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ROLLER RIG TESTING AT THE CZECH TECHNICAL UNIVERSITY 

Purpose. Although the advancements in computer simulation technology have paved way to provide very reli-
able simulation results, track tests still play an essential role during the process of development and homologation of 
any railway vehicle. On the other hand, track tests depend on weather conditions, are difficult to organize and are 
not suitable for testing vehicles in critical situations. On a roller rig, the tested vehicle is longitudinally fixed and  
a track is replaced by rotating rollers. Such device offer testing of railway vehicle running dynamics in safe and sta-
ble laboratory environment. The purpose of an article is to investigate and describe roller rig testing at the Czech 
technical university in Prague (CTU). Methodology. In the paper it is shown the history of development of the 
scaled CTU roller rig from the earlier stages until the current projects for which the CTU roller rig is utilized for. 
The current design of the experimental bogie, roller rig, sensors instrumentation and types of experiments conducted 
at the CTU roller rig are described in more detail. Findings. Although the differences in vehicle behaviour on  
a track and a scaled model on a roller rig are not negligible, scaled roller rig experiments are found as a relatively 
inexpensive way for verification and demonstration of computer simulations results. They are especially useful for 
verification of multibody system simulations (MBS) of entirely new running gear concepts. Originality. The CTU 
roller rig is currently used for the experiments with active controlled wheelset guidance. According to simulations 
results published in many papers such systems offer, in principle, better performance compared to conventional pas-
sive vehicles. However, utilization and testing of active controlled wheelset guidance on vehicles is still rare. CTU 
roller rig serves as a tool to verify computer simulations and demonstrate benefits of active wheelset guidance. 
Practical value. Experiments conducted on the CTU roller rig confirm the possibility to significantly influence 
railway vehicle running dynamics by actively controlled wheelset guidance. Such concept could be regarded as  
a possible and likely approach for the design of future railway vehicles running gears. 
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Introduction 

MBS simulations play an important role in the 
development of rail vehicles with steadily increas-
ing significance. Although results of today’s MBS 
simulation are very realistic, experimental verifica-
tion is still unavoidable. Track tests play an essen-
tial role in the process of new rolling stock ap-
proval. Nevertheless track tests are also very ex-
pensive, time consuming and difficult to organize. 
Therefore, it is almost impossible to perform them 
under a university environment. Moreover, the 
track tests are not suitable for initial experiments 
with completely new concepts of running gears, 
because in that case it is hardly possible to fulfill 
all safety requirements. 

Roller rig testing of railway vehicles is based 
on replacement of a track by rotating rollers with  
a rail profile on their circumference. Although on 

the roller rig a tested vehicle is longitudinally fixed 
and has no forward velocity, the creep conditions 
in the wheel-roller contacts are very similar to the 
creep conditions in wheel-rail contacts on a real 
track. 

The key advantages of railway vehicles labora-
tory roller rig testing are stable climatic conditions, 
knowledge of the current state of the track and 
elimination of safety risks and legislative problems 
associated with the operation of prototypes in  
a public railway network. Moreover, in contrast 
with track tests, roller rigs offer also the advan-
tages of low cost, low spatial demands, a safe and 
controlled laboratory environment, and ease of ac-
cess to components and the testing apparatus. 

The first know utilization of a roller rig for the 
investigation of the performance of steam locomo-
tives was in United Kingdom in 1904 [1]. How-
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ever, the most important era of roller rigs utiliza-
tion came together with the development of high-
speed vehicles. From the late fifties until the early 
eighties last century, roller rigs in Japan, UK, Can-
ada, USA, Italy, France, Germany and Russia, later 
in China, were built [2]. Once the early stages of 
high speed vehicle development were successfully 
finished, the demand for roller rig vehicle testing 
significantly dropped. Because full-scale roller rigs 
are rather costly facilities, most of them are out of 
the operation now and advanced MBS simulations 
often replace their role in the vehicle development 
process. 

Roller rigs designed for testing scaled models 
of railway vehicles are called scaled or model roll-
er rigs. The main advantages of scaled roller rig 
compared to the full scale ones are: 

�í Manufacturing of the scale rig and test vehi-
cle causes rather decreased expenses. 

�í Handling and maintenance are comparatively 
easier. 

�í A lot of vehicle parameters can be changed 
with tolerable effort. 

However, there are also inconveniences and 
disadvantages connected with scaling and applying 
similarity laws [3, 4]. The design of a scaled model 
always depends on scaling strategy [5] and the area 
of investigated phenomena. It is not possible to 
build a scaled model exactly representing all prop-
erties of a full scale vehicle. 

Purpose 

Due to the above mentioned scaling issues, 
model roller rigs are rarely used for the verification 
of behaviour of real vehicles. The use of a scaled 
roller rig is usually focused on: 

�í Verification and validation of simulation 
models [6]. 

�í Investigation of fundamental railway vehi-
cles running behaviour [9]. 

�í Development and testing of novel bogie de-
signs [7, 8, 10]. 

Although MBS simulations give reliable re-
sults, it is always necessary to identify model pa-
rameters by a comparison with the experimental 
data. Scaled roller rig experiments are an advanta-
geous way for model parameters identification and 
consequent demonstration of simulations results. 

Typically, scaled roller rigs are not used for as-
sessing the performance of a particular vehicle, but 

they play an important role in a development of 
entirely new concepts of running gears and suspen-
sions and in verification of MBS simulations. 

Methodology 

The history of roller rig testing at the CTU be-
gan towards the end of eighties last century, when 
the first single axis roller rig was built  
(Fig. 1). 

 
Fig. 1. The first scaled roller rig at the CTU 

The scale of the first CTU roller rig was 1 to 
3.5 and it remained unchanged until now. The rig 
was built as an initial step of full scale roller rig 
development. Because the project of the full scale 
roller rig has never been started, the first scaled 
roller rig became a basis for all future roller rig 
testing at the CTU. The rig has been improved and 
updated many times, where the design changes 
were specifically performed mainly according to 
the objectives of the projects in which the rig was 
used. The first major modification came during the 
first half of the 90’s, when the rig was completely 
rebuilt to a 2-axle type configuration (Fig 2). The 
experimental two-axle bogie had a wheelbase of 
714 mm, track gauge of 410 mm and wheels di-
ameter 263 mm. This corresponds to a wheelbase 
of 2500 mm and 920 mm wheel diameter for real 
standard gauged vehicle [11, 12]. In the following 
period the rig was not intensively used. 

