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STUDENTS’ UNDERSTANDING OF 
AXIAL AND CENTRAL SYMMETRY

ABSTRACT
The paper focuses on students’ understanding of the concepts of axial and central symmetries in 
a plane. Attention is paid to whether students of various ages identify a non-model of an axially 
symmetrical figure, know that a line segment has two axes of symmetry and a circle has an infinite 
number of symmetry axes, and are able to construct an image of a given figure in central symmetry. 
The results presented here were obtained by a quantitative analysis of tests given to nearly 1,500 
Czech students, including pre-service mathematics teachers. The paper presents the statistics 
of the students’ answers, discusses the students’ thought processes and presents some of the 
students’ original solutions. The data obtained are also analysed with regard to gender differences 
and to the type of school that students attend. The results show that students have two principal 
misconceptions: that a rhomboid is an axially symmetrical figure and that a line segment has just 
one axis of symmetry. Moreover, many of the tested students confused axial and central symmetry. 
Finally, the possible causes of these errors are considered and recommendations for preventing 
these errors are given.
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Highlights

• Students are persuaded a rhomboid is an axially symmetrical figure.
• Students believe a line segment has just one axis of symmetry.
• Students prefer a vertical axis of symmetry.
• Czech mathematics textbooks do not contain a sufficient number of non-models of symmetrical figures.

INTRODUCTION
Geometry is an important area of school mathematics 
that can be difficult for students.1 Some current critical 
points of teaching geometry in the Czech Republic have 
been described by Rendl and Vondrová (2013). Similar 
problems also occur in other countries (Adolphus, 2011; 
Mirna, 2018; Geçici and Aydın, 2020). Some of the 
problems in the current teaching geometry are related 
to a number of changes that have taken place in the past 
in our country. The teaching of mathematics changed as 
a result of the school mathematics modernization between 
1965 and 1985 (Tichá, 2013). Jirotková (2017: 154) 
pointed out that ‘the conception of teaching geometry at all 
levels changed from geometry of speculation to axiomatic 
structure geometry’ in this period and that it caused that 
‘pupils’ ideas of [basic] concepts were often deformed as 

they were not anchored in the pupil’s experience.’ In our 
teaching experience, we also encounter the problematic 
understanding of basic geometrical concepts in students. 
Therefore, we have focused on this issue more in-depth.
The analysis of students′ understanding of geometrical 
concepts can be supported by several cognitive theories, the 
most well-known of which is probably van Hiele’s Theory 
(van Hiele, 1986; Mayberry, 1983). This theory describes 
the five thought levels of student thinking in geometry, 
which are commonly called: visualization, analysis, 
abstraction, deduction and rigor. Tall et al (2001) look at 
teaching geometry from the perception of shapes through 
the manipulation of prototypes of objects to the proof 
and axiomatic construction of geometry. According to the 
Theory of Generic Models (Hejný, 2012), students gain 
abstract knowledge from isolated models through generic 

Full research paper

1 In Czech legislation, the terms pupil and student are distinguished according to age and are not interchangeable. However, for simplicity, we use the 
term student for all age groups in this paper.
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models and the whole cognitive process begins with 
motivation. Hejný (2000) also deals with the term procept 
in geometry, in which two cognitive principles – process 
and concept – are connected. This term, as an expression 
for a type of high-quality knowledge, was introduced by 
Gray and Tall (1994), but they did not use it in connection 
with geometry. The terms process and concept are related 
to procedural and conceptual knowledge, which are two 
key cognitive principles in mathematics education. The 
first one means an action sequence needed for solving 
mathematical problems, the second one can be defined 
as an understanding of the fundamental principles and 
connections of a particular mathematical domain (Hiebert 
and Lefevre, 1986; Star, 2005). According to many 
researchers, these two types of knowledge interact (e.g., 
Rittle-Johnson and Alibali, 1999; Rittle-Johnson, Siegler 
and Alibali, 2001; Rittle-Johnson and Schneider, 2015; 
Vondrová et al, 2015).
As part of our long-term pedagogical research,2 we deal 
with students’ problems with geometry to improve the 
training of pre-service mathematics teachers for lower 
and upper secondary schools. We primarily focused on 
students’ understanding of selected geometrical concepts. 
We have already examined students’ concepts of a triangle 
(Robová et al, 2019), a trapezoid (Halas et al, 2019), 
a straight line (Moravcová and Hromadová, 2020) and the 
rotation of a straight line (Halas et al, 2020). In this paper, 
we focus on axial and central symmetry in a plane, thus 
loosely following the contribution (Moravcová et al, 2019) 
devoted only to axial symmetry and presented during the 
ERIE conference 2019.
Axial and central symmetry are special types of isometries. 
Axial symmetry in a plane given by a straight line (the axis 
of symmetry) is also called reflection/mirror symmetry/
line symmetry, etc. Central symmetry in a plane (also 
point symmetry, point reflection, etc.) is a special case of 
rotation in a plane by 180° around a centre point.3 It can 
also be composed of two axial symmetries with orthogonal 
axes. Czech students first become acquainted with axial 
symmetry in primary school. According to the national 
curriculum (Ministry of Education, Youth and Sports, 2017: 
33), a student at the end of the 5th grade is able to ‘recognize 
and draw a simple axially symmetrical figure on a square 
mesh and determine the axis of symmetry by folding 
a paper in its place’. By the end of the 9th grade (lower 
secondary school), a student is able to ‘draft and construct 
a plane shape in a point symmetry and to determine an 
axially symmetrical shape’ (Ministry of Education, Youth 
and Sports, 2017: 36). Translation and general rotation are 
taught at upper secondary school (Ministry of Education, 
Youth and Sports, 2007). These curricular requirements are 
usually reflected in the contemporary Czech mathematics 
textbooks. In the Czech Republic, all these isometries 
are taught with emphasis on their geometric meaning and 
visualization.

