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Abstract: In this paper we give a short overview of our efforts in the understanding of the magnetic properties of the
fascinating nanoscopic cluster K6[VIV15As6O42(H2O)]·8H2O (hereafter V15) exhibiting layers of magnetization. We
analyze EPR and adiabatic magnetization of the V15 cluster with a triangular VIV3 array causing spin frustration. A
model for V15 includes isotropic and antisymmetric (AS) exchange interactions in the general form compatible with
the trigonal symmetry. Orientation of the AS vector (but not only its absolute value) is shown to play an important
physical role in spin-frustrated systems. We were able to reach perfect fit to the experimental data on the stepwise
dependence of magnetization vs. field at ultra-low temperatures. Furthermore, it was possible for the first time
to estimate precisely two components of the AS vector coupling constant, namely, in-plane component and the
perpendicular part. We show that only intramultiplet transitions in EPR are allowed when the vector of AS exchange
is normal to the plane of vanadium triangle, meanwhile the in-plane part of AS exchange gives rise to a series of
weak intermultiplet transitions. Experimental data on high-frequency EPR of V15 at low temperatures are discussed.
The spin-vibronic effects in trimeric spin frustrated clusters are also studied and an important role of the interplay
between the AS exchange and Jahn-Teller interaction is revealed. The results clarify the concept of spin-frustration
in view of its magnetic and spectroscopic manifestations in metal clusters.
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1. INTRODUCTION
During the past decade growing attention has been attracted by a large unique cluster anion present in
K6[VIV15As6O42(H2O)]·8H2O containing 15 ions VIV (Si=1/2 ) and exhibiting layers of different magnetizations [1–4].
The discovery of this fascinating system [1] opened a new trend in molecular magnetism closely related to the
promising field of single molecule magnets that is expected to give a revolutionary impact on the design of new
memory storage devices of molecular size and quantum computing. Studies of the adiabatic magnetization and
quantum dynamics show that the V15 cluster exhibits the hysteresis loop of magnetization [5–10] of molecular origin
and can be referred to as a mesoscopic system on the border line between classical and quantum word. The studies
of the static magnetic susceptibility [3,4], energy pattern [11–18] and inelastic neutron scattering [19,20] showed that
the low lying part of the energy spectrum is well isolated from the remaining spin levels and can be understood as
a result of interaction between three moieties consisting of five strongly coupled spins giving rise to spin Si=1/2 of
each moiety. The three-spin model for the low lying excitations so far suggested [3,7] includes isotropic HeisenbergDirac-Van Vleck (HDVV) exchange interaction and AS exchange firstly proposed by Dzyaloshinsky [21] and Moria
[22] as an origin of spin canting. The understanding of the role of the AS exchange in spin frustrated systems dates
back to the seventies (see review article [23] and references therein). AS exchange was shown to result in a zerofield splitting of the frustrated ground state of the half-integer triangular spin systems, magnetic anisotropy, essential
peculiarities of the EPR spectra and wide range of phenomena related to hyperfine interactions [23–35]. Some of the
conclusions of these early papers have been mentioned later [17], in particular, those regarding the zero-field splitting
and Kramers theorem (see [36]).
Hereunder we give a short overview of the magnetic interactions in V15 system with the emphasis on the
manifestations of AS exchange. The three spin model is analyzed and applied to the study of energy level crossover
in magnetic fields of different directions and such phenomena as low-temperature EPR, high field magnetization and
structural instabilities arising from the spin-vibronic interaction and Jahn-Teller effect.
Material presented at the XV-th Conference “Physical Methods in Coordination and Supramolecular Chemistry”,
September 27 - October 1, 2006, Chişinău, Moldova
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2. THE HAMILTONIAN, SYMMETRY PROPERTIES
The molecular cluster V15 has a distinct layered quasispherical structure within which fifteen VIV ions ( si = 1 2)
are placed in a large central triangle sandwiched by two distorted (non-planar ) hexagons [1,2] possessing D3 symmetry
(Fig.1-3). Each subunit consisting of two spin-paired dimers and a spin of the triangle can be considered as an
effective spin s = 1 2 placed in the central layer (Fig.1-3). This can be justified by consideration of the isotropic
exchange parameters within the metal network J1 , J 2 , J ′, J ′′ (see Fig.2,3) that have been firstly estimated in [3,4].
The parameter of the intradimer interaction in the hexagons is shown to be the leading one while the parameters
J1 , J ′, J ′′ are significantly smaller and seem to be of the same order so that each spin of the central triangle is
coupled to a pair of strongly coupled spins belonging to the lower and upper hexagons as shown in Fig.3. Each
pentanuclear subunit consisting of two dimers (marked in bold in Fig.3) and a spin of the triangle can be considered
as an effective spin s = 1 2 placed in the central layer so that the low lying part of the energy pattern of the system
entire can be viewed as the result of spin coupling within the triangular cluster in which a relatively weak spin coupling
appears through the interactions with the hexagons in their excited states. The energy pattern within the full spin space
(Fig.4) is calculated with the use of our MAGPACK software [37], A Package to Calculate the Energy Levels, Bulk
Magnetic Properties, and Inelastic Neutron Scattering Spectra of High Nuclearity Spin Clusters, based on the irreducible
tensor operators (ITO) technique. Using this efficient tool specially designed for the study of high nuclearity clusters,
one can show [36] that the ground state with total spin S = 1 2 and first excited state with S = 3 2 (Fig.4, box)
are well isolated (about 400cm-1) from the higher states thus justifying an effective triangle approximation.
Although the exchange problem is tractable in full Hilbert space of 15 spins [4,14,17,18,36] (215 = 32768 states )
a model of a spin triangle proposed and substantiated in [3,4] and developed in [36] gives accurate and descriptive

Fig. 1. The cluster anion [VIV15As6O42(H2O)]6– = {V15As6}: (a) ball-and-stick representation without the central water
molecule emphasizing the V3 triangle [1].
results for the low lying set of the levels and can be applied at low temperatures providing a high accuracy of
calculations for all thermodynamic and spectroscopic properties below 100K. In particular, this model allows to deduce
the conclusions about the role of the AS exchange [36]. The isotropic superexchange can be described by the conventional
HDVV Hamiltonian that represents a solid background for the consideration of the exchange interactions in transition
metal clusters. For a symmetric triangle one finds the following Hamiltonian:

