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Abstract. A 1-parameter initial boundary value problem for the linear homogeneous
degenerate wave equation wug (¢, z; ) — (a(z; ) u, (¢, z;0)),, = 0 (JODEA, 28(1), 1-42)
in the space-time rectangle [0,T]x [—1,41], where a(z; @) vanishes as |Z| in the subseg-
ment [—c,+c] € [-1,+1], = cZ, and « € (0,2), is considered. The IBVP is splitted
into three auxiliary IBVPs, involving two undetermined functions h (¢; @) and hy(¢; @).
The auxiliary IBVPs are solved using the method of separation of variables. The matching
conditions to gain continuity of the solution u(t, z; &) to the IBVP and its flux are imposed
on the solutions wuq (¢, z; o), uy(t, x; @), and uz(t, z; ) to the auxiliary IBVPs to derive
a linear convolution integro-differential system with respect to hq (¢; ) and hy(¢; @).

Key words: degenerate wave equation, separation of variables, linear convolution integro-
differential system.

2010 Mathematics Subject Classification: 35L05, 35135, 35L8&0.

1. Introduction and the problem formulation

The current study is a sequel to our previous publications [1,2] on the subject
dealing with the following 1l-parameter initial boundary value problem (IBVP)
for the degenerate wave equation in the space-time rectangle [0,7] x [—1, +1]

( 2U T, u T,
76 (;;2 ) = ; <a(x; @) 78 (gx’ )> ,  (t,x) € (0, T)x(-1,41),
u(t,—1;0) = hy(t), tel0,T],
u(t,+1;a) = hy(t), te[0,7], (1.1)
u(0,z;a) =0, ze[-1,+1],
au(oa: a) ) €(—1,41),
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where hy, hy € C? ([0, T]) are known control functions, and the 1-parameter z-de-
pendent coefficient function is defined as follows

a,lz|* = |z|%, 0< Jz| < e,
a(r;a) = (1.2)

I, e<|z|<1,

a€(0,2),a,c*=1, z=cx, and all the (dependent and independent) variables are
non-dimensional. One should refer to [2] to find out more details on the problem
formulation.

We also used the following dependent variables

_Ou __Ou
pi= 8t ) q = 83; ’
to simplify notation, and the notion of the flux f = —agq, to treat the degenerate

wave equation as a conservation law

o _of _
ot  Ox

Here we remind in brief the main results of 2], used in the current study.

I. We found the one-sided (i. e., valid separately for x <0 and x>0 and marked
with the upper indices F respectively) power series solutions of the degenerate
wave equation using the Frobenius method [6,8]. The only one-sided power series
solutions bounded uniformly on « are

0.

uF(taya) = UTo(t) + U (8) [2° + UT,(8) |2 + UZ5(t) 2> + ..., (1.3)

where 6 = 0(a) = 2 — o and the time-dependent coefficient functions obey the re-
currence relations

Uj;/’;,l(t) = pf[(p—1)0+1]a,UT (1), peEN. (1.4)

Imposing the constraints U7 ,(t) = U, ,(t) on the above coefficient functions

we obtained the following recurrence relations

ap1(t) =p0[(n—1)0+1]a,U,,(t), peN, (1.5)

and the two-sided series solution

u(t,z;0) = Uy (1) + Ug 1 (8) [ + Up o(8) |21 + U 5(8) |21 + ... (1.6)

The flux for the series solution (1.6) was proved to be f € CV ([0, T] x [-1,+1])
and is given as follows

f(t,z;0) = —afx (Ua,1<t> + 20U, 5(t) |2” +3Uq5(t) |2 + .. -) : (1.7)
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A shroud reader could notice that it was sufficient to equate the first two
one-sided coefficient functions UJ, () and U7 ,(t) of the series (1.3) to obtain
the following series solution and its flux

w(t, 250) = Uy o(8) + U 1 (1) 21 + UZTy(8) 22 + UT0) 2 + ...,
~F(t350) = 0,0 (U (0) + 2055 (0) 2’ + BUZ(0) o2 + ..,

manifesting the set of required properties: 1) u(-, ;o) € CZ9 ([0,7T] x [-1,+1]);
2) f(-,sa) € @Y ([0, T] x [~1,+1]). Nevertheless, the recurrence relations (1.4)
improved in this way

UOCI,O (t) = aa*UaJ(t) 9

an(t) =200 +1]a,UJ,(t),

*~ 2
UF/(8) = (n+1)0[ub +1]a,UT,.1 (1),  p=2.3,...