The new era of the CTU roller rig development 
took place from 2005 together with the beginning 
of experiments focused on the behaviour of the 
wheelsets with independently rotating wheels 
(IRW) and later with the experiments with active 
wheelset guidance. 
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Fig. 2. CTU roller rig after redesign  

to 2 axle bogie stand 

The main design changes were: 
�í Replacement of DC roller drives by 3-phase 

asynchronous motors. 
�í Possibility to simulate a curved track. 
�í A system for measurement of wheel roller 

contact forces. 
�í Actuated wheelset steering mechanism. 
�í Data acquisition system based on Matlab-

Simulink software. 
The state of the CTU roller rig in the 2015 after 

more than two decades of modifications is depicted 
in Fig. 3. The rig is designed to carry out experi-
mentation with a roller revolution range up to 
700 min-1, corresponding to the full scale vehicle 
speed of 230 kmh-1. The CTU roller rig is not re-
stricted to perform experiments only for  
a straight track, but it is capable also to simulate 
negotiation of a curved track, or track consisting of 
arbitrary number of straight, transition and con-
stant curvature sections. 

The increasing demands on experiments carried 
out and also the wear of the currently used test bo-
gie instilled motivation for the design of a new test 
bogie which was designed, manufactured and put 
into operation in 2015 [14]. 

Fig. 4 shows the CTU roller rig with the new 
experimental bogie. This bogie does not corre-
spond to any specific bogie of a real vehicle. Its 
design is based upon the goals of experimental re-
search. In order to achieve a high geometrical pre-
cision, most of the parts are made of aluminium by 
CNC machining. In order to eliminate dry friction 
and clearances, connections of mutually movable 

components are realized by roller and linear roller 
type bearings. The wheelsets can be quickly setup 
to conventional or IRW type. Wheel profiles with 
different taper grade in range from 1/40 to 1/5 are 
available. The wheelsets are designed to accom-
modate individual wheel drives in the future. 

 
Fig. 3. CTU roller rig in 2015 

 
Fig. 4. The new test bogie at the CTU roller rig 

The bogie has no primary suspension and the 
wheelsets can move only in the yaw direction to-
wards the bogie frame. Each wheelset is independ-
ently actuated by an active controlled mechanism 
(Fig. 5). The actuator is a permanent magnet syn-
chronous servomotor M408S (item 1) with rated 
torque 2.5 Nm. It can be controlled to the desired 
magnitude of yaw torque acting on the wheelset, or 
to a desired value of yaw angle between the wheel-
set and the bogie frame. The actuator torque is 
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transmitted via the toothed belt (item 2) to a steer-
ing rod (item 3) and finally by two pairs of link-
ages (item 5) to the wheelset. 

 
Fig. 5. Actuated wheelset steering mechanism 

Findings 

The CTU roller rig is utilized both for educa-
tion and research purposes. Regarding education, 
the CTU roller rig serves not only to demonstrate 
fundamentals of railway vehicles running dynam-
ics and to teach students measurement of various 
physical quantities, but students are also involved 
in the rig development. Many of its parts and sub-
systems were designed in lieu with student di-
ploma works. 

With regards to research, the CTU roller rig is 
utilized for projects focused on running dynamics 
of both conventional and IRW wheelsets and could 
be divided to the three main areas: 

�í Improvement of high speed stability. 
�í Improvement o curving behaviour. 
�í Improvement of guiding properties. 
First two points relate mainly to the running 

gears with conventional wheelsets, whereas the 
third point concerns IRW. As an example two 
types of experiments are shown. 

Radial steering of conventional wheelsets. To 
confirm roller rig capability for curved track simu-

lations and to test system for wheel roller contact 
forces measurement, roller rig experiments focused 
on radial steering of conventional wheelsets were 
performed [13]. 

The simple control law was applied by setting 
required yaw angle between wheelset and bogie 
frame proportional to the radius of negotiated 
curve. Experiments with varying curve radii and 
varying yaw angles between wheelsets and bogie 
frame were performed. Influence of the wheelset 
yaw angle to the quasistatic mean value of lateral 
component of the wheel rail force (Y-force) was 
studied. Fig. 6 shows an example of Y-force time 
development obtained by one test run. 

Lateral force Y12
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Fig. 6. Curve passing test at the roller rig – measured 

data �\  … yaw angle of the wheelset towards  
the bogie frame Y … lateral component  

of wheel roller contact force 

In accordance with the CTU scaling strategy, 
the parameters of a virtual bogie were calculated. 
This virtual bogie is a full scale representation of 
roller rig test bogie. The MBS software Simpack 
was used to build a computer simulation model of 
the virtual full scale bogie and perform simulations 
of curve negotiation. The radius of the curve vas 
150 m and the vehicle speed was set up to 35 km/h. 
To obtain similar conditions as we are able to sim-
ulate on the roller rig, the lateral acceleration was 
fully compensated by rail superelevation and the 
friction coefficient set up to 0.3. Different respec-
tive wheelset steering angles were set up and the 
mean value of Y-force on the outer wheel of the 
leading axle was observed. 

Fig. 7 compares Simpack simulation results 
with the roller rig measurements. Considering the 
differences in a vehicle behaviour on a roller rig 
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and on a track and scaling issues, the experimental 
and MBS model results show good agreement. The 
results confirmed possibility of curved track ex-
periments on CTU roller rig and expected  
Y-forces reduction by actuated wheelset steering. 

Influence of wheelset steering on Y forces
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Fig. 7: Dependency of Y force mean values  

on yaw angle of wheelsets 

Hunting motion stabilization by active con-
trolled wheelset guidance. The concept of active 
control is based on adding sensors,  
a controller and actuators to the existing mechani-
cal system. Sensors observe the system and pro-
vide the information about its current state to the 
controller. Based on sensors signals the controller 
computes driving commands for the actuators 
which then influence the system behaviour by ap-
plying corresponding forces or torques. It is gener-
ally agreed that by utilization of such system in  
a vehicle suspension superior properties over a 
conventional passive vehicle could be achieved. 