H 0 = −2 J 0 (S1 S 2 + S 2 S3 + S3 S1 ),
where Si = 1 2 and

J 0 is the parameter of the antiferromagnetic exchange (J 0 < 0); for the sake of convenience

we use a positive value J = − J 0 and the basis will be labeled as
S12
18
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doublets and a spin quadruplet separated by the gap 3J. The HDVV interaction is obviously magnetically isotropic
that arises from is physical origin and mathematical structure of the HDVV Hamiltonian. To adequately describe EPR
spectra and anisotropy of the magnetization on should take into account anisotropic magnetic interactions between the
vanadium ions. First kind of such interaction is represented by the AS exchange introduced by Dzyaloshinsky [21] and
Moria [22] as an origin of spin canting in non-collinear magnetic crystals. The Hamiltonian of AS exchange preserving
trigonal symmetry is given by [36]:

H AS
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Here the spin operators are related to the molecular frame, the parameter Dn is associated with the normal (Z-axis)
component of AS exchange, Dl and Dt are those for the in-plane parts (see details in [36]) . The matrix of HAS was
explicitly calculated in the basis S12 S M
using the ITO technique [27, 38].
The analysis of the HDVV Hamiltonian (see review article [23] and references therein) revealed that
the “degeneracy doubling” in the ground spin-frustrated state S12 S = (0)1/2,(0)1/2 is related to the exact orbital
degeneracy so that the ground term is the orbital doublet

2

E in the trigonal symmetry. It was concluded [23] that the

AS exchange acts within the S12 S = (0)1/2,(0)1/2 manifold like a first order spin-orbital interaction within
term and gives rise to two doublets in agreement with the Kramers theorem [38].

Fig. 2. Scheme of the V15 metal network [1] in the
cluster anion [VIV15As6O42(H2O)]6– = {V15As6}.

2

E

Fig. 3. Schematic structure of the
metal network of V15 cluster and
pictorial representation of spin
arrangement in the low lying states.

Within the pseudoangular momentum representation the basis

(0)1 2,±1 2 , (1)1 2,±1 2

irreducible representation E in trigonal point groups can be related to two projections

of the

M L = +1 and M L = −1

belonging to the fictitious orbital angular momentum L=1, the basis functions uLML (S , M S ) ≡ uM (S , M S ) can be found
L
as the circular superpositions [36]:

ur1 1 2, r 1 2

B1

2 0 1 2 ,r1 2 r i 1 1 2 ,r1 2

ur1 1 2, B 1 2

B1

2 0 1 2 ,B 1 2 r i 1 1 2 ,B 1 2 .

,

(3)
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Using this conception one can introduce the functions

MJ = ML + MS

U S (M J ) belonging to a definite full spin S and projections

of the full pseudoangular momentum, so that

U1 2 (± 3 2 ) = u±1 (1 2, ± 1 2 ) and

U1 2 (± 1 2 ) = u±1 (∓ 1 2 ). The quantum numbers so far introduced correspond to the Russel-Saunders coupling
scheme in axial symmetry. The level with
are labeled as

S = 3 2 is an orbital singlet corresponding thus to M L = 0 , the components

u0 (3 2, M S ) ≡ U 3 2 (M J ) with M S = ±1 2 and M S = ± 3 2 , so that M J = ±1 2 and

±3 2.

3. THE ENERGY PATTERN IN PARALLEL FIELD
Due to the actual axial symmetry of the system reflected in the pseudoangular momentum classification of the
states, the matrix of the full Hamiltonian can be blocked into four second order matrices each corresponding to a definite
projection MJ of the total pseudoangular momentum. The eigen-functions of the system are found as the superpositions
of states with the same MJ originating from S = 1 2 and S = 3 2 multiplets that corresponds to the jj-coupling
scheme in axial symmetry when S = 1 2 and S = 3 2 multiplets are mixed and M L , M S are no longer good
quantum numbers so that the eigen-states are enumerated by quantum number MJ.

Fig. 4. Energy levels of the V15 cluster calculated with the parameters values from [3] . The levels are grouped
accordingly to the total spin S. The calculation was performed using the MAGPACK software [37].
In absence of the field the full pattern consists of four Kramers doublets, two of them possess
two doublets with

M J = ± 3 2 . If the Zeeman interaction with the magnetic field H | C3 axis (preserving thus axial

symmetry) is also taken into account, the energy levels are enumerated by the definite values of
20
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find the analytical solution for the energy levels providing an arbitrary interrelation between parameters (it is assumed
that

g

H1,2 H
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These levels are shown in Fig. 5. One can see that they do depend upon two effective parameters of AS exchange

Dn and D⊥

(D

2
⊥

= Dt2 + Dl2

) rather than upon three parameters D , D
n

l

and

Dt of the Hamiltonian. It is

important that the “normal” part of the AS exchange operates only within the basis of two “accidentally” degenerate
doublets S12 S

0 1 2 , 1 1 2 , meanwhile two “in-plane” contributions (terms of the Hamiltonian associated with

the parameters Dl and Dl ) lead only to a mixing of the ground spin doublets 0 1 2 , 1 1 2 with the excited spin
quadruplet 1 3 2 separated from two low lying spin doublets by the gap 3 J . AS exchange leads to the splitting
of the two S=1/2 levels into two Kramers doublets with M J = ±1 2 and M J = ± 3 2 . Usually isotropic exchange is

D⊥2 J . The zero-field splitting of
r 1 2 # 3 Dn  DA2 8 J is the first

a leading interaction, so it is useful to develop the zero-field energies as series in
two spin doublets within this approximation ' { H M J

r3 2 H M J

order effect with respect to the normal component of AS exchange and contains also second order correction (always
negative) arising from the mixing of S12 1 2 and 1 3 2 multiplets through in-plane components of AS exchange.
It can be said that in-plane components of the AS exchange are reduced by the isotropic exchange so that under the
realistic conditions Dn , DA  J the parameter

D⊥ is effectively small. At the same time this part of AS exchange

leads to the avoided crossing of the magnetic sublevels of S=1/2 and S=3/2 multiplets in high field, at the crossing
points the in-plane components of AS exchange act as a first order perturbation [36]. The excited
also a zero-field splitting but this splitting