lead to the two-sided series solution (1.6) again.
IT. We used the standard ansatz of the method of separation of variables (SV)

u(t,z; ) = O(t; ) X (x; ), (t,x) € [0,T] x [—¢c,+(], (1.8)

to find the particular solutions of the degenerate wave equation. The only 2-pa-
rameter family of functions X (z; «) that allows particular solutions (1.8) to have
the properties of the series solution (1.6) was found to be

X(wia) = |o33,(A00al?), |zl <c, (1.9)
where 0 = (o) =1 — a, \/a,0Q =2, X\ is a free parameter,

1 11—« 1
J,(s) is the I-parameter family of the Bessel functions of the first kind [7, 10]
defined as particular solutions to the following second order ordinary differential

equation

s I (s)+53,(s) = (0* — %) J,(8) (1.10)

and having the following power series representation

3,(s) = (g)g 3 W((V_j);m (3)2”. (1.11)

v=0
Substituting the argument of J, in (1.9) into the series (1.11) proves that

the 2-parameter family (1.9) includes the same power terms |z|*? as the two-
sided series solution (1.6) of the degenerate wave equation (for the details one
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should refer to the proof of Proposition 2.2 at p. 7). For comparison, we also refer
to the recent paper [3], where the Sturm-Liouville problem associated with the
degenerate diffusion operator u — — (|z|*u’)" has been studied in details.

The current study is aimed at obtaining the 1-parameter family of the exact so-
lutions u(t, z; o) to the IBVP (1.1) with continuous and continuously differentiable
flux by the method of SV and is arranged as follows.

In Section 2 we give an outline of SV applied to the IBVP. Implementing SV
reduces the original IBVP to three auxiliary ones, referred to as IBVP,, IBVP,,
and IBVP;. The boundary conditions for the auxiliary problems involve two
undetermined functions h, (t; &) and hy(; ) used to match the solutions u; (¢, z; @),
uqy(t, z; ), and ug(t, x; ) to the IBVP,, IBVP,, and IBVP,, and considered as
a part of the required solution u(t, z; ).

In Section 3, 4, and 5 we find solutions u; (¢, z; @), uy(t, z; @), and us(t, x; @),
and then, in Section 6, to find the required functions hq(t;«) and hy(t; o), we
impose the matching conditions of Section 2 on the pairs u, (¢, z;a), uy(t, z; @)
and uy(t, z; a), us(t, z; o).

Finally, in Sections 7, we treat the resulting matching equations of Sect. 6 as
a linear convolution integro-differential system to find the functions h;(¢; ) and
hs(t; @), nevertheless we postpone solving the integro-differential system to our
next publication on the subject.

2. Implementing SV to the IBVP

The piecewise representation (1.2) of the coefficient function a(z; ) promts us
to replace the IBVP (1.1) posed in the space-time rectangle [0, T x [—1, +1] with
three auxiliary IBVPs posed in the space-time rectangles: 1) [0,7] x [—1, —¢];
2) [0, T x[—c,+c]; 3) [0, T]x[+c, +1], overlapping along the space-time segments
[0,T] x {—c} and [0,T] x {+c}. The auxiliary problems are referred to as IBVPy,
IBVP,, and IBVP5 and posed for the same homogeneous degenerate wave equa-
tion. The solutions u, (¢, z; «), uy(t, x; @), and us(t, z; ) to the auxiliary IBVPs
satisfy the same zero initial conditions and the following boundary conditions

{ Uy (t7 +c; O‘) - hl(t§ Ct) )
tel0,7], (2.1)
uy (t,+1; ) = hy(t),
{ug(t, —c;a) = hy(t; )
te 0,717, (2.2)
uy(t, +ea) = hy (4 ),
us(t,—1;) = h ,
{ alh~15 ) = halt) telo,T]. (2.3)
U3(t, & a) - h2(t§ 04) )

The undetermined functions h; (¢; &) and hy(t; «) satisfy zero initial conditions

hi(0:a) =0,  hi(0;0)=0, k=1,2 (2.4)
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and ensure continuous matching the solutions u, (¢, x; @), uy(t, z; @), and us (¢, x; ).
The supplementary conditions imposed on the solutions u (t, z; ), uy(t, x; @),
and us(t, z; ) are as follows

{ 4o(t, +c; ) = qi(t, +c; a),
te 0,17, (2.5)

q3(t, —c; ) = qo(t, —c; @)

and ensure continuity of the flux.
The following auxiliary propositions help us to continue the outline of SV
applied to the IBVP.