Most of the experiments conducted at the CTU 
roller rig over the last several years were focused 
on utilization of active control in a primary suspen-
sion and wheelset guidance. Different control 
goals, control strategies, controller complexities 
and sensor instrumentations were tested. As an 
example the implementation of the «Active yaw 
damping» is shown [16]. 

Wheelset stabilization is commonly achieved 
by linking two wheelsets to the bogie frame via 
primary suspension. This stabilizes the wheelset 
but also deteriorates the curving performance. The 
demand of higher operating speeds usually requires 
stiffer primary suspension, whereas improvement 
in the curving performance requires primary sus-
pension softening and vice versa. Thus a design of 
a railway vehicle running gear is always based on 
tuning suspension parameters and the inevitable 
compromising between curving performance and 

high-speed stability. Applying the «Active yaw 
damping» method, high speed stability can be 
achieved without deterioration of curving perform-
ance by increasing a yaw stiffness of the primary 
suspension. This method is based on introducing 
controlled yaw torque acting between a wheelset 
and a bogie frame. The torque value is proportional 
to the lateral velocity of the wheelset. 

The system of active yaw damping was imple-
mented as a functional test of the new experimental 
bogie [15]. Lateral positions of wheelsets were 
directly measured by contact position transducers, 
the output signal of which is sent to the analogue 
inputs of an I/O card installed in a standard PC. 
Then the signals were filtered, differentiated, and 
further processed to obtain wheelsets lateral veloci-
ties. All the signal processing is executed in a real 
time using Matlab Simulink software and its real 
time toolbox. The controller output is in the form 
of two voltage signals proportional to required ac-
tuator torques. Those signals are in a sampling rate 
of 200 Hz sent via analogue output of the I/O card 
to the analogue inputs of inverters, which control 
wheelset steering actuators. 

Fig. 8 shows measured lateral positions of both 
wheelsets during a roller rig test. It can be seen, 
that once active yaw damping control is switched 
on (from 15 to 66 s) both wheelsets run in the cen-
tre of a track, whereas without active control 
wheelsets exhibit heavy hunting. 

 
Fig. 8. Time development of wheelsets’ lateral position 

Originality and practical value 

Active control employed throughout today’s 
railway vehicles are mainly utilized in partial sub-
systems such as, drive control, wheel slide protec-
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tion, heating and ventilation, etc. The direct impact 
of electronics and control systems on the vehicle 
running dynamics is on railway vehicles in regular 
operation limited to the vehicles with tilting body 
and rare usage of semi-active dampers. In contrast 
to this, for aircrafts or motorcars, the electronics 
has fundamentally higher impact on basic func-
tional properties. Practically each of today’s mili-
tary or passenger aircraft are equipped with so 
called «fly-by-wire» technology that fully controls 
flight dynamics. Also motorcars are commonly 
equipped with advanced drive-assistance electronic 
systems. This technological lead can be attributed 
to long-term operational life of railway vehicles in 
comparison to motorcars or aircrafts. It can be as-
sumed that also on railway vehicles the utilization 
of the electronics and control concepts will in-
crease with time. Further, the utilization of control 
concepts that directly influence running dynamics 
and interaction between the railway vehicle and the 
track can be expected. 

Thus, scaled roller rig experiments plays an 
important role in the research of active control of 
railway bogies conducted at the CTU. 

Conclusions 

The CTU roller rig and its experimental bogie 
provide the possibility of laboratory tests featuring 
most of the applicable actuation schemes at the 
primary suspension and the wheelset guidance lev-
el. Besides standard displacement, acceleration, 
torque and force sensors, the bogie is equipped 
with measurement of forces between axleboxes 
and the bogie frame. Furthermore, Y forces meas-
urement implemented on the rollers allows not on-
ly to study running dynamics of active controlled 
railway bogie, but also to test its influence to the 
magnitude of wheel-rail contact forces and conse-
quent wear of the wheels and rails. 

Despite the increasing accuracy and reliability 
of computer simulations, vehicle testing is still un-
avoidable part of the process of a vehicle develop-
ment and homologation. Long term experience at 
the CTU shows that testing on  
a scaled roller rig is an outstanding way to verify 
computer simulations results without high costs. 
Despite of the technical and legislative issues the 
utilization of active controlled wheelset guidance is 
regarded as a promising design solution for the 
railway vehicles in the future. Research in this area 

is certainly not finished and CTU indeed plans to 
progress it further, where scaled-roller rig testing 
will definitely play a vital role. 

LIST OF REFERENCE LINKS 

1. The Application of roller rigs to railway ve- 
hicle dynamics / A. Jaschinski, H. Chollet,  
S. D. Iwnicki, A. H. Wickens // Vehicle System 
Dynamics. – 1999. – Vol. 31. – Iss. 5–6. –  
P. 345–392. doi: 10.1076/vesd.31.5.345.8360. 

2. Iwnicki, S. (Ed.), Handbook of Railway Vehicle 
Dynamics / S. Iwnicki. – Chap. 14. Roller Rigs. – 
P. 458–477. – Chap. 15. Scale Testing. – P. 507–
526. – Abingdon : Taylor and Francis, 2006. doi: 
10.1201/9781420004892. 

3. Jaschinski, A. On the application of similarity 
laws to a scaled railway bogie model / 
A. Jaschinski // Dissertation, TU-Delft, 1990 and 
DLR-FB 9o-06, Oberpfaffenhofen, 1990. – 158 �j. 

4. Allen, P. D. Error quantification of a scaled rail-
way roller rig // P. D. Allen // Dissertation, Man-
chester Metropolitan University, 2001. –  
227 �j. 

5. Bosso, N. Comparison of different scaling tech-
niques for the dynamics of a bogie on roller rig / 
N. Bosso, A. Gugliotta, A. Soma // Vehicle Sys-
tem Dynamics. – 2002. – Vol. 37. – Iss. sup1. –  
P. 514–530. doi: 10.1080/00423114.2002.1166-
6259. 

6. Gretzschel, M. Design of an Active Wheelset on  
a Scaled Roller Rig / M. Gretzschel, A. Jaschinski 
// Vehicle System Dynamics. – 2004. – Vol. 41. – 
Iss. 5. – P. 365–381. doi: 10.1080/00423110412-
331300336. 