S = 3 2 level shows

Δ1 = D⊥2 8 J is not affected by the parameter Dn and represents solely

a second order effect with respect to the in-plane part of AS exchange. For this reason the zero-field splitting of the

Dn and D⊥ are comparable) than the splitting of two S=1/2 doublets.
The sign of Δ determines the ground state, in the cases of Δ > 0 and Δ < 0 the ground states are the doublets with
M J = 1 2 and M J = 3 2 respectively. The Zeeman sublevels are enumerated by the quantum number MJ as
excited quadruplet is expected to be smaller (if

shown in Fig. 5 in the case of Δ > 0 , the fine structure of S=3/2 is shown in the inset. According to the general
symmetry rule the levels with the same MJ show avoided crossing, meanwhile those with different MJ exhibit exact
crossing (Fig. 3).
4. EPR TRANSITIONS, DISCUSSION OF EXPERIMENTAL DATA
Within the pseudoangular momentum approach one concludes that the general selection rule

MJ → MJ ±1

for the linearly polarized H osc ⊥ C3 microwave field defines the allowed transitions as shown in Fig. 5. Using the
analytical solutions for the Zeeman energies, one can evaluate the resonance fields for the EPR transitions. Recently
we have reported [39] the representative schemes of transitions and EPR spectra simulated for different microwave
21
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frequencies , included those used in the high-frequency EPR experiments at ultra-low temperatures [40]. In all
calculations we used g=1.96 and J = 0,847 cm–1 that is consistent with the experimental data [41]. The zero-field
splitting in the ground manifold

Δ is set to 0.14 cm-1, as was found from inelastic neutron scattering [11,12]. Since

the normal and in-plane contributions of AS exchange can not be discriminated directly from the experimental data
on the inelastic neutron scattering, the ratio

D⊥ Dn is varied (providing fixed value of Δ ) in order to reveal the

influence of different AS exchange components on the EPR pattern. The transformations of the spectrum with the

D⊥ Dn are also shown in the proposed EPR schemes [39] . We shall consider separately two
cases: (i) Dn ≠ 0 , D⊥ = 0 and (ii) Dn ≠ 0 , D⊥ ≠ 0 . Since normal part of the AS exchange does not mix different
spin levels one can discuss the case (i) within the Russel-Saunders scheme when the operator Ŝ x does not change
increase of the ratio

ML. This implies the following selection rules for the linearly polarized microwave radiation that are strictly valid

M J → M J ± 1 are allowed with the conservation
at the same time of the full spin S, projection of the orbital angular momentum ML and for M S → M S ± 1

within the Russel-Saunders approximation: the EPR transitions
( ΔS

= 0 , ΔM L = 0 , ΔM S = ±1, ΔM J = ±1). The allowed intramultiplet transitions are schematically shown in
Fig. 6 for three frequency domains: hQ  ' , '  hQ  3 J and hQ ! 3 J . One can see that the spectrum consists
of three lines, one line arises from three strong transitions 3, 4, 5 (marked bold) within S=3/2 multiplet with the

hQ gE andthe two remaining lines correspond to two interdoublet transitions within two
S=1/2 levels (Fig. 5, 6). It should be stressed that the intermultiplet ( S = 1 2 ↔ S = 3 2) transitions are strictly
forbidden when D⊥ = 0 as well as intradoublet transitions in the two S =1/2 levels split by AS exchange (this has
resonance field

H 3,4,5

been proved in [23–27]).
Two situations hQ  ' and hQ ! ' within the case (i) are to be distinguished. Providing hQ  '

H 1c
3Dn  hQ gE and
H1
3Dn  hQ gE , so that the separation between these lines H 1  H 1c 2hQ gE increases with increase
of the microwave frequency. The full spectrum is asymmetric with the line at H 3,4,5 hQ gE being closer to the
3Dn gE is independent of microwave frequency
line at H 1′ , the difference in the resonance fields H 1  H 3,4,5
2hQ  3Dn gE increases with the increase of ν. At relatively high temperatures (when
ν and H 1c  H 3,4,5
1
the full intensity follows the low I v T ) the ratio of the intensities of three lines is 1:3:1. In the case of hQ  '
hQ  3Dn gE and
the interdoublet transitions are 1, 2 (Figs. 6b and 6c) with the resonance fields H 1
3Dn gE and
H 2 hQ  3Dn gE . In this case the spectrum consists of the central peak at H 3,4,5
two equally spaced side-lines at H 1 and H 2 with the ratio intensities 1:3:1. It is remarkable that in the case under
consideration the full width of the spectrum H 1  H 2 2 3Dn gE is directly related to the AS exchange and
(Fig. 6a) two interdoublet transitions 1 and 1′ have

the resonance fields

independent of ν.
In the general case (ii) when both components of AS exchange are nonzero ( Dn

≠ 0 Dt ≠ 0 ) different spin

levels are mixed and the system can be adequately described by the jj-coupling scheme.Two new essential features of
the EPR pattern arise from the mixing of S=1/2 and S=3/2 spin levels by the in-plane part of AS exchange. First,

Δ1 = D⊥2 8 J of the excited S=3/2 level the transitions 3, 4, 5 at hν > Δ1 have
different resonance fields: H 3,5
hQ B '1 gE , H 4 gE and providing hν < Δ1 line 3 does not exist and
H
'

h
Q gE (see Fig. 5, inset). This leads to a peculiar fine triplet structure of the
line 5′ corresponds to 5c
1
due to axial zero-field splitting

central peak in the patterns of the EPR lines so far discussed. The second order effect of mixing through the in-plane AS
exchange is relatively small in the wide range of the fields except of the vicinity of the avoided crossing points (Fig. 5)
where the in-plane component of the AS exchange acts as a first order perturbation.
The second important consequence of the in-plane AS exchange is that this interaction allows new transitions
(obeying the general selection rule
22
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intermultiplet transitions 6-12 and 9′ as shown in Fig. 5. The intensities of these newly allowed transitions depend
on the extent of the mixing of S=1/2 and S=3/2 multiplets in the magnetic field and in a wide range of the field
they are relatively weak. The high-frequency (Q 57.831GHz and Q 108 GHz ) EPR measurements at ultralow temperatures between 0.5 and 4.2K for the parallel ( H || C3 ) field have been recently reported [42]. The
transmission spectrum observed at 2.1T represents a relatively broad slightly asymmetric peak that becomes broader
when the temperature decreases (Fig. 7). Since the observed structureless EPR peak does not provide unambiguous
information about the fine structure of the absorption we will discuss a simplest approximation in which only the
normal part of the AS exchange is taken into account. Since the fine structure of the absorption line is unresolved it is

Fig. 5. Energy pattern of V15 molecule within the
three-spin model (the case Δ > 0 ) and allowed
EPR transitions in the parallel ( H ||C3 ) field.
Inset: magnified zero-field and Zeeman splitting
of S=3/2 level ( H || C3 ).