Proposition 2.1. Let the following Sturm-Liouville problems be given

{X{'(m)—l—)\le(a:):O, +e<x <41,
(2.6)
Xi(+¢) =0, X;(+1)=0,
X5 () + A3 X4(z) =0, —-l<z<—c,
(2.7)
XS(_l) =0, XS(_C) =0,

then: 1) the eigenvalues and the eigenfunctions of the problems are respectively

2
A=A, = (1“_7TC> =2, (2.8)
Xy ,(x) = sin [wu(l — )], (2.9)
X3 ,(7) = sin [wu(l + )], (2.10)

2) the eigenfunctions are orthogonal in L*(+c,+1) and L*(—1, —c), respectively,
that s

—+1 07 H 7& Y
Xy (2) Xy, (z)de =49 1 _ .
+e 9 = HXl,u”%Q(—&—c,—i-l) ) n=,
e 0, BwFE,
, ngu(x) X3 (v)dr = l—c , B
2 = HX3,MHL2(—17—C) ) H=7,

where p,y € N.
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Proposition 2.2. Let the following Sturm-Liouville problem be given

ol ) Xy(w; 0]+ Agla) Xp(w:0) =0, —c <z < +e,
(2.11)
Xo(—c;a) = Xy(+ca) =0,

then: 1) the eigenvalues and the bounded eigenfunctions of the problem are

05,,\°
il = (57

s _ 8
Xp (@i 0) = 0% 3, (50,0215 ), (213)

where {SQ#} is the unbounded monotonically increasing sequence of the roots of
the equation J,(s) = 0, s > 0; 2) the eigenfunctions (2.13) are orthogonal in

L*(—c¢,c), that is

o (2.12)

2
o

.. 0, BFE Y
. X27M(x;a) X2,7(m;a) dx = 2 0.2 = |X 2 —
5 C Jg+1(5g,p,) = || 2,;4||L2(7c,c) ’ H="
where u,v € N.

Proof. We start from proving boundedness of the functions (2.13). The Bessel
functions of the first kind (1.11) are known [10] to be analytic functions of s
except possibly for s = 0. Indeed, near s = 0 the Bessel functions (1.11) behave
as

3y(8) ~ s (2

P+ \2)
If —1<20<0 (0<a<1), then J,(s) are unbounded, whereas if 0 < o < +o0
(1<a<2), then J,(s) are bounded. Representing the functions (2.13) as follows

Xy (wa) = |22 3,(s), 5= 5,022, (2.14)

and accounting for the power series representation (1.11), we obtain for the func-
tions (2.14) the following representation

et 1l () St () -

MYV g e iy L7 W
2 7:07!1“(7+g+1) 2

It is clear that near x = 0 the functions (2.14) behave as
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. 1 8@7# ¢
Xyl @) r(g+1)( 9 ) )

that is, they are bounded (see Fig. 2.1 and Fig. 2.2 to compare the Bessl func-
tions Jy(sg ,|Z|) and the eigenfunctions X, ,(z;1) = J; (30,u|j|%)’ p=1,5).

Successive differentiation of the functions (2.14) with respect to x gives

sy 6, s S0
X (o) =7 F1ald 0,000 + 5 sy ol 3500,
s |0, _s 0 6.0
ofai )X w50) = e a8 3,06) + § sy lol4E 0300,

0s s []
- (5% ) o1t 3, (218 ) = —02, Xs (w10,

wherefrom we conclude that the functions (2.14) satisfy the differential equation
of the problem (2.11). Then, the arguments of the functions (2.14) are augmented
in such a way that the boundary conditions of the problem (2.11) are satisfied
as well. This completes the proof of the first part of the proposition.

To prove the second part of the proposition, we make use of the change of
variables transformation £ = :Eg

+c +1

Xy p(z30) Xy (25 0) do = 09/

e -1

6/5‘] gu‘f (gvg) dg.