7. Kurzeck, B. A novel mechatronic running gear: 
concept, simulation and scaled roller rig testing / 
B. Kurzeck, L. Valente // Proc. of the 9th World 
Congress on Railway Research, (22.05–
26.05.2011). – Lille, Frankreich, 2011. 

8. Bosso, N. Simulation of narrow gauge railway 
vehicles and experimental validation by mean of 
scaled tests on roller rig / N. Bosso, A. Gugliotta, 
A. Somà // Meccanica. – 2008. – Vol. 43. – Iss. 2. 
– P. 211–223. doi: 10.1007/s11012-008-9128-4. 

9. A study on the critical speed of worn wheel pro-
file using a scale model / H. M. Hur, J. H. Park, 
W. H. You, T. W. Park // J. of Mechanical Science 
and Technology. – 2009. – Vol. 23. – Iss. 10. –  
P. 2790–2800. doi: 10.1007/s12206-009-0732-6. 

10. A scaled roller test rig for high-speed vehicles /  
B. Allotta, L. Pugi, M. Malvezzi [et al.] // Vehicle 
System Dynamics. – 2010. – Vol. 48. – Iss. sup1. 
– P. 3–18. doi: 10.1080/0042311100366-3576. 



ISSN 2307–3489 (Print), �1SSN 2307–6666 (Online) 

�G�Z�m�d�Z �l�Z �i�j�h�]�j�_�k �l�j�Z�g�k�i�h�j�l�m. �<�•�k�g�b�d �>�g�•�i�j�h�i�_�l�j�h�\�k�v�d�h�]�h  
�g�Z�p�•�h�g�Z�e�v�g�h�]�h �m�g�•�\�_�j�k�b�l�_�l�m �a�Z�e�•�a�g�b�q�g�h�]�h �l�j�Z�g�k�i�h�j�l�m, 2016, �‹  4 (64) 

��

�J�M�O�H�F�B�C �K�D�E�:�> �1 �L�Y�=�: �I�H�2�A�>�1�< 

doi 10.15802/stp2016/77994 © J. Kalivoda, P. Bauer, 2016 

11. Šíba, J. Stend pro modelové zkoušky jízdních 
vlastností kolejových vozidel. Sou�þasné problémy 
v kolejových vozidlech / J. Šíba, J. Kolá��. –  
Pardubice : Univerzita Pardubice, 1997. –  
P. 225–234. 

12. Šíba, J. A Model of the experimental two axle 
bogie / J. Šíba, J. Kolá��, T. Heptner. – Workshop : 
Prague, 1997. – P. 1511–1512. 

13. Kalivoda, J. Scaled Roller Rig Experiments with  
a Mechatronic Bogie / J. Kalivoda, P. Bauer // 
Proc. of the Second Intern. Conf. on Railway 
Technology : Research, Development and Mainte-
nance. Edinburgh: Civil-Comp Press, 2014, art. 
no. 317, ISSN 1759-3433. ISBN 978-1-905088-
59-1. – 12 �j. 

14. Kalivoda, J. Mechatronic Bogie for Roller Rig 
Tests / J. Kalivoda, P. Bauer // Proc. of the 24th 

Symposium of the Intern. Association for Vehicle 
System Dynamics (IAVSD 2015) (17.08–
21.08.2015). – 2015. – Graz, Austria. –CRC Press 
2016. Print ISBN: 978-1-138-02885-2, eBook 
ISBN: 978-1-4987-7702-5. 

15. Kalivoda, J. Roller Rig Tests with Active Stabili-
zation of a Two-Axle Bogie / J. Kalivoda,  
P. Bauer // The Third Intern. Conf. on Railway 
Technology: Research, Development and Mainte-
nance, J. Pombo, (Editor), Civil-Comp Press, Stir-
lingshire, United Kingdom. – 2016. – 96 �j. 
doi:10.4203/ccp.110.96. 

16. Active stability control strategies for a high speed 
bogie / J. T. Pearson, R. M. Goodall, T. X. Mei,  
G. Himmelstein // Control Engineering Practice. – 
2004. – Vol. 12. – Iss. 11. – P. 1381–1391. 
doi:10.1016/S0967-0661(03)00152-7. 

�Y. �D�:�E�1�<�H�>�:1*, �I . �;�:�M�?�J2* 

1*�D�Z�n. «�:�\�l�h�f�h�[�•�e�•, �^�\�b�]�m�g�b �\�g�m�l�j�•�r�g�v�h�]�h �a�]�h�j�y�g�g�y �l�Z �a�Z�e�•�a�g�b�q�g�b�c �l�j�Z�g�k�i�h�j�l», �Q�_�k�v�d�b�c �l�_�o�g�•�q�g�b�c �m�g�•�\�_�j�k�b�l�_�l,  
�n�Z�d�m�e�v�l�_�l �f�Z�r�b�g�h�[�m�^�m�\�Z�g�g�y, �\�m�e. �L�_�o�g�•�q�g�Z, 4, �I�j�Z�]�Z 6, �Q�_�k�v�d�Z �J�_�k�i�m�[�e�•�d�Z, 16607, �l�_�e. +(420) 224 352 493,  
�_�e. �i�h�r�l�Z jan.kalivoda@fs.cvut.cz, ORCID 0000-0002-0278-2515 
2*�D�Z�n. «�:�\�l�h�f�h�[�•�e�•, �^�\�b�]�m�g�b �\�g�m�l�j�•�r�g�v�h�]�h �a�]�h�j�y�g�g�y �l�Z �a�Z�e�•�a�g�b�q�g�b�c �l�j�Z�g�k�i�h�j�l», �Q�_�k�v�d�b�c �l�_�o�g�•�q�g�b�c �m�g�•�\�_�j�k�b�l�_�l,  
�n�Z�d�m�e�v�l�_�l �f�Z�r�b�g�h�[�m�^�m�\�Z�g�g�y, �\�m�e. �L�_�o�g�•�q�g�Z, 4, �I�j�Z�]�Z 6, �Q�_�k�v�d�Z �J�_�k�i�m�[�e�•�d�Z, 16607, �l�_�e. +(420) 224 352 493,  
�_�e. �i�h�r�l�Z petr.bauer@fs.cvut.cz, ORCID 0000-0002-0940-3303 
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�< �Q�?�K�V�D�H�F�M �L�?�O�G�1�Q�G�H�F�M �M�G�1�<�?�J�K�B�L�?�L�1 