Fig. 6. Scheme of the EPR transitions
in the case of D⊥ = 0 : (a) hQ  ' ,
(b) hQ ! '  3 J , (c) hν > 3 J .

Magnetic field, Tesla

Fig. 7. Theoretical and experimental temperature

Fig. 8. Calculated EPR lines

dependence of the EPR spectral width for V15.

( H || C3 ) at T = 0.5 K

The theoretical curves are scaled at T = 3K,
J = 0.847 cm–1, Δ = 0.14 cm–1 ( H || C3 ).
Theoretical curves: 57.831 GHz (solid),
108 GHz (dashed), experimental data:
57.831 GHz (circles) 108 GHz (stars).

for two frequencies.
(J = 0.847 cm–1, Δ = 0.14 cm–1 ).
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reasonable to assume that the observed peak can be considered as an envelope of the broadened individual absorption
lines arising from the allowed transitions. In the case of ν = 57.831 GHz (frequency region

'  hQ  3J  ' 2 )

the superposition involves the central lines 3,4,5 at H3,4,5 = 2.11T and two sidebands 1 and 2 at H1= 1.96T and
H2= 2.26T. At the

frequency ν = 108 GHz the full spectrum is assumed to consist of the central peak 1,3,8 and

sidelines 2 and 5 (H1,3,8 = 3.93T, H2= 3.78T and H5= 4.08T). In order to estimate approximately the role of the AS
exchange in the broadening of the EPR peak we have calculated the central second moments of these discrete spectral
distributions:

H H

3

¦ Ii H i  H

2

3

¦ Ii ,

2

i 1

where I i are the intensities of the lines at a given temperature and
gravity) of the spectral distribution:
3

3

i 1

i 1

(5)

i 1

H is the center of the first moment (center of

¦ Ii H i ¦ Ii .

H

(6)

where I i are the intensities of the lines at a given temperature and H is the center of the first moment (center of
gravity) of the spectral distribution. The full with of the observed peak includes also contributions arising from the
broadening of the individual lines. In order to take them into account, at least qualitatively, we have normalized the full
width (obtained with the aid of Eqs. (5) and (6)) vs. temperature at T = 3K. As one can see the evaluated temperature
dependence of the spectral width is in reasonable agreement with the experimental data at Q 57.831GHz (Fig. 6). At
the same time at Q 108 GHz probably the splitting of the lines due to AS exchange plays a secondary role in the
broadening of the observed EPR peak, especially at ultra-low temperatures. This can be also be illustrated by plotting
of the EPR pattern at T = 0.5 K for two employed frequencies (Fig. 8). One can see that at low temperature the second
moment at ν = 108 GHz is less than that for ν = 57.831 GHz due to lower intensity of the sidebands meanwhile the
observed width is greater. Calculations of the second moments in a more general model when D⊥ ≠ 0 give similar
results but the smoothed line does not provide a reliable information about the interrelation between two components
of AS exchange. In view of these results one might assume that the broadening of the EPR peak can be attributed to
the spin-phonon interaction and also to the effects of lower symmetry that have been recently discussed [19]. More
detailed information can be provided by the angular dependence of the high-frequency EPR and by the study of the
mechanisms of relaxation. The hyperfine interaction is to be mentioned as an essential contribution to the broadening of
the EPR line in the vanadium clusters.
5. ZEEMAN LEVELS IN PERPENDICULAR FIELD
In the important particular case when the in-plane of AS exchange is absent (Dn
special symmetry properties of the matrix of AS exchange do allow to find the exact solution:

H1
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gEH
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 3Dn2 ,
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2
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gEH
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 3Dn2 ,

H 5 ,6
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3
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J B gEH ,
2
2
3
3
J B gEH .
2
2

≠ 0 , Dl = Dt = 0 ) the

(7)

In Eq. (7) H is the field in any direction in the plane, let say H = H X and correspondingly g-factor g ≡ g ⊥ .
The levels ε i (H) with i = 1, 2, 3, 4 are related to S=1/2 while i=5,6,7,8 are the numbers of Zeeman sublevels for S=3/2
(with M = ∓ 1 2 and M = ∓ 1 2) as shown in Fig. 9a in the case of the isotropic model. The energy pattern for the case
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Dn ≠ 0 , Dl = Dt = 0 is shown in Fig. 9b. Three peculiarities of the energy pattern that are closely related to the
magnetic behavior should be noticed: 1) the ground state involving two S =1/2 levels shows zero-field splitting into two
Kramers doublets separated by the gap Δ = 3Dn ; 2) at low fields gβH ≤ Δ the Zeeman energies are double degenerate
and show quadratic dependence on the field:
H1

H3

 3 Dn 2  g E H

H2

H4

 3Dn 2  g E H

2
2

4 3 Dn ,
4 3Dn .

(8)

This behavior is drastically different from that in the isotropic model and from the linear magnetic dependence in
parallel field [23] and can be considered as a breaking of the normal AS exchange by the perpendicular field [23]; 3) the
magnetic sublevels arising from S=3/2 (M = -1/2 and M = -3/2) cross the sublevels belonging to S =1/2 spin levels, no
avoided crossing points are observed. At high field the levels ε1,3 and ε 2,4 exhibit again linear magnetic dependence.
One can see that strong perpendicular field restores linear Zeeman splitting but without zero-field splitting so that the
perpendicular field reduces the normal part of AS coupling. This effect of reduction has been understood long time ago
[23].
When the AS exchange in its general form is involved Dn z 0 , Dl z 0 , Dt z 0 the energy pattern shows
new peculiarities (Fig. 9c). The low field part of the spectrum is not affected by the in-plane part of AS exchange and
is very close to that in Fig. 9b due to the fact that the in-plane part of AS exchange is not operative within the ground
manifold and the effect of S=1/2-S=3/2 mixing is small at low fields due to the large gap 3 J !!| DA | . At the same time
in the vicinity of the crossing points the effect of the normal AS exchange is negligible but the in-plane AS exchange acts
as a first order perturbation giving rise to the avoided crossings as shown in Fig. 9c.
Let us note that at low fields far from anticrossing region the energies can be well described by the Eq. (8)
in general case of AS exchange although they are deduced for a particular model when Dn z 0 , Dl z 0 , Dt z 0 .
In order to obtain three closely spaced low lying levels in the region of anticrossing field we will use the perturbation
theory respectively to the in-plane part of AS exchange and the basis formed by three eigen-functions of H 0 whose
eigen-values have crossing point at g β H = 3 J , namely 0 1 2 ,1 2 , 1 1 2 ,1 2 , 1 3 2 , 3 2 (Fig. 9a).
The secular equation can be solved due to some additional symmetry. The following approximate expressions were
found [43,44] for the energy levels ε′i in this region of the field:

3
1
ε1′ = − J − g β H ,
2
2

Hc3,7

 g EH B

1
8

(9)

4 g E H  12 J

2

 18DA2 ,

(10)

These expressions give rather good accuracy and will be used in the description of the magnetization vs. field and
temperature of V15 cluster.
6. TEMPERATURE AND FIELD DEPENDENCE OF
MAGNETIZATION OF V15 -EFFECTS OF AS EXCHANGE
Let us consider some general features of the field dependence of magnetization related to the AS exchange
by plotting the results of sample calculations. The most spectacular is the low molecule) that work well at low
field (Eq. (11)) and high field in the vicinity of anticrossing of the low lying levels (Eq. (12)) :

μ(H )=
PH

g 2β2 H
2 3Dn2 + g 2β2 H 2

gE 

,

(11)

2 g E g E H  3J
2 g E H  3J

2

 18 DA2 .

(12)
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Fig.9 (dashed line) shows P H

dependence in the framework of the isotropic model. The normal part of AS

exchange results in the broadening of the low field step in P H as shown by solid line. This broadening is closely
related to the quadratic Zeeman effect in the low perpendicular field (see Fig. 9b). The in-plane part of the AS
exchange leads to the broadening of the second step. When anticrossing in the region

H = 3 J g β appears due

Fig. 9. Energy pattern of the triangular vanadium unit in the magnetic field applied in the plane ( H
J = 0.847 cm–1, g = 2. (a)
(c)

⊥ C3 ),

Dn = 0 , D⊥ = 0 ; (b) Dn = 0.3 J , D⊥ = 0,

Dn = 0.3 J , D⊥ = 0.6 J .

coupling of S=1/2, M=-1/2 S=3/2, M=-3/2 levels through in-plane AS exchange it obviously gives rise to a smoothed
switch from S=1/2 to S=3/2 as shown in Fig. 9c. Fig. 10 schematically indicates that the first and the second steps of
magnetization are affected by the two different parts of the AS exchange.

7. TEMPERATURE AND FIELD DEPENDENCE OF
MAGNETIZATION - DISCUSSION OF EXPERIMENTAL DATA
The low-temperature adiabatic magnetization vs. field applied in the plane of the V3 triangle ( H

⊥ C3 )

exhibits steps whose broadening and shapes are temperature dependent (Figs. 10,11). Analysis of the experimental data
in [41] has been performed in the framework of the HDVV model supplemented by a small quadrupolar anisotropy

J XX

J YY z J ZZ . Agreement between the calculated curves and experimental magnetization data proved to be

quite good for T= 0.9 K and 4.2 K but the model fails to explain the low temperature data.

Modeling magnetization curves with consideration of the AS exchange gives perfect agreement for the
whole range of temperatures including the lowest one. Such a modeling for the first time allowed us to estimate the
AS exchange parameters. The best fit procedure gives the following set of parameters:

DA
26

0.238 cm 1 , Dn

J

0.855cm1 , g 1.94,

0.054 cm 1 (see [43,44]). The least mean square error value calculated for the whole sets
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of the P H curves is found to be 2.3 · 10–3. The fit is well stable for the parameters J, g and
stable with respect to

D⊥ but however, less

Dn (see [44] for more details). To determine this parameter more accurately one needs low field

Fig. 10. Magnetization at T = 0 K
in perpendicular field.
Dashed line : J = 0.847 cm–1,
Dn = 0 , D⊥ = 0 ;
Solid line: J = 0.847 cm–1,
Dn = 0.3 J , D⊥ = 0.6 J .

Fig.11. Experimental data (from ref [41])
and theoretical curves of static magnetization
calculated with account for the isotropic
and AS exchange interactions ( H ⊥ C3 ).
Experimental data : Circles- T = 0.1 K,
squares- T = 0.3K, triangles- T = 0.9 K,
stars– T = 4.2 K. Solid lines- calculated.

data at ultra-low temperatures and additional data like EPR at low frequencies. Calculated curves (with the best fit
parameters ) and experimental data are in full agreement in the whole ranges of the temperature and field used in the
experiments so far mentioned (Fig. 11).
8. VIBRONIC INTERACTION
Since the exchange multiplets are orbitally degenerate the role of the vibronic coupling ( Jahn-Teller-JTeffect [45-47]) should be elucidated. We will use the semiclassic adiabatic approximation that gives clear physical
picture of the influence of the vibronic interaction on the magnetic characteristics. In the JT systems, in general, the
electronic and vibrational states are mixed [45-47]. Nevertheless, in many important cases the adiabatic approach
can serve as a relatively simple and at the same time powerful tool for the theoretical study of the JT systems. The
question of the applicability of the semiclassic adiabatic approach to the vibronic problems in the JT systems is
rather complicated in general (and will not be discussed here) and the thorough answer can be done with regard to a
particular problem. The results of the semiclassic calculations of the magnetic moments in pseudo JT (mixed-valence)
clusters vs. temperature were carefully tested by comparison with the results of quantum-mechanical evaluation [48].
The results exhibit very high accuracy of the semiclassic theory in a wide range of the temperature and coupling
parameters including cases of intermediate and even weak coupling. The qualitative difference in the estimation of
magnetic behavior between the semiclassic and dynamic approaches was intentionally found for a specific choice
of the parameters when the ground vibronic levels belonging to different spin values are close. This conclusion is
common for the thermodynamic (non-resonance) characteristics of the JT systems that are defined exceptionally by
the partition function. Keeping in mind these results, in the present study we shall take advantage of the semiclassic
adiabatic approach in order to reveal the influence of the vibronic coupling on magnetization in the presence of the
AS exchange.
The symmetry adapted vibrations A1 Q A1 { Q1 and double degenerate E type QEx { Qx , QEy { Qy of an
equilateral triangular unit can be expressed as
27
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>

Q1

1
3

Qx

1
3

Qy

1 1
3 2

1
2

>
> X

3 X 1  Y1  12

3 X 2  Y2

@,

3 X 1  Y1  12

3 X 2  Y2

@,

1
2

1

@

 3Y1  12 X 2  3Y2  X 3 .