The last integral is known [7,10] to equal

0, mFE Y,

1
/05‘]@(59,;15)‘]@(59,75)(152 321 (s0) -

This completes the proof of the second part of the proposition. ]
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Fig. 2.1. The Bessel functions (1.11) with the augmented argument: Jo(s,1Z) (dashed)
and Jo(s0,5Z) (solid) (a) and J5(sp1Z) (dashed) and Jg(so 5%) (solid) (b)

We continue the outline of SV applied to the IBVP with introducing the fol-
lowing representations for the required solutions wu; (¢, x; «), us(t, x; @), us(t, ; a)

ul(taw; a) = ’Ul(tvx; a) + wl(twr; Oé) )
u2(ta$;a):’02(tvl‘;a) +w2(t’l';a)7 (215)

us(t, x; ) = v3(t, ;3 a) + ws(t, ;) ,



10 V.L. Borsch, P.I. Kogut

1.0 .

AN
AN
’, \\
X II \,
s hN
/ \
/ \
s AN
/ \
/ \
7/ N
0.5 4 A
/" N
N
¢', S
/, \\
’, \\
% S
/, \\
/” \\\
/’ s\\
o ~.,///// \\\\\~_a/////
-0.5
2

-2

-1.0 -0.5 0.0 0.5 x 1.0

Fig. 2.2. The eigenfunctions (2.13): X, ;(x;1) (dashed) and X5 5(x;1) (solid) (a)
and the fluxes a(z;1) Xy 1(z;1) (dashed) and a(z;1) X5 5(;1) (solid) (b)

where the functions v, (¢, z; @), vy(t,x; ), and v4(t, x; ) are unknown, whereas
the functions wy (t, z; ), wy(t, z; ), and ws(t, z; ) are fully determined as follows

wy (t, 750) = ¢y (w50) hy(t5 ) + ¢y o(50) Ry (2)
wy(t, z; ) = Py o3 ) ho(ts ) + g 1 (w5 00) By (B ) (2.16)

wy(t, x5 o) = g3 3(w; ) hy(t)  + P3p(w30) hy(t; ) .



An IBVP for 1D degenerate wave equation. Separation of variables 11

The ‘blending’ functions

Pro(5 ), ¢11(5 ) € C3([+¢, +1]),
P21 (55 @), g5 ( ) € C*([—c,+d]),
P32( ), d33(5a) € C*([-1,—¢]),

are assumed to satisfy the following ‘natural’ boundary conditions

{¢1,0(+c; Oé) :07 ¢170(+1;OZ) = 17

{¢2,1(—C§ 04)

¢2,2(—C§ a) =

(2.17)
$11(+ca) =1, $11(+5) =0,
=0, Po1(Fca) =1,

(2.18)
1 ) ¢272(+C; Oé) = 07

(2.19)

{¢3,2(—1; a) =0, ¢3,2(—C; a)=1,

P33(-La) =1, P33(—c;a) =0.

The auxiliary IBVP,, IBVP,, and IBVP; are easily reformulated for the func-
tions vy (¢, z; «), vy(t,x; ), and v4(t,x; ) (see Sections 3, 4, 5), and for finding
each of these functions we use the standard ansatz of SV

;

Ul(ta xz; Oé) =

vyt s a) =

va(t, x; ) =

Z Ol,,u(t; a) Xl,u(m) )

p=1

>0, ,(ta) Xy (w1 0), (2.20)
p=1

Y Os,(t;0) X5, (2),

p=1

where the functions O, ,(t; @), O, ,(t; @), Os ,(t; ) are required.

3. Reformulating and solving IBVP,

The representations (2.15), (2.16) yields to the following reformulation of
the auxiliary IBVP; with respect to v, (¢, x; )
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2
%0, _6‘<a“1> —g,  (ta)e (0,T)x(+e+1),

vy (t,+ca) =0
: te[0,17,
v(t,+1;a) =0 (3.1)
v1(0, z;) =0
81)1(0, .T,Oé) _o ) T e [+C’ +1] )

where the right-hand side of the nonhomogeneous degenerate wave equation is
expanded into the Fourier series [9] as follows

(to0) = — 0w, n 9 8w1
IHHA =T 50 oz \" oz
= — b1 (s o) hi(t; o) — dy (a5 ) hg(2) 652
3.2
+ o1 (x50) by (B @) + ¢ (w; ) ho ()
= Z gl,y(t; a) Xl,,u(x) :
pn=1
The coefficients of the above expansion
gl,,u(t; a) = al,,u(a) hlll(t; Oé) + bl,,u(a) hg(t) (3 3)
+ ) hi(ta) +dy (@) by (2)
are determined straightforwardly by integration
1 +1
al’“(a) = X ¢1,1(95; @) Xl,,u(x) dz,
|| lp,HL2 (+¢,+1) +c
1 +1
bl,,u(a) = X ¢1,0(1‘§ @) Xl,,u(x) dz,
|| lp,HLQ (+c¢,+1) +c
(3.4)

1 +1

C1,#( o) = X 11(95 Q)le( r)dz,
|| lp,HLQ (+¢,+1) +c

1 +1 "
¢1,0(l‘§ @) Xl,,u(x) dz.