�F�_�l�Z. �O�h�q�Z �^�h�k�y�]�g�_�g�g�y �\ �h�[�e�Z�k�l�• �l�_�o�g�h�e�h�]�•�€ �d�h�f�i'�x�l�_�j�g�h�]�h �f�h�^�_�e�x�\�Z�g�g�y �^�h�a�\�h�e�y�x�l�v �h�l�j�b�f�Z�l�b �^�h�k�b�l�v 
�g�Z�^�•�c�g�• �j�_�a�m�e�v�l�Z�l�b �f�h�^�_�e�x�\�Z�g�g�y, �g�Z�l�m�j�g�• �\�b�i�j�h�[�m�\�Z�g�g�y �^�h�k�• �]�j�Z�x�l�v �•�k�l�h�l�g�m �j�h�e�v �m �i�j�h�p�_�k�• �j�h�a�j�h�[�d�b  
�• �k�_�j�l�b�n�•�d�Z�p�•�€ �[�m�^�v-�y�d�h�]�h �a�Z�e�•�a�g�b�q�g�h�]�h �l�j�Z�g�k�i�h�j�l�g�h�]�h �a�Z�k�h�[�m. �A �•�g�r�h�]�h �[�h�d�m, �r�e�y�o�h�\�• �\�b�i�j�h�[�m�\�Z�g�g�y �a�Z�e�_-
�`�Z�l�v �\�•� ̂�i�h�]�h�^�g�b�o �m�f�h�\, �€�o �\�Z�`�d�h �h�j�]�Z�g�•�a�m�\�Z�l�b �• �\�h�g�b �g�_ �i�•�^�o�h�^�y�l�v �^�e�y �\�b�i�j�h�[�m�\�Z�g�g�y �l�j�Z�g�k�i�h�j�l�g�b�o �a�Z�k�h�[�•�\  
�m �d�j�b�l�b�q�g�b�o �k�b�l�m�Z�p�•�y�o. �G�Z �d�Z�l�d�h�\�h�f�m �k�l�_�g�^�• �\�b�i�j�h�[�m�\�Z�e�v�g�b�c �l�j�Z�g�k�i�h�j�l�g�b�c �a�Z�k�•�[ �n�•�d�k�m�}�l�v�k�y  
�\ �i�h�a�^�h�\�`�g�v�h�f�m �g�Z�i�j�y�f�d�m, �Z �a�Z�f�•�k�l�v �a�Z�e�•�a�g�b�q�g�h�€ �d�h�e�•�€ �\�b�d�h�j�b�k�l�h�\�m�x�l�v�k�y �h�[�_�j�l�h�\�• �j�h�e�b�d�b. �L�Z�d�_ �i�j�b�k�l�h�k�m-
�\�Z�g�g�y �^�Z�} �f�h�`�e�b�\�•�k�l�v �i�j�h�\�_�k�l�b �^�b�g�Z�f�•�q�g�• �\�b�i�j�h�[�m�\�Z�g�g�y �o�h�^�h�\�b�o �o�Z�j�Z�d�l�_�j�b�k�l�b�d �j�_�c�d�h�\�b�o �l�j�Z�g�k�i�h�j�l�g�b�o �a�Z-
�k�h�[�•�\ �m �[�_�a�i�_�q�g�h�f�m �l�Z �k�l�Z�[�•�e�v�g�h�f�m �e�Z�[�h�j�Z�l�h�j�g�h�f�m �k�_�j�_�^�h�\�b�s�•. �F�_�l�Z �k�l�Z�l�l�•: �^�h�k�e�•�^�b�l�b �l�Z �h�i�b�k�Z�l�b �k�l�_�g�^�h�\�• 
�d�Z�l�d�h�\�• �\�b�i�j�h�[�m�\�Z�g�g�y �g�Z �d�Z�l�d�h�\�h�f�m �k�l�_�g�^�• �\ �Q�_�k�v�d�h�f�m �l�_�o�g�•�q�g�h�f�m �m�g�•�\�_�j�k�b�l�_�l�• (�Q�L�M) �\ �I�j�Z�a�•. �F�_�l�h�^�b�d�Z.  
�< �k�l�Z�l�l�• �i�h�d�Z�a�Z�g�Z �•�k�l�h�j�•�y �j�h�a�\�b�l�d�m �f�Z�k�r�l�Z�[�h�\�Z�g�h�]�h �d�Z�l�d�h�\�h�]�h �k�l�_�g�^�m �Q�L�M, �i�h�q�b�g�Z�x�q�b  
�a �j�Z�g�g�•�o �_�l�Z�i�•�\ �• �^�h �i�h�l�h�q�g�b�o �i�j�h�_�d�l�•�\, �\ �y�d�b�o �\�b�d�h�j�b�k�l�h�\�m�}�l�v�k�y �d�Z�l�d�h�\�b�c �k�l�_�g�^ �Q�L�M. �>�h�d�e�Z�^�g�h �h�i�b�k�Z�g�• �^�•-
�x�q�• �d�h�g�k�l�j�m�d�p�•�€ �_�d�k�i�_�j�b�f�_�g�l�Z�e�v�g�h�]�h �\�•�a�d�Z, �d�Z�l�d�h�\�h�]�h �k�l�_�g�^�m, �^�Z�l�q�b�d�•�\ �• �i�j�b�e�Z�^�•�\, �Z �l�Z�d�h�` �l�b�i�•�\ �_�d�k�i�_�j�b�f�_�g-
�l�•�\, �s�h �i�j�h�\�h�^�y�l�v�k�y �g�Z �d�Z�l�d�h�\�h�f�m �k�l�_�g�^�• �Q�L�M. �J�_�a�m�e�v�l�Z�l�b. �>�h�\�_�^�_�g�h �g�_�^�h�i�m�k�l�b�f�•�k�l�v �g�_�o�l�m�\�Z�g�g�y �\�•�^�f�•�g�g�h�k-