Many researches of the students’ and pre-service teachers’ 
knowledge have focused the isometries. Some of them 
have dealt with the comparison of all isometries. The 
results suggest that rotation is the most difficult of them; 
axial symmetry is the easiest (Ada and Kurtuluş, 2010; 
Hollebrands, 2004; Xistouri and Pitta-Pantazi, 2011). 
Several studies have highlighted frequent misconceptions 
such as: confusing axial and central symmetries (Son, 2006; 
Jagoda, 2008); problems with constructing a mirror image in 
axial symmetry with an oblique axis of symmetry (Jagoda, 
2008); problems with finding the axis of symmetry correctly 
(Hacısalihoğlu-Karadeniz et al, 2015; Kaplan and Öztürk, 
2014); and incorrect identification of a figure that is not axially 
symmetrical as an axially symmetrical one, e.g., a rhomboid 
(Son, 2006; Aktaş and Ünlü, 2017; Hacısalihoğlu-Karadeniz 
et al, 2015; Leikin, Berman and Zaslavsky, 2000). Aktaş 
and Ünlü (2017), Herendiné-Kónya (2008) and Hollebrands 
(2004) pointed out the problems that students of different 
ages have with constructing a simple planar figure in central 
symmetry. According to several research studies (e.g., Fryer 
and Levitt, 2010; Wang and Degol, 2017), males tend to be 
more successful in mathematics, especially in geometry. 
However, Kambilombilo and Sakala (2015) dealt with gender 
differences in the area of isometries and found out that there 
were no significant differences between males and females.
Some researchers have pointed out that students can 
achieve a better understanding of isometries with support 
of the education process by appropriate software, especially 
dynamic geometry computer programs (e.g., Ada and 
Kurtuluş, 2010; Köse and Özdaş, 2009; Hollebrands, 2004; 
Lobato and Ellis, 2002). The chosen procedural methods in 
teaching also have a significant influence on the quality of 
teaching (Jagoda, 2008; Herendiné-Kónya, 2008). Therefore, 
paying attention to the quality of the training of pre-service 
teachers is also important. Many studies have shown that 
pre-service teachers focus mainly on procedural knowledge 
and are not able to develop students’ conceptual knowledge; 
moreover, they themselves do not have sufficient conceptual 
knowledge. In the training of pre-service teachers, emphasis 
should also be placed on conceptual knowledge (Shulman, 
1986; Hacısalihoğlu-Karadeniz, Kaya and Bozkuş, 2017; 
Son, 2006; Thaqi, Giménez and Rosich, 2011).
In our pedagogical practice, we also encounter the 
above-mentioned problems (confusing axial and central 
symmetries, problems with the finding of all axes of an 
axially symmetrical figure, identification of an axially 
asymmetrical figure, etc.). Therefore, we focused, among 
other things, on monitoring these phenomena in our large-
scale testing. Specifically, we were interested in three 
problems concerning axial symmetry and one problem 
concerning central symmetry:

• Do students recognize that a rhomboid is not an 
axially symmetrical figure?

• Are students able to find all symmetry axes of a line 
segment?

2 The research team consists of members of the Department of Mathematics Education, Faculty of Mathematics and Physics, Charles University, who 
are the authors of this paper.
3 More precisely, by 180° + k∙360°, where k is an integer.
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• Do students know that the number of symmetry axes 
of a circle is infinite?