L2(+c +1) /+c¢

dl,/,n( )

N

Then, keeping in mind the ansatz (2.20)

vy (t, 75 0) = Z Ol,u(t; @) Xl,u(x) ) (3.5)
pn=1
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we can easily pose the proper Cauchy problems for finding the functions O “(t; a)

{OICM(ts Q) + w2 0y ,(ta) = gy ,(ta), .
01,(0;0) =0, Oll,u(O;O‘) =0. .

Since the 2-parameter family of particular solutions of the homogeneous ordi-
nary differential equations

o1 ,(t) + wﬁ O, () =0

is known to be

Oy,(t) = Ay, cos (wut) + By, sin (w#t) ,
where A, , and By , are undetermined constants (the parameters), we try to find
the 2-parameter family of particular solutions of the nonhomogeneous equations
of the problems (3.6) following the above solutions as the ansatz
Oy ,(t0) = Ay, (t;a) cos (w#t) + By ,(t; ) sin (w#t) ,

where A, , and B, , are no longer constants but required ¢-dependent coeffici-
ent functions. Substituting the above representation into the ordinary differential
equations of the problems (3.6) yields to the systems of linear nonhomogeneous
algebraic equations with respect to the first derivatives of the required coefficient
functions

{ + cos (w,t) Af ,(t; @) + sin (w,t) B] ,(t;a) =0,
— sin (w#t) Aj ,(t;a) + cos (w#t) Bi ,(t;a) = w;l Gt ).

The determinants A, , = cos? (wﬂt) + sin? (w#t) = 1 of the above systems
prove the systems to be unconditionally on « solvable and their solutions to read

{ A{M(t; a)= — w;l sin (wut) glyu(t; a),
B{#(t; a)= + w;l cos (wﬂt) 91t ).

After integration, we obtain

t
Al,u(t5 a) = i,u —w;l/o sin (wMT) glvu(T;a) dr,

t
By, (t;a) = By, + w;l/ cos (w“T) g1 (T3 0)dr,
0

where Ay , and By , are undetermined constants. We take zero values of the cons-
tants to satisfy the initial conditions of the Cauchy problems (3.6) and to find
the required functions of the ansatz (3.5) as follows
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t
Oy ,(t0) = w;l /0 {— sin (w#T) cos (w#t) + cos (W#T) sin (w#t)} 91 (T3 ) dr

¢
:wul/o sin [wu(t—T)} gLH(T;a) dr.

The above formulas are nothing but the convolutions between trigonometrical
sines and the Fourier coefficients (3.3) of the right-hand side of the nonhomoge-
neous equation of the reformulated IBVP; (3.1), therefore, hereinafter, we use
the following convenient notation for the solutions of the Cauchy problems (3.6)

om a) = wljl sin (wut) * gLM(t; a), (3.7)
then the required solution to the reformulated IBVP; (3.1) reads as follows

e}

() Zwu sin (w,t) * gy, (ta) X ,(2). (3.8)

4. Reformulating and solving IBVP,

The representations (2.15), (2.16) yields to the following reformulation of
the auxiliary IBVP, with respect to vy (¢, x; )

0%vy 0 0vy
o2 - % <a 89@') =92, (t,ZL‘) S (OaT)X(_Cv +C)>

vy(t, —c; ) =0

, te 0,77,

vy(t,+c;a0) =0 (4.1)

vy(0, ;) =0
vy (0, ma) (0 T € [—¢,+d],

ot B

where the right-hand side of the nonhomogeneous degenerate wave equation is given
in the form of the Fourier — Bessel series expansion |7,10] as follows

0wy, 0 Ow,
92(t7$7a)_ - 81:2 +ax< ax>

= — ool ) Ry(t; ) — do (x5 ) by (t; )
+ [ala; a) ¢ o(x50)] hy(t; @) + [alz; @) ¢4 1 (30)] Iy (£ @)