(13)

The vibronic interaction arises from the modulation of the isotropic and AS exchange interactions by the molecular
displacements. In fact, the exchange parameters are the functions of the interatomic distances so the linear terms of the
vibronic Hamiltonian can be represented as:
2¦ Si S j

H ev

ij

c
H ev

D

§ wDij Rij
¨
¨ wRij
1,x . y ©

¦ >Si u S j @ ¦
D

ij

§ wJ ij Rij
¨
¨ wRij
1, x. y ©

·
¸
¸
¹ 'Rij

¦

·
¸
¸
¹ 'Rij


0

wRij
wQD


0

wRij
wQD

QD

,

(14)

QD

(15)

Here the summation is extended over all pairwise spin-spin interactions (ij= 12, 23, 31). Eqs. (14) and (15) are the
contributions of the overall vibronic coupling relating to the isotropic and AS exchange interactions respectively. After
all required transformations one can arrive at the following vibronic Hamiltonian Heν:

H ev

O Vˆ1 Q1  Vˆx Qx  Vˆy Q y

where

O { 6 wJ ij Rij wRij

0

(16)
is the vibronic coupling parameter associated with the isotropic exchange and the

operators

V̂α are the following [49] (see [23,27] and references cited therein):

Vˆ1

S 1S 2  S 2 S 3  S 3 S 1 ,

2
3

V̂x

1
6

S 2 S3  S3 S1  2 S1 S ,

V̂ y

1
2

S2 S3  S3 S1 .

(17)

By applying a similar procedure one can obtain the vibronic contribution associated with the AS exchange. The final
expression is the following:

c
H ev

Wˆ1 Q1  Wˆ x Qx  Wˆ y Q y .

The operators

Ŵα are expressed in terms of the vector products of spin operators:

Ŵ1

Ȝ12 >S1 u S 2 @  Ȝ23 >S 2 u S3 @  Ȝ31 >S3 u S1 @ ,

Ŵx

1
2

Wy

(18)

Ȝ12 >S1 u S 2 @  Ȝ23 >S 2 u S 3 @  2 Ȝ31 >S 3 u S1 @ ,
3
2

(19)

Ȝ23 >S 2 u S 3 @  Ȝ31 >S 3 u S1 @ .

In Eq. (19) the values Ȝij are the vector coupling parameters defined as Ȝij
of trigonal symmetry there are three parameters, namely, normal part

Ȝn

wDij Rij wRij

0

. Under the condition

Ȝijn and two perpendicular contributions

λ t = λ ijt and λ l = λ ijl where the symbols l and t have the same meaning as in the definition of the AS exchange. As
one can see the vibronic interaction appears due to dependence of the exchange parameters (isotropic and anisotropic)
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upon the distances between the metal centers that means that the physical origin of the vibronic ( or spin-vibronic)
interaction is the modulation of the exchange interaction by the molecular or lattice vibrations. This leads to the fact
that the matrix elements of the spin-vibronic interactions are expressed in terms of the two-particle operators. This is in
line of the traditional theory of the JT effect but takes into account the feature of the exchange coupled systems. If an
irrelevant ab-initio scheme for the evaluation of the exchange parameters as the functions of the distances is employed
the corresponding derivatives (Eqs. (14) and (15) ) with respect to the metal-metal distances can be calculated.
The evaluation of the vibronic matrices can be performed with the aid of the ITO approach [27, 38,50]. With
this aim each pairwise interaction can be expressed in terms of the zeroth order and first order tensorial products of ITOs
as:

^

 3 Si 1 u S j1

Si S j

>

Ȝij Si u S j
where

^S

i

1

@

`

0

,

(20)

^

i 2 O  e  iI Si 1 u S j1
u S j1

`

k
m

`

^

 i 2 O  eiI Si 1 u S j1

1
1

is the symbol of the tensor product [50] (rank

`

1
1 i

^

2 O n Si 1 u S j1

`

1
0

κ, component m) of two spin ITOs Si(1) and

S (j1) relating to the sites i and j and φ = 0, 2π 3, 2π 3 for the sides 12, 23 and 31 of the triangle correspondingly,
Or

B1

2 O l r iO t .

8. VIBRONIC MATRIX FOR THE GROUND STATE AND
ADIABATIC SURFACES
In order to simplify our consideration and to get clear insight on the influence of the JT interaction on the
magnetic properties we assume that the gap 3J exceeds considerably the vibronic coupling and AS exchange and
therefore we include in the basis set only four low laying spin 1/2 states and exclude the full symmetric mode Q1.
In this view one should note that the role of A1 mode is not a simple shift of Q1 the coordinate. In fact, A1 vibration is
active in the pseudo JTE when a relatively small vibronic contribution of AS exchange is taken into account (a more
detailed description will be given elsewhere). In the approximation so far assumed the matrix of the full Hamiltonian

c  H Zeeman was obtained in [51]:
H AS  H ev  H ev

§ 1 g||EH z  1 3 O Qx
2 2
¨2
¨
1
g EH x
2 A
¨
¨ 3 iD  1 OQ
n
y
2
¨ 2
i
3
¨
O Q  iQ y
© 2 2  x

1
2

 12 g||EH z  12
 2i
3
2

3
2

3
2

g AE H x
3
2

O Qx

O  Qx  iQ y

 iDn 

1
2

 iDn 

 2i
1
2

3
2

O  Qx  iQ y

g||EH z  12

OQ y

In the matrix representation of the full Hamiltonian the basis

1
2

OQ y

1
2

3
2

g AE H x

O Qx

·
¸
3
i Dn  12 OQ y ¸
2
¸ (21)
1
¸
g EH x
2 A
¸
 12 g||EH z  12 32 O Qx ¸
¹
i
2

3
2

O  Qx  iQ y

S12 S M is used with the following order of the

, 1 12 , 12 , 1 12 , 12 . Since the system has axial magnetic anisotropy
one can that the field is applied in a ZX plane ( H y = 0). One sees that the vibronic interaction leads to a complicated
basis spin functions:

0

1 1
,
2 2

, 0

1
, 12
2

combined JT and pseudo JT problem. The modulation of the isotropic exchange is expected to provide the dominant
contribution to the vibronic interaction. To further simplify the solution of the problem and make it more obvious we
put

λ + = λ − = 0 and g||

gA

g (although the eigen-values of the vibronic matrix are found without these

simplifying assumptions). The four eigen-values of the matrix are found as:
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H1,4 U, [

B

H 2 ,3 U ,[

r

1
2 2
1
2 2

=Z 2 [ 2  2G 2  3X 2 U 2  2 2 [ 3 X 2 U 2  2 G 2 cos 2 T
=Z 2 [ 2  2G 2  3X 2 U 2  2 2 [ 3 X 2 U 2  2 G 2 cos 2 T

The following dimensionless parameters are introduced: vibronic coupling parameter X
field splitting of the ground state

qD

δ = 3Dn

(22)

O =Z = MZ

12

, zero

ω ≡ D ω , applied field ξ = gβH ω and the vibrational coordinates

MZ = 1 2 QD , the angle θ is defined by H z = H cos θ . Finally, ρ is the radial component in the plane

q x q y defined as usually: q x = ρ cos ϕ , q y = ρ sin ϕ . The adiabatic surfaces are axially symmetric (at an arbitrary
direction of the applied field) respectively the C3 axis complying with the actual axial symmetry of the AS exchange.
ξ = 0 one faces a two mode pseudo JT problem and one obtains simple expressions
2
for a pair of the double degenerate surfaces that are quite similar to that in the pseudo JT E ⊗ e problem with spinIn the case of δ = 0 and

orbital interaction:

U 2 1 2 3X2U 2
r
G 
U r U =Z
.
2 2
2

(23)

One can see that in the limit of the isotropic exchange model the surface represents a “Mexican hat” (Fig. 12a) with the

Fig. 12. Adiabatic potentials for the ground state of a triangular exchange system in the space of the double degenerate
vibrations: (a) δ = 0 , υ = 2.0 ; (b) strong AS exchange and/or weak vibronic interaction ( δ = 1.0 , υ = 1.0 ).

Fig. 13. The case of weak AS exchange and/or strong vibronic interaction ( δ = 1.0 , υ = 3.0).
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Section of the adiabatic potentials in the case of JT instability, illustration for the zero-field splitting of the ground
state in the vibronically distorted configurations conical intersection at
problem [23-25]:

ρ = 0 that corresponds to the basic JT E ⊗ e

2

U r U =Z U 2 r 3 2 2 | X | U . This limiting case corresponding to the well known spin-

phonon coupling Hamiltonian [49] (see for details [23, 27] and references cited therein) has recently been considered
again in [48]. In general, the shape of the surfaces depends on the interrelation between the AS exchange and vibronic
2

coupling that proved to be competitive. In the case of weak vibronic coupling and/or strong AS exchange υ < 4 | δ | 3
the lower surface possesses the only minimum at q x q y 0 U 0 so that the symmetric (trigonal) configuration
of the system proves to be stable. In the opposite case of strong vibronic interaction and/or weak AS exchange,

X 2 ! 4 | G | 3 , symmetric configuration of the cluster is unstable and the minima are disposed at the ring of the trough
of the radius ρ0 :
1 3 υ2 8 δ 2 .
ρ0 =
− 2
2
2
3υ

2

The radius ρ0 decreases with the increase of AS exchange and vanishes at δ = 3υ 4 (defining thus critical
value of the vibronic coupling υ 0 ). Example of this type of the pseudo JT surfaces is shown in Fig. 12b. The depth of
the minima ring in the second type (respectively to the top in the low surface) depends on the interrelation between
2

the JT constant and AS exchange and is found to be H 0 3X 4G

2 2

48 X2 while the gap between the surfaces in the

2

minima points 3υ 4 is independent of the AS exchange. Fig. 13 shows the case of strong JT coupling (instability)
and the cross-section of the adiabatic potentials.
10. INFLUENCE OF THE JAHN-TELLER EFFECT ON THE
MAGNETIZATION
To clarify the physical situation let us assume that the motion of the system is confined to the bottom of the
trough. Strictly speaking this is valid providing strong JT coupling but in all cases it gives clear qualitative results
and transparent key expressions keeping at the same time good accuracy in the quantitative description. Providing

ρ = ρ′0 ≡ 3 8 υ (radius of the minima ring) the value

3 υ2ρ2 2 is simply the JT splitting E JT

3X2 4 (gap

between the surfaces in the minima points of the lower surface) one obtains for the Zeeman sublevels in the weak field
range up to the second order terms with respect to the field ξ defined by the angle θ can be found as:

H1,3 [

1
1
 G U'0 r N1 T [  N 2 T [ 2 ,
=Z
2
2
H 2 ,4 [
1
1
 G U'0 r N1 T [  N 2 T [ 2 .
=Z
2
2
where the eigen-values are denoted as Hi [ { Hi Uc0 ,[

(24)

and the van Vleck coefficients N1 T (first coefficient) and

N 2 T (second coefficient) [53] can be directly related to the JT splitting and AS exchange by:
N1 T
N2 T

2
E JT
 G 2 cos 2 T
,
2
E JT
 G2

G 2sin 2 T
2
4 E JT
 G2

32

.