• Are students able to construct an image of a given 
figure in central symmetry?

According to mentioned research studies and our 
pedagogical practice, given topics are problematic for 
school mathematics and students do mistakes in these 
fields. We have also dealt with the achievement of students 
from different types of schools, the success of pre-service 
teachers and gender differences.
First, the paper presents the methodology of our testing. In 
the Results section, the statistical analysis of testing results 
is presented and the most important findings are pointed 
out. These findings are subsequently discussed in detail in 
the Discussion section. This section also introduces other 
interesting students’ solutions and considers the possible 
causes of frequent errors. Last but not least, our conclusions 
are compared with other previous research. The Conclusion 
section briefly summarizes the most important results, 
answers the questions asked from the point of view of our 
research, suggests some recommendations for teaching 
mathematics and outlines the direction of our further 
research in this area.

MATERIALS AND METHODS

Our long-term empirical research into students’ understanding 
of geometrical concepts combines quantitative (didactic 
testing of a large sample of respondents and statistical data 
processing) and qualitative methods (use of semi-structured 
interviews and in-depth analysis of students’ opinions and 
errors).

In the first phase, we prepared three didactic tests for students 
of different ages: Test I for ISCED I graduates, Test II for 
ISCED II graduates, and Test III for ISCED III graduates and 
university students. The test tasks were focused on concepts 
from the field of planar geometry with emphasis on the 
concepts that students typically struggle with, according to 
our teaching experience. The tests were designed so that it 
was possible to monitor how students of all ages cope with the 
same or similar task (i.e., Test II is an extension of Test I and 
Test III is an extension of Test II). Formulations of the test 
tasks were based on commonly used textbooks and complied 
with the Czech national curriculum (Ministry of Education, 
Youth and Sports, 2007, 2017).
The clarity of the tasks and the time limit for solving each of 
three tests were first verified in the form of pre-tests with small 
groups of respondents. In addition, researchers conducted 
semi-structured interviews with several randomly selected 
students about their solutions in order to verify whether and 
how the students understand the questions, how they think 
about the solutions, whether they consider other answers to 
closed questions than those offered, etc. The original tests 
were then modified based on these pre-tests.
In this paper, we deal with axial and central symmetries in 
a plane. These symmetries were monitored in two test tasks 
which did not need to be modified after the pre-tests. One task 
in each of the tests was devoted to axial symmetry. We asked 
students to determine the number of symmetry axes of the three 
figures shown. The given figures were an isosceles triangle in 
Test I, a circle in Tests II and III, and a rhomboid and a line 
segment in all the tests (Figures 1 and 2). All the figures were 
placed in a square grid. In addition to indicating the number of 
axes, students could also draw axes in the pictures.

Figure 1: Given figures in task on axial symmetry in Test I (source: own data)

Figure 2: Given figures in task on axial symmetry in Tests II and III (source: own data)

In accordance with the Czech curriculum, it was possible to 
include central symmetry only in Tests II and III. We asked 
students to draw an image of a given pre-image in the central 
symmetry in a square grid. The pre-image in Test III (Figure 3, 

right) was slightly more complicated than the one in Test II 
(Figure 3, left), but they were quite similar. Vertices of the 
given pre-image and the centre point S of symmetry were 
placed in lattice points in both tests.
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The tests were administered to 1,458 Czech students who were 
selected on the basis of their availability. Test I was assigned 
to students of the first grade of lower secondary education 
(ISCED I level), Test II was assigned to students about to 
move from lower to upper secondary education (ISCED II 
level), and Test III was assigned to students about to move 
from upper secondary education to university (UNI) education 
(ISCED III level), and the pre-service teachers (PSTs) in their 

last two years of studies. The tests were solved anonymously; 
we registered only the gender of the respondents and the type 
of school – Tests I and II were solved by both basic school 
(BS) students and students of the corresponding grades of 
general secondary schools (GSS)4 (Table 1). All tests were 
personally administered by one of the research team members 
to ensure equal conditions. Students were encouraged to read 
the assignment carefully.