(4.2)

= Z gZ,u(t; Oé) X2,u<x; O‘) :
pn=1
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The coefficients of the above expansion

g?,,u,(t; Oé) = a?,,u,(a) hIQ/(tv Oé) + bQ,,u,(a) hlll(tv Oé)

(4.3)
+ o (@) ho(t; @) + dy () by (E; @)
are determined straightforwardly by integration
( 1 +c
QQ,;L(Q) = X 3 ¢2,2(37; @) Xz,u(x; a)dr,
2,ullL2(—c,+c) Y —¢
1 +e
by (@) = — X 2 P91 (z;0) Xy (25 00) dow
X B ore ]
(4.4)

1 +c
eapl0) =t [ [ole0) 64o(s0)] Xy plasa)do
H 2»,“‘”[12(—6,—"-8) —c

1 +e /
d2,,u(a) =+ X, / [a(m; @) Cbé,l(x; 04)] szu(x; a)dz.

2
\ nU'HLQ(*C,%*C) —c

The required solution to the reformulated IBVP, (4.1) reads immediately
as follows

oo

vytsa) = 3 o7k 10 (0,,) * g, (60) Xg(w30) . (4.5)
p=1

5. Reformulating and solving IBVP,

Reformulation of the auxiliary IBVP, with respect to v4(¢, x; ) now is clear

( 22
vy B(Q‘%i*):gg, (t,z) € (0,T)x(~1,—c),

o2 Ox ox
vg(t,—1;a) =0
) te 0,17,
vg(t,—c;a) =0 (5.1)

x € [-1,—c.

The right-hand side of the nonhomogeneous degenerate wave equation is ex-
panded into the Fourier series [9] as follows
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0%w 0 ow
g3(t,z;0) = — 8t23 R <a 83:3)

= - </>3,3(37§ @) hg(t) - ¢3,2(33; @) hg(t; @)
+ b3 3(z; ) hy(t) + ¢35 (25 @) ho(t; @)

oo
= Z g3,p(t; a) X3,u(x) )
pn=1
where the coefficients of the expansion

93 (t; @) = ag (@) hy(t) + by, () hy(t; a)
+ 3, (@) hy(t) + ds (@) ho(t; )

are determined similarly to those of Sect. 3

1 —c

HX3,,LLH%2(—1,—C) -1
1 —c

oy )

as.u (a) = -

b3,,u (a) = -

1 —C

X By )

C3,,u (a) =+

1 —C

X lBe sy )

ds () =+
L

¢3,3($§ @) X3,H(f'3) dz,
¢3,2(33§ @) XS,M(UU) dz,
33(x;50) X3, () dz,

él,Q(:E; @) X3,u(ff) dz.

(5.3)

(5.4)

The required solution to the reformulated IBVP; (5.1) reads exactly as (3.8)

3(t, 5 @) Zw sin ( wt >!<93“(7t o) X3, ().

6. Matching the solutions to the IBVPs

(5.5)

In this section we gather the known solutions (3.8), (4.5), (5.5) to the reformu-
lated auxiliary IBVPs (3.1), (4.1), (5.1) and following the representations (2.15),
(2.16) of Section 2 obtain the required solutions to the original auxiliary IBVPs
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1tz ) Zw sin (w,t) * g1 ,(t; @) X, ()

+ 11 (50) by (B @) + @y (x5 0) ho(2)
ug(t, T ) = Za;i sin (09#75) * go u(t; ) Xy (75 0) o)
pn=1 6.1

+ dgo(@s ) hy(ts ) + g 1 (z30) hy (8 )

3(t, ;@) Zw sin (w,t) * g3 ,(t; @) X3 ,(x)

\ + ¢33(w5 ) hy(t) + d32(x5 ) ho(t; ) .

Then we find the quantities ¢ for the above solutions

1tz ) Zw sin (w t) *g1.,(t ) X{ ,(x)

+ 11 (w5 0) by (8 ) + @1 o(; @) By (1),

Gt zsa) =Y o,k sin (0, ,t) * go (@) X5, (250) 62)
p=1 6.2

+ ¢ o(x;a) hy(t; ) + oo 1 (w;0) by (t ),

3(t, 75 ) Zw sin (w,t) * g3 ,(t; @) X3 ,(x)

\ + @3 3(z;a) hy(t) + @3 9(25a) hy(t; )

accounting for the derivatives of the eigenfunctions X; ,(z) (2.9), X3 ,(z) (2.10),
and X, ,(z;) (2.13) at the points x = Fc (see the proof of Proposition 2.2)

X{u(te)  ==(=1)"w,,
X?:,,u,(_c) = +(_1)“ w,u )

s
Xou(Fe ) = F¢20,, 35(5,,.)