�l�y�f�b �\ �i�h�\�_�^�•�g�p�• �l�j�Z�g�k�i�h�j�l�g�h�]�h �a�Z�k�h�[�m �g�Z �a�Z�e�•�a�g�b�q�g�•�c �d�h�e�•�€ �l�Z �f�Z�k�r�l�Z�[�h�\�Z�g�h�€ �f�h�^�_�e�• �g�Z �d�Z�l�d�h�\�h�f�m �k�l�_�g�^�•. 
�F�Z�k�r�l�Z�[�h�\�Z�g�• �\�b�i�j�h�[�m�\�Z�g�g�y �g�Z �d�Z�l�d�h�\�h�f�m �k�l�_�g�^�• �} �\�•�^�g�h�k�g�h �g�_�^�h�j�h�]�b�f �k�i�h�k�h�[�h�f �^�e�y �i�_�j�_�\�•�j�d�b  
�• �^�_�f�h�g�k�l�j�Z�p�•�€ �j�_�a�m�e�v�l�Z�l�•�\ �d�h�f�i'�x�l�_�j�g�h�]�h �f�h�^�_�e�x�\�Z�g�g�y. �<�h�g�b �h�k�h�[�e�b�\�h �d�h�j�b�k�g�• �^�e�y �i�_�j�_�\�•�j�d�b �f�h�^�_�e�x�\�Z�g�g�y 
�[�Z�]�Z�l�h�f�h�^�m�e�v�g�b�o �k�b�k�l�_�f (�;�F�K) �Z�[�k�h�e�x�l�g�h �g�h�\�b�o �d�h�g�p�_�i�p�•�c �o�h�^�h�\�h�€ �q�Z�k�l�b�g�b. �G�Z�m�d�h�\�Z �g�h�\�b�a�g�Z. �>�h�k�e�•�^�`�_-
�g�h, �s�h �\ �^�Z�g�b�c �q�Z�k �d�Z�l�d�h�\�b�c �k�l�_�g�^ �m �Q�L�M �\�b�d�h�j�b�k�l�h�\�m�}�l�v�k�y �^�e�y �\�b�i�j�h�[�m�\�Z�g�v �•�a �Z�d�l�b�\�g�b�f �d�h�g�l�j�h�e�v�h�\�Z�g�b�f 
�d�_�j�m�\�Z�g�g�y�f �d�h�e�•�k�g�h�€ �i�Z�j�b. �A�]�•�^�g�h �a �j�_�a�m�e�v�l�Z�l�Z�f�b �f�h�^�_�e�x�\�Z�g�g�y, �h�i�m�[�e�•�d�h�\�Z�g�b�f�b �\ �[�Z�]�Z�l�v�h�o �j�h�[�h�l�Z�o, �l�Z�d�• 
�k�b�k�l�_�f�b �i�j�h�i�h�g�m�x�l�v, �\ �i�j�b�g�p�b�i�•, �[�•�e�v�r �\�b�k�h�d�m �i�j�h�^�m�d�l�b�\�g�•�k�l�v �m �i�h�j�•�\�g�y�g�g�• �a�• �a�\�b�q�Z�c�g�b�f�b �i�Z�k�b�\�g�b�f�b �l�j�Z�g-
�k�i�h�j�l�g�b�f�b �a�Z�k�h�[�Z�f�b. �H�^�g�Z�d �\�b�d�h�j�b�k�l�Z�g�g�y �• �l�_�k�l�m�\�Z�g�g�y �Z�d�l�b�\�g�h�]�h �d�h�g�l�j�h�e�v�h�\�Z�g�h�]�h �m�i�j�Z�\�e�•�g�g�y �d�h�e�•�k�g�h�€ �i�Z�j�b 
�g�Z �l�j�Z�g�k�i�h�j�l�g�b�o �a�Z�k�h�[�Z�o �• �j�Z�g�•�r�_ �j�•�^�d�h �a�m�k�l�j�•�q�Z�e�h�k�y. �D�Z�l�d�h�\�b�c �k�l�_�g�^ �Q�L�M �k�e�m�`�b�l�v �\ �y�d�h�k�l�• �•�g�k�l�j�m�f�_�g�l�m �^�e�y 
�i�_�j�_�\�•�j�d�b �d�h�f�i'�x�l�_�j�g�h�]�h �f�h�^�_�e�x�\�Z�g�g�y �l�Z �^�_�f�h�g�k�l�j�Z�p�•�€ �i�_�j�_�\�Z�] �Z�d�l�b�\�g�h�]�h �m�i�j�Z�\�e�•�g�g�y �d�h�e�•�k�g�h�€ �i�Z�j�b.  
�I�j�Z�d�l�b�q�g�Z �a�g�Z�q�b�f�•�k�l�v. �<�b�i�j�h�[�m�\�Z�g�g�y, �i�j�h�\�_�^�_�g�• �g�Z �d�Z�l�d�h�\�h�f�m �k�l�_�g�^�• �Q�L�M, �i�•�^�l�\�_�j�^�`�m�x�l�v �f�h�`�e�b�\�•�k�l�v 
�•�k�l�h�l�g�h �\�i�e�b�\�Z�l�b �g�Z �^�b�g�Z�f�•�d�m �o�h�^�m �a�Z�e�•�a�g�b�q�g�h�]�h �l�j�Z�g�k�i�h�j�l�g�h�]�h �a�Z�k�h�[�m �a�Z �^�h�i�h�f�h�]�h�x �Z�d�l�b�\�g�h�]�h �d�h�g�l�j�h�e�v�h-
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�K�L�?�G�>�H�<�U�? �D�:�L�D�H�<�U�? �B�K�I�U�L�:�G�B�Y  
�< �Q�?�R�K�D�H�F �L�?�O�G�B�Q�?�K�D�H�F �M�G�B�<�?�J�K�B�L�?�L�? 