Figure 3: Given pre-image in task on central symmetry in Test II (left) and Test III (right) (source: own data)

Test School type and grade (number of students) M F Average age of students Testing period Total

I
6th grade of BS (177)

225 280 11 2017 Sept.–Oct. 505
corresponding grade of GSS (328)

II
9th grade of BS (180)

231 206 15 2018 Apr.– June 437
corresponding grade of GSS (257)

III
last grade of GSS (311)

291 225
19

2018 Apr.
5161st year of UNI (161)

2017 Oct.–Nov.
PSTs, i.e., 4th and 5th years of UNI (44) 22–23

Total 1,458

BS = basic school, GSS = general secondary school, UNI = university, PSTs = pre-service teachers, M = males, F = females

Table 1: Overview of tested students (source: own data)

4 Czech elementary education takes nine years, usually from the ages of 6 to 15. Students typically attend a regular 9-year basic school, which is 
divided into two stages: primary and lower secondary stages. In addition, they have the option to apply to a 6- or 8-year general secondary school, which is 
a school with an entrance examination, after their 5th or 7th grade of elementary education. Students can also graduate from basic school and then continue 
their studies at a 4-year general secondary school or another type of upper secondary school. General secondary school graduates usually continue their studies 
at university. For a scheme of the Czech education system see, e.g., (Pont et al, 2013: 18).

Students’ solutions were coded for the purpose of evaluating 
the tests. In the task on axial symmetry (Figures 1 and 2), 
students’ answers regarding the number of axes were coded 
with the corresponding numbers, including 0 for the answer 
“no axis”. The code inf was used for the answer “infinite”. In 
the task on central symmetry, the code OK was used for the 
correctly drawn image; the code cs was used when a student 
used the central symmetry, but he/she made an error and 
the image drawn was not congruent with the pre-image; the 
code as was used when a student drew the image in an axial 
symmetry; and the code t was used when a student drew 
the image in a translation. If a student did not provide any 
solution, the code MA (missing answer) was used.
The completed tests were naturally divided into groups 
according to the grade levels and type of schools of the 
respondents. The tests from every group were coded 
independently by various pairs of researchers. Any 

discrepancy in the coding of a specific student’s solution was 
discussed among the whole research team until a consensus 
was reached.
The data obtained were subsequently statistically processed: 
tables of frequencies, relative frequencies, and for some pairs 
of characters contingency tables were also created. The χ2 

test (at a significance level of 0.01, unless otherwise stated) 
was primarily used to determine the various dependencies. 
Moreover, Fisher’s exact test was used in cases where the 
input conditions for the χ2  test were not met, or the χ2 test 
worked out only at a significance level of 0.05.
In addition to the presented statistics of students’ solutions, 
we also focused on a deeper analysis of students’ errors, 
their thought processes and possible causes of some 
misconceptions. For this purpose, we analysed, among other 
things, the results obtained with respect to commonly used 
Czech textbooks, in which we look for the causes of frequent 
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errors. We analysed four series of textbooks for primary 
education (published by Alter, Prometheus, SPN5 and 
Fraus), four series for lower secondary education including 
a special one for general secondary school (Prometheus 
for GSS, Prometheus for BS, Prodos and Fraus), and three 
series for upper secondary education (Prometheus, Didaktis 
and Fraus). In the textbooks, we focused mainly on the use 
of concept models, emphasis on prototypical positions of 
figures and the occurrence of tasks similar to those of our 
tests.

RESULTS
This section presents statistical overviews of student 
solutions to individual test tasks which were presented 
in the previous section. First, the overall success rate is 
introduced for each question. Furthermore, the most common 
student misconceptions and interesting answers are pointed 
out. Subsequently, the successes of groups of students 

differentiated according to school type and gender are 
compared.
In the tables with overviews of students’ solutions (Tables 2–6), 
the mathematically correct answer is always given in the first 
column. The numbers of occurrences of individual solutions are 
given in relative frequencies. The column labelled OA (Other 
Answer) always combines responses with low to negligible 
frequencies. The abbreviations BS (basic school), GSS (general 
secondary school), UNI (university) are used for the individual 
school types in the tables. Moreover, abbreviations PSTs (pre-
service teachers in their last two years of studies), M (males) and 
F (females) are used.

Axial symmetry – an isosceles triangle
The question on the number of symmetry axes of a given 
isosceles triangle was included only in Test I (Figure 1). The 
total success rate of students was high; the correct answer was 
given by more than 60% of respondents (Table 2).

5 SPN – State Pedagogical Publishing House, in Czech: Státní Pedagogické Nakladatelství.

1 0 2 3 OA MA

Test I

BS 29.94 5.08 14.69 20.90 10.17 19.21
GSS 76.83 8.84 4.88 3.35 1.22 4.88
M 57.78 8.89 6.67 9.78 5.78 11.11
F 62.50 6.43 9.64 9.29 3.21 8.93

Total 60.40 7.52 8.32 9.50 4.36 9.90

Table 2: Isosceles triangle – relative frequencies of students’ answers (source: own data)

0 1 2 4 OA MA

Test I

BS 7.91 5.65 21.47 32.20 14.69 18.08
GSS 41.46 10.67 24.70 12.20 5.49 5.49
M 32.44 7.11 24.89 15.11 9.33 11.11
F 27.50 10.36 22.50 22.50 8.21 8.93