(25)

In order to reveal the influence of the JT coupling on the anisotropic properties of the AS exchange in more
detail let us consider the effects of JT coupling in the two principal directions of the magnetic field. In the case of
0 so that one obtains the linear Zeeman splitting in a pair of
parallel field (H||C3) one finds that N1 0 1 and N 2 0
spin doublets in the parallel field but the role the zero-field splitting plays now the combined effective gap
instead of the initial one

2
E JT
 G2

δ related to the AS exchange. In the case of perpendicular field H ⊥ C3 one obtains:
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H 2 ,4 [
=Z



E JT
1
1
G2
2
 G2 r
[
E JT
2
2
2
 G2 2
E JT
4 E JT
 G2

32

[2 .
(26)

Eq. (26) show that the Zeeman pattern contains both linear and quadratic contributions. The role of the JT coupling can
be understood by comparing the Zeeman picture so far obtained with that at υ = 0 . It is important that in the absence of
the JT coupling the linear Zeeman terms disappear and the Zeeman energies contain only quadratic terms (with respect
to the field). Thus Fig. 14a illustrates two degenerate pairs of the Zeeman levels in perpendicular field in the symmetric
nuclear configuration. In a weak field range they are given by:

H1 [
=Z

H3 [
=Z



G
2



[2
4G

,

H2 [
=Z

H4 [
=Z



G
2



[2
.
4G

(27)

This can be referred to as the effect of the reduction of the magnetization in low magnetic field that is
perpendicular to the axis of AS exchange [23,27]. The reduction of the Zeeman energy by the AS exchange gives rise to
a small van Vleck type contribution to the magnetic susceptibility at low field gE H  Dn . An essential effect is that
the JT interaction leads to the occurrence of the linear terms for the Zeeman energies at low field in plane of the triangle.
This is shown in Figs. 14b-14d that illustrate transformation of the Zeeman levels under the influence of the vibronic
coupling obtained with the aid of the general Eq. (22).

Fig. 14. Influence of the JT interaction (defined
by the vibronic coupling parameter υ) on the
Zeeman energy pattern in a perpendicular field.

Fig. 15. Influence of the JT interaction
on dependence magnetization vs.
perpendicular field ( H ⊥ C 3 ).

Fig. 15 illustrates the influence of the JTE on the field dependence of the magnetization of a triangular unit
that is closely related to the influence of the vibronic coupling on the Zeeman pattern (Fig. 14). The magnetization vs.
perpendicular field at T=0 is presented as a function of the vibronic coupling parameter υ that is assumed to satisfy the
condition of instability υ2 > υ02 ≡ 4 δ 3 . One can see that providing υ = υ0 (and of course υ < υ0 that corresponds
to a symmetric stable configuration) the magnetization slowly increases with the increase of the field (due to reduction
of the Zeeman interaction in the low field) then reaches saturation when the magnetic field is strong enough to break
the AS exchange. Increase of the JT coupling leads to the fast increase of the magnetic moments in the region of low
field and formation of the step in magnetization caused by the reduction of the magnetic anisotropy (appearance of the
linear terms in the Zeeman levels). This observation is in line of the general concept of the reduction factors in the JT
systems. On can see that the semiclassical approach is able to describe this effect. The height of the step depends on the
interrelation between AS exchange and vibronic coupling and can be expressed as:
32

B.Tsukerblat et al./Chem.J.Mold. 2007, 2 (1), 17-35

M H

0

gE
EJT
2 E 2  G2
JT

(28)

The height of the step increases with the increase of the vibronic coupling. Finally, when the JT coupling is strong
enough ( X 2X0 ) one can observe staircase like behavior of magnetization with the sharp step in which M(H) jumps
from zero to M(H = 0) = gβ/2 at zero field (and T=0) that is expected for a magnetically isotropic system. The influence
of the distortions caused by JT instability is very pronounced so that the step starts to appear even when X 1.01 X0 .
Although the semiclassical description in this range of parameters loses its accuracy the qualitative results are able to
draw an adequate physical picture. More accurate quantitative results in this area of vibronic coupling can be obtained
by solving the dynamic pseudo JT problem. Another case of interest, strong magnetic field, is discussed in [47].
Numerical estimations [51] show that the vibronic JT parameters for V15 are small but the JT coupling is expected
to be significant for cooper(II) clusters. In fact, recently very large AS exchange was evoked in [54] in the study of
unusual properties of tri- copper clusters. Very strong antiferromagnetic exchange interaction J 650cm 1 has
been recently found [55] in a chloride-centered hexanuclear copper(II) cluster that can be a good candidate to test
AS exchange in the excited states that exhibit degeneracy (E1 and E2 terms) and are expected to be JT active with the
significant coupling constants.

SUMMARY
We have given a comprehensive analysis of the unique V15 molecular magnetic cluster within the three
spin model assuming that the isotropic and AS exchange are acting in the equilateral spin-frustrated trimer. The
energy levels behavior and crossover as well as the low-temperature magnetization were studied for different field
directions and theoretically explained using pseudo angular momentum representations for the many-spin states. We
have indicated the differences between the normal and in-plane parts of the AS exchange interaction and revealed the
particular role played by the first at low fields and by the second one in the vicinity of intersection points. Afterwards
using pseudo angular quantum numbers we have formulated the selection rules for the EPR transitions and have
given comprehensive analysis of the EPR spectra at different frequencies. At the same time we have recognized the
high-frequency temperature dependence of the spectral bandwidth as problem which can not be explained within
the foregoing model and thus addressing us for studying additional phenomena like relaxation processes and
hyperfine structure in vanadium clusters. We succeeded in fitting the results of our calculations to the experimental
data for low-temperature magnetization and in this way for the first time precisely estimated the components of
AS exchange vectors for the V15 molecule. JT instability is shown to eliminate spin frustration due to removal of
the “accidental” degeneracy in course of the dynamical structural distortions. The influence of the vibronic interaction
on the magnetization is revealed with the aid of the semiclassical adiabatic approach that provides qualitatively
transparent results and gives numerical results with a good accuracy. The first and second van Vleck coefficients in the
Zeeman energies are deduced as the functions of the direction of the field, AS exchange and vibronic coupling. The
JT coupling is shown to be competitive to the AS exchange so that the increase of the vibronic coupling decrease the
magnetic anisotropy of the system. On the other hand AS exchange tends to suppress to JTE. This is demonstrated by
the theoretical modeling of the field dependence of the magnetization that clearly exhibits crucial role of the pseudo JT
coupling in spin-frustrated systems. Furthermore we can conclude that we understand more about the physical contents
of the concept of spin frustration and about frustrated systems integrated in complex systems. Therefore, we intend to
extend this to other complex systems, e.g. where frustrated systems are interacting like double triangular cluster in
{Mo57}{V3}2 (see ref [56]). Structure-related magnetism of polyoxometalates from the standpoint of spin frustration
in high-nuclearity metal clusters is highlighted in the review article [57].
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