�P�_�e�v. �O�h�l�y �^�h�k�l�b�`�_�g�b�y �\ �h�[�e�Z�k�l�b �l�_�o�g�h�e�h�]�b�b �d�h�f�i�v�x�l�_�j�g�h�]�h �f�h�^�_�e�b�j�h�\�Z�g�b�y �i�h�a�\�h�e�y�x�l �i�h�e�m�q�b�l�v �\�_�k�v-
�f�Z �g�Z�^�_�`�g�u�_ �j�_�a�m�e�v�l�Z�l�u �f�h�^�_�e�b�j�h�\�Z�g�b�y, �g�Z�l�m�j�g�u�_ �b�k�i�u�l�Z�g�b�y �^�h �k�b�o �i�h�j �b�]�j�Z�x�l �k�m�s�_�k�l�\�_�g�g�m�x �j�h�e�v  
�\ �i�j�h�p�_�k�k�_ �j�Z�a�j�Z�[�h�l�d�b �b �k�_�j�l�b�n�b�d�Z�p�b�b �e�x�[�h�]�h �`�_�e�_�a�g�h�^�h�j�h�`�g�h�]�h �l�j�Z�g�k�i�h�j�l�g�h�]�h �k�j�_�^�k�l�\�Z. �K �^�j�m�]�h�c �k�l�h�j�h-
�g�u, �i�m�l�_�\�u�_ �b�k�i�u�l�Z�g�b�y �a�Z�\�b�k�y�l �h�l �i�h�]�h�^�g�u�o �m�k�e�h�\�b�c, �b�o �l�j�m�^�g�h �h�j�]�Z�g�b�a�h�\�Z�l�v �b �h�g�b �g�_ �i�h�^�o�h�^�y�l �^�e�y �b�k�i�u-
�l�Z�g�b�y �l�j�Z�g�k�i�h�j�l�g�u�o �k�j�_�^�k�l�\ �\ �d�j�b�l�b�q�_�k�d�b�o �k�b�l�m�Z�p�b�y�o. �G�Z �d�Z�l�d�h�\�h�f �k�l�_�g�^�_ �b�k�i�u�l�u�\�Z�_�f�h�_ �l�j�Z�g�k�i�h�j�l�g�h�_ 
�k�j�_�^�k�l�\�h �n�b�d�k�b�j�m�_�l�k�y �\ �i�j�h�^�h�e�v�g�h�f �g�Z�i�j�Z�\�e�_�g�b�b, �Z �\�f�_�k�l�h �`�_�e�_�a�g�h�^�h�j�h�`�g�h�]�h �i�m�l�b �b�k�i�h�e�v�a�m�x�l�k�y �\�j�Z�s�Z�x-
�s�b�_�k�y �j�h�e�b�d�b. �L�Z�d�h�_ �i�j�b�k�i�h�k�h�[�e�_�g�b�_ �^�Z�_�l �\�h�a�f�h�`�g�h�k�l�v �i�j�h�\�_�k�l�b �^�b�g�Z�f�b�q�_�k�d�b�_ �b�k�i�u�l�Z�g�b�y �o�h�^�h�\�u�o �o�Z�j�Z�d-
�l�_�j�b�k�l�b�d �j�_�e�v�k�h�\�u�o �l�j�Z�g�k�i�h�j�l�g�u�o �k�j�_�^�k�l�\ �\ �[�_�a�h�i�Z�k�g�h�c �b �k�l�Z�[�b�e�v�g�h�c �e�Z�[�h�j�Z�l�h�j�g�h�c �k�j�_�^�_. �P�_�e�v �k�l�Z�l�v�b: �b�k-
�k�e�_�^�h�\�Z�l�v �b �h�i�b�k�Z�l�v �k�l�_�g�^�h�\�u�_ �d�Z�l�d�h�\�u�_ �b�k�i�u�l�Z�g�b�y �g�Z �d�Z�l�d�h�\�h�f �k�l�_�g�^�_ �\ �Q�_�r�k�d�h�f �l�_�o�g�b�q�_�k�d�h�f �m�g�b�\�_�j�k�b-
�l�_�l�_ (�Q�L�M) �\ �I�j�Z�]�_. �F�_�l�h�^�b�d�Z. �< �k�l�Z�l�v�_ �i�h�d�Z�a�Z�g�Z �b�k�l�h�j�b�y �j�Z�a�\�b�l�b�y �f�Z�k�r�l�Z�[�b�j�h�\�Z�g�g�h�]�h �d�Z�l�d�h�\�h�]�h �k�l�_�g�^�Z 
�Q�L�M, �g�Z�q�b�g�Z�y �k �j�Z�g�g�b�o �w�l�Z�i�h�\ �b �^�h �l�_�d�m�s�b�o �i�j�h�_�d�l�h�\, �\ �d�h�l�h�j�u�o �b�k�i�h�e�v�a�m�_�l�k�y �d�Z�l�d�h�\�u�c �k�l�_�g�^ �Q�L�M. �I�h� -̂
�j�h�[�g�h �h�i�b�k�Z�g�u �^�_�c�k�l�\�m�x�s�b�_ �d�h�g�k�l�j�m�d�p�b�b �w�d�k�i�_�j�b�f�_�g�l�Z�e�v�g�h�c �l�_�e�_�`�d�b, �d�Z�l�d�h�\�h�]�h �k�l�_�g�^�Z, �^�Z�l�q�b�d�h�\ �b �i�j�b-
�[�h�j�h�\, �Z �l�Z�d�`�_ �l�b�i�h�\ �w�d�k�i�_�j�b�f�_�g�l�h�\, �i�j�h�\�h�^�b�f�u�o �g�Z �d�Z�l�d�h�\�h�f �k�l�_�g�^�_ �Q�L�M. �J�_�a�m�e�v�l�Z�l�u. �>�h�d�Z�a�Z�g�Z �g�_�^�h�i�m�k-
�l�b�f�h�k�l�v �i�j�_�g�_�[�j�_�`�_�g�b�y �j�Z�a�e�b�q�b�y�f�b �\ �i�h�\�_�^�_�g�b�b �l�j�Z�g�k�i�h�j�l�g�h�]�h �k�j�_�^�k�l�\�Z �g�Z �`�_�e�_�a�g�h�^�h�j�h�`�g�h�f �i�m�l�b �b �f�Z�k-
�r�l�Z�[�b�j�m�_�f�h�c �f�h�^�_�e�b �g�Z �d�Z�l�d�h�\�h�f �k�l�_�g�^�_. �F�Z�k�r�l�Z�[�b�j�m�_�f�u�_ �b�k�i�u�l�Z�g�b�y �g�Z �d�Z�l�d�h�\�h�f �k�l�_�g�^�_ �y�\�e�y�x�l�k�y �h�l�g�h-