Substituting the above values into the expressions for the quantities (6.2) and
using the matching conditions (2.5), we obtain the following equalities
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q(t,+ca) = — Z(—l)“ sin (w,t) * gy ,(t; @)
pn=1
+ 11 (6 ) b (6 @) + 1 o(+¢; @) (1)
+Zcz 31n( Top ) *QQM(t a)J! (SQM)
pn=1

+ ¢g9(4¢; ) hy(t; @) + ¢g 1 (46 @) hy(t; ) = go(t, +¢; )

g (t, —c; ) men(%ut)*gQu(t @) Jp(85,0)
pn=1
+ ¢39(—¢; @) hy(t; ) + by 1(—c; @) hy(t; )
+Z Hsin wt)*g3#(t a)

+ ¢33(—¢; @) ha(t) + d39(—c; ) hy(t; ) = g3(t, —c; )

to find the functions hy(¢; @) and hy(t; @).

To make the structure of the above equalities clear, we substitute expres-
sions (3.3), (5.3), and (4.3) for the Fourier coefficients g, ,(t; ), g3 ,(¢; @), and
for the Fourier — Bessel coefficients g, ,(t; @) to obtain

— Z K sin w t) (al’“h/ll + bl,#hg + Cl,uhl + dl,uh0>
+ ¢{,1(+C§ a)hy + ¢{,0(+C§ a)hy = ¢£,2(+C§ a)hy + ¢2/,1(+C§ a)hy (6.3)

(e,
)
+ Z c2 sin (O'g”ut) * <a27uh/2/ + bZ:Mhlll + chNhZ + d27uh1> Jé(sgyu) s

- Z ¢3 sin (O'Qyut) * <a27uhé/ + by Y + ¢o By + d2’uh1) NAC
+ @9 o(—c;a) hy + ¢y 1 (—¢; ) hy = ¢3 3(—c; ) by + ¢35(—¢; @) hy (6.4)

+ Z Hsin CL) t) <a37#hg + b3:/14h/2/ + C&Mh?} + d37uh2> y



An IBVP for 1D degenerate wave equation. Separation of variables 19

where the arguments of the functions hg(t), hy(t; ), ho(t;a), hs(t;a), hg(t),
R (t;«), hy(t; ), and hj5(t) are not shown, to keep these equalities as simple
as possible.

7. Treating the matching equations

The equalities (6.3), (6.4) constitute a linear convolution integro-differential
system with respect to the required functions h;(¢; &) and hy(t; ) of the form

Py (o) By (t; ) + Py o(a) by (@) + Qy (@) Wy (t; @) + Qy o(a) ho(t; )
() « (Ryp(@) B (t0) + Ry p(0) () )
+ It @) « () 9(0) P (t0) + S1a(0) hy(ts)) = Tyt
Py o(a) WY (t; @) + Pay() hy(t @) + Qg p(a) hy(t @) + Qq 5(a) hy(t; )
)

+ ko (t; @) * (Rz,o( ) by (t; @) + Ry o(cx

+ ko o(t; ) * (SQ,O(Q) Ry (t; @) + Sy p(ax) hy(t; ) ) Ty (t;

where ky 1 (t; @), ky o(t; ), kg1 (t; ), and ky 4 (¢; @) are known kernels.
A very effective tool for solving such systems is known to be the Laplace
transformation [4,5].

8. Conclusions

1. Using the previously obtained results [2]| concerning the particular solutions
of the degenerate wave equation being under consideration, we succeeded
in splitting the original IBVP for the degenerate wave equation into three
auxiliary IBVPs involving the undetermined functions hq(¢; o) and hy(t; @).

2. Using the method of separation of variables, we solved the auxuliary IBVPs.

3. Matching the solutions u, (¢, z; @), uy(t, z; o), and us(t, z; ) to the auxiliary
IBVPs, to gain continuity of the required solution u(t, z; ) to the IBVP and
its flux f(¢,x; ), yields to a linear convolution integro-differential system
with respect to the functions h;(¢; o) and hy(t; «).

4. Solving the obtained system will be published elsewhere.
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