Total 29.70 8.91 23.56 19.21 8.71 9.90

Test II

BS 25.56 9.44 20.56 26.11 6.11 12.22
GSS 52.53 12.06 15.95 12.45 3.89 3.11
M 40.26 9.09 18.18 18.61 5.19 8.66
F 42.72 13.11 17.48 17.48 4.37 4.85

Total 41.42 10.98 17.85 18.08 4.81 6.86

Test III

GSS 56.27 12.22 17.68. 8.68 3.22 1.93
UNI 50.93 13.66 16.15 12.42 3.11 7.45
PSTs 61.36 20.45 13.64 2.27 0.00 2.27

M 54.98 11.68 18.56 7.56 3.09 4.12
F 55.11 15.56 14.67 8.89 2.67 3.11

Total 55.04 13.37 16.86 8.14 2.91 3.68

Table 3: Rhomboid – relative frequencies of students’ answers (source: own data)

Many students did not solve the task at all (almost 10%). The 
most common incorrect answer was that the isosceles triangle 
has 3 axes of symmetry. This answer and missing answer 
were given mainly by BS students (about 20% in both cases). 
The dependence of the correct answer and the type of school 
that a student attends was verified by a χ2  test. Test criterion K 
was significantly higher (105.655) than the critical value of 
6.635 on the significance level of 0.01. Therefore, the null 
hypothesis that the correct answer and the school type do not 
depend on each other was rejected. On the other hand, no 

significant statistical difference between males and females 
was found in this task.

Axial symmetry – a rhomboid
In the case of determining the number of symmetry axes for 
a given rhomboid, which was included in all three tests (Figures 1 
and 2), the percentage of correct answers increased with age in 
our testing (Table 3). Conversely, the number of the most frequent 
incorrect answers (“2” and “4”) decreased with increasing age, 
just as did the number of students who did not solve the task.
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We observe a higher success rate of GSS students than BS in Tests 
I and II. In both cases, the dependence of the correct answer and the 
type of school was again proved by a χ2 test (K = 61.987 in Test I, 
K = 31.74 in Test II). In Test III, PSTs were the most successful 
(Table 3), but the dependence of the correct answer on the group of 
students is not statistically significant.
No statistically significant gender differences were generally 
demonstrated in this task in the whole sample. However, Fisher’s 
exact test showed a statistical dependence in favour of males (the 
two-tailed p-value equals 0.0118) in Test I in the BS group.
In Test I, we were able to further investigate how individual students 
attempted to solve the number of axes of the isosceles triangle and the 
rhomboid, thus with the axial symmetry properties of two different 
polygons. The χ2  test pointed out a strong dependence between the 
correct solutions in both tasks (test criterion K = 100.737, which 
is significantly higher than the critical value). The results showed 
a significant connection exists (Moravcová et al, 2019).

Axial symmetry – a line segment
The number of symmetry axes of a given line segment was also 
included in all three tests (Figures 1 and 2). The success rate of 
students in this task was relatively low and increased only slightly 
with age; it reached approximately 26% in Test III (Table 4). 
However, with increasing age, the number of the most frequent 
incorrect answers, i.e., “1” axis of symmetry, also increased. It is 
also worth noting that in Test I, 14% of respondents answered that 
the line segment has no axis of symmetry.
In the task on the line segment, we again observe a higher success 
rate of GSS students than BS ones in Tests I and II (Table 4). In 
Test I, the relationship between choosing the correct answer and 
the group was demonstrated by the χ2 test (K = 13.97). In Test II, 
this dependence was not statistically significant. PSTs were the 
most successful in Test III again. According to Fisher’s exact 
test, the relationship between this group and the correct answer is 
statistically significant (p-value = 0.0497).

2 0 1 4 OA MA

Test I

BS 14.12 23.16 32.20 6.21 4.52 19.77
GSS 28.96 9.15 52.44 0.91 3.35 5.18
M 25.78 16.00 40.89 3.56 2.67 11.11
F 22.14 12.50 48.93 2.14 4.64 9.64

Total 23.76 14.06 45.35 2.77 3.76 10.30

Test II

BS 22.22 6.67 51.11 2.22 6.11 11.67
GSS 25.68 4.67 61.48 0.00 5.84 2.33
M 25.54 6.93 54.11 0.43 5.63 7.36
F 22.82 3.88 60.68 1.46 6.31 4.85

Total 24.26 5.49 57.21 0.92 5.95 6.18

Test III

GSS 25.08 1.29 66.88 0.96 3.86 1.93
UNI 