�k�b�l�_�e�v�g�h �g�_�^�h�j�h�]�b�f �k�i�h�k�h�[�h�f �^�e�y �i�j�h�\�_�j�d�b �b �^�_�f�h�g�k�l�j�Z�p�b�b �j�_�a�m�e�v�l�Z�l�h�\ �d�h�f�i�v�x�l�_�j�g�h�]�h �f�h�^�_�e�b�j�h�\�Z�g�b�y. 
�H�g�b �h�k�h�[�_�g�g�h �i�h�e�_�a�g�u �^�e�y �i�j�h�\�_�j�d�b �f�h�^�_�e�b�j�h�\�Z�g�b�y �f�g�h�]�h�f�h�^�m�e�v�g�u�o �k�b�k�l�_�f (�F�F�K) �k�h�\�_�j�r�_�g�g�h �g�h�\�u�o 
�d�h�g�p�_�i�p�b�c �o�h�^�h�\�h�c �q�Z�k�l�b. �G�Z�m�q�g�Z�y �g�h�\�b�a�g�Z. �>�h�d�Z�a�Z�g�h, �q�l�h �\ �g�Z�k�l�h�y�s�_�_ �\�j�_�f�y �d�Z�l�d�h�\�u�c �k�l�_�g�^ �Q�L�M �b�k�i�h�e�v-
�a�m�_�l�k�y �^�e�y �b�k�i�u�l�Z�g�b�c �k �Z�d�l�b�\�g�u�f �d�h�g�l�j�h�e�b�j�m�_�f�u�f �m�i�j�Z�\�e�_�g�b�_�f �d�h�e�z�k�g�h�c �i�Z�j�u. �K�h�]�e�Z�k�g�h �j�_�a�m�e�v�l�Z�l�Z�f �f�h-
�^�_�e�b�j�h�\�Z�g�b�y, �h�i�m�[�e�b�d�h�\�Z�g�g�u�f �\�h �f�g�h�]�b�o �j�Z�[�h�l�Z�o, �l�Z�d�b�_ �k�b�k�l�_�f�u �i�j�_�^�e�Z�]�Z�x�l, �\ �i�j�b�g�p�b�i�_, �[�h�e�_�_ �\�u�k�h�d�m�x 
�i�j�h�b�a�\�h�^�b�l�_�e�v�g�h�k�l�v �i�h �k�j�Z�\�g�_�g�b�x �k �h�[�u�q�g�u�f�b �i�Z�k�k�b�\�g�u�f�b �l�j�Z�g�k�i�h�j�l�g�u�f�b �k�j�_�^�k�l�\�Z�f�b. �H�^�g�Z�d�h �b�k�i�h�e�v�a�h-
�\�Z�g�b�_ �b �l�_�k�l�b�j�h�\�Z�g�b�_ �Z�d�l�b�\�g�h�]�h �d�h�g�l�j�h�e�b�j�m�_�f�h�]�h �m�i�j�Z�\�e�_�g�b�y �d�h�e�z�k�g�h�c �i�Z�j�u �g�Z �l�j�Z�g�k�i�h�j�l�g�u�o �k�j�_�^�k�l�\�Z�o 
�i�h-�i�j�_�`�g�_�f�m �j�_�^�d�h �\�k�l�j�_�q�Z�_�l�k�y. �D�Z�l�d�h�\�u�c �k�l�_�g�^ �Q�L�M �k�e�m�`�b�l �\ �d�Z�q�_�k�l�\�_ �b�g�k�l�j�m�f�_�g�l�Z �^�e�y �i�j�h�\�_�j�d�b  
�d�h�f�i�v�x�l�_�j�g�h�]�h �f�h�^�_�e�b�j�h�\�Z�g�b�y �b �^�_�f�h�g�k�l�j�Z�p�b�b �i�j�_�b�f�m�s�_�k�l�\ �Z�d�l�b�\�g�h�]�h �m�i�j�Z�\�e�_�g�b�y �d�h�e�z�k�g�h�c �i�Z�j�u.  
�I�j�Z�d�l�b�q�_�k�d�Z�y �a�g�Z�q�b�f�h�k�l�v. �B�k�i�u�l�Z�g�b�y, �i�j�h�\�_�^�_�g�g�u�_ �g�Z �d�Z�l�d�h�\�h�f �k�l�_�g�^�_ �Q�L�M, �i�h�^�l�\�_�j�`�^�Z�x�l �\�h�a�f�h�`�g�h�k�l�v 
�k�m�s�_�k�l�\�_�g�g�h �\�e�b�y�l�v �g�Z �^�b�g�Z�f�b�d�m �o�h�^�Z �`�_�e�_�a�g�h�^�h�j�h�`�g�h�]�h �l�j�Z�g�k�i�h�j�l�g�h�]�h �k�j�_�^�k�l�\�Z �k �i�h�f�h�s�v�x �Z�d�l�b�\�g�h�]�h 
�d�h�g�l�j�h�e�b�j�m�_�f�h�]�h �m�i�j�Z�\�e�_�g�b�y �d�h�e�z�k�g�h�c �i�Z�j�u. �L�Z�d�Z�y �d�h�g�p�_�i�p�b�y �f�h�`�_�l �j�Z�k�k�f�Z�l�j�b�\�Z�l�v�k�y �\ �d�Z�q�_�k�l�\�_ �\�h�a�f�h�`-
�g�h�]�h �b �\�_�j�h�y�l�g�h�]�h �i�h�^�o�h�^�Z �i�j�b �j�Z�a�j�Z�[�h�l�d�_ �o�h�^�h�\�h�c �q�Z�k�l�b �[�m�^�m�s�b�o �`�_�e�_�a�g�h�^�h�j�h�`�g�u�o �l�j�Z�g�k�i�h�j�l�g�u�o 
�k�j�_�^�k�l�\. 

�D�e�x�q�_�\�u�_ �k�e�h�\�Z: �d�Z�l�d�h�\�u�c �k�l�_�g�^; �Z�d�l�b�\�g�u�c �d�h�g�l�j�h�e�v; �m�i�j�Z�\�e�_�g�b�_ �d�h�e�z�k�g�h�c �i�Z�j�u; �f�_�o�Z�l�j�h�g�g�Z�y �l�_�e�_�`�d�Z 
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