless natural frequencies become smaller. Higher dimensionless natural
frequencies are observed for thin-walled spheres. There are minor differences in
frequencies under fixed-free and free-fixed boundary conditions. Natural frequencies of
the sphere with fixed-free surfaces are slightly lesser than the one with free-fixed
boundaries.
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5. Case Study

Today's works have focused on research to further improve composite material
properties. Metal-matrix composites (MMCs) is a group of advanced materials. The interest
in carbon nanotubes (CNTs) as reinforcements for aluminium (Al) has been growing
considerably. Neubauer et al. [41] presented an overview and summarized the activities
related to carbon nanotubes and nanofibers used as a reinforcement in metallic matrix
materials. They also discussed the main challenges and the potential with respect to
material properties.

In this section, a case study with a hollow sphere made of a metal-matrix composite is to
be originally conducted to show the direct application of the present results. The
composite material is formed by the perfect uniform dispersion of carbon nanotubes
(CNTs) into Aluminium (Al) metal matrix. Two types of CNTS are considered, namely
single-walled carbon-nanotubes (SWCNT) and multi-walled carbon-nanotubes (MWCNT).
To get a homogeneous and isotropic composite material, up to 5 wt.%CNT is dispersed in
Al matrix. Otherwise, the resulting composite is to show anisotropic material
characteristics. CNT properties have been taken from Costa et al.’s study [48]: Material
properties of a metallic matrix are

Ep =Ey =70GPa, vy =V =03, pm=pa = 2700 k/m3
Material and geometrical properties of SWCNTSs are [48]

Eswenr = 640 GPa, vsyenr = 033, pswenr = 1350 k/m?

lswenr = 25 (um), dswenr = 1.4(nm),  towenr = 0.34(nm)
Material and geometrical properties of MWCNTSs are [48]

Eywent = 400 GPa, vywenr = 033, puwent = 1350 k/m3

luwent = 50 (um), dywenr = 20(nm),  tywenr = 0.34(nm)

In the above d,t, and [ are the diameter, thickness, and length of a CNT, respectively.
Poisson’s ratio and the density of the resulting composite are computed by using a simple
mixture rule as follows

where V. denotes the volume fraction of CNTs and it is calculated by using CNTs weight
fraction, weyg-

v Wenr
CNT ™ PCNT\ _ (PCNT
Wenr t ( om ) ( o IWenr 17)

It may be noted that both the length efficiency and the orientation efficiency factors are
taken as unitin Eq. (16) due to the present assumptions. Young’s modulus of the composite
is to be estimated through Halpin-Tsai equations [48-49].

l
En, (1 + ZdeVCNT> +3 1+2 ( CNT) BaiVenr

Em_ent = fonr
m—
8 1= BaaVenr

18
1= BaiVenr (18)
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where
(ECNT) _ ¢denT (ECNT) _ dCNT)
ﬁ —_NEm 4teNT — N Em 4teNT
at (ECNT) + (ICNT )' (ECNT) + (dCNT)
Em 2tCNT Em 2teNT

(19)

Variation of the effective properties of the composite with CNTs weight fraction up to 5
wt.%CNT is seen in Fig. 6. As can be seen from the figure that Poisson’s ratio of the
composite formed either SWCNT or MWCNT increase with increasing weight fraction
while the density of the composite decrease with increasing weight fraction. It is revealed
that both SWCNT and MWCNT make the same difference in values of Poisson’s ratio and
the density. However, there is a significant difference in the values of Young’s modulus.
When SWCNTs enhance elasticity modulus of the composite with increasing weight

fractions, MWCNTs make the opposite.
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Fig. 6 Variation of the effective properties of the composite with CNTs weight fraction

0.05

In the present study three numerical values of CNTs weight fraction are chosen. Material
properties of the resulting composite are tabulated in Table 5 with respect to the chosen

CNTs weight fraction values.
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Table 5. Material properties of the resulting composite

WswcnT Em-_swenr (GPa) Vm-SWCNT Pm-swenr (kg/m?)
0.0 70.0 0.3 2700
0.01 76.01 0.301 2673
0.025 84.9 0.301 2634
0.05 99.42 0.303 2571
WuMwcNT Em-mwent (GPQ) Vm-MWCNT Pm-mwent (kg/m*)
0.0 70.0 0.3 2700
0.01 69.02 0.301 2673
0.025 67.60 0.301 2634
0.05 65.35 0.303 2571

Let’s write the dimensionless natural frequency in Eq. (15) in a more explicit form as
follows

a a a

f=—w w= w
Ciy A+2u E(1-v) (20)
p p p(1+v)(1-2v)

The relationship between the natural frequencies and the ratio of (8/a) are presented in
Table 6. Table 6 also comprises the percentage relative increase/decrease compared to a
sphere made of a pure aluminum.

Table 6. Natural frequencies in terms of (8/a)

WswenT w (rad/s) w (kHz) |w 100
m
0.0 5907.646308(8/a) 0.940231(8/a) 0
0.01 6191.731479(8/a) 0.985445(8/a) 481
0.025 6600.404350(8/a) 1.050487(8/a) 11.73
0.05 7243.810673(8/a) 1.152888(8/a) 22.62
Wuwcent w (rad/s) w (kHz) |w 100
a)m
0.0 5907.646308(8/a) 0.939067(B/a) 0
0.01 5900.334574(8/a) 0.937371(8/a) 0.12
0.025 5889.673752(8/a) 0.934663(8/a) 0.30
0.05 5872.658190(8/a) 0.939067(B/a) 0.59

It can be seen from Table 6 that 1wt.%SWCNT dispersion escalates the natural frequencies
by approximately 5%, 2.5wt.%SWCNT dispersion makes an increase approximately 12%,
and 5 wt.%SWCNT dispersion buildups the frequencies by approximately 23%. MWCNT
dispersion into Al matrix makes almost no significant differences in natural frequencies. In
other words, approximately the same natural frequencies may be obtained by dispersing
MWCNT into Al matrix by obtaining 5% lighter material. SWCNT inclusion into Al matrix
affects both the weight of the material and natural frequencies. In the design and
optimization of the structures, it is requested to have larger natural frequencies for the
same weight of structure.

As a numerical example let’s consider a hollow sphere made of either a steel or an
aluminium. For this materials, the wave velocity having been a wave property may be
computed numerically as
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A+ 2p
o = 5875.097045 m/s (E = 200GPa,p = 7800kg/m3,v = 0.3)
Steel
A+ 2p
0 = 5907.646308 m/s (E = 70GPa,p = 2700kg/m3,v = 0.3)

Aliminium

From Eq. (20) the following is obtained for the natural frequency in kHz.

_ przge 1
©= =5 "2x 1000 D

Let'sassume a = 1cmand b = 2cm . For the ratio of b/a = 2 and for a sphere under free-
free boundary conditions, the dimensionless fundamental natural frequency isread as § =
1.01034 from Table 4. The dimensional natural frequency is, accordingly, found as
(1.01034) 1 1
(0.01) 2m1000

Wsteer = (5875.097045) = 94.47 kHz

(1.01034) 1 1
(0.01) 2m1000

Optiminium = (5907.646308) = 94.995 kHz

As a final example, let’s consider Kim et al.’s example sphere under free-free surfaces [50]:
E =53.2GPa,p = 7700kg/m3,v = 0.261,b/a = 10mm/8mm = 1.25. Since Table 4 has
been prepared for v = 0.3, the dimensionless fundamental frequency needs to be
recalculated by using Eq. (14a) . Yildirim [38] has given this value as § = 1.32553. By using
this data, the following results are obtained:

A+ 2u

= 2910.456959 m/s

(1.32553) 1 1
(0.008) 2m1000

Wpresent = (2910.456959 ) = 76.75044234 kHz

This results overlaps with the open literature:
Wgim et al[50) = 76.7 kHz

Wyildirim [38] = 76.75044 kHz

6. Conclusions

In this work the exact one-dimensional axisymmetric radial free vibration analysis of a
thick-walled sphere was handled systematically. Frequency equations in terms of spherical
Bessel functions were presented in closed form for four possible classical boundary
conditions. The numerical results were verified with the available literature.

Besides, a parametric study for the investigation of natural frequencies with both the
sphere aspect ratios and boundary conditions was conducted for the isotropic and
homogeneous linear elastic materials having Poisson ratio of v = 0.3. The following
distinctive features were observed:
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i Increasing the total number of the degrees of freedom at both ends decreases
significantly the frequencies. This is the most noticeable characteristic among
the fundamental frequencies. As a consequence of this, free-free ends offer
the smallest natural frequency. The converse is true for fixed-fixed ends.

ii. There is no such a significant difference between the natural frequencies of
fixed-free and free-fixed boundary conditions for 1.02 < b/a < 2 and v = 0.3.
Those differences, however, become more obvious towards b/a = 2.

iii. An increase in the thickness of the sphere makes the dimensionless natural
frequencies small. Thin-walled spheres have higher dimensionless natural
frequencies than thick-walled ones.

Since the interest in CNT-reinforced aluminum composites has been growing considerably,
a case study with an aluminum matrix dispersed by either SWCNT or MWCNT was carried
out. Enhancements of up to 23% in natural frequencies compared to pure aliminium were
observed for the inclusion of 5 wt.%SWCNT into Al matrix. It was also revealed that
MWCNT inclusion into Al matrix makes almost does not a contribution on the natural
frequencies.

In conclusion, it was seen that the given closed-form characteristic equations and some
numerical results in the present work may readily be used for hollow spheres made of any
kind of isotropic and homogeneous linear elastic material even for some kind of CNT
reinforced composites.

Acknowledgement: I thank to the referees for the effort and time spent together with
their constructive feedback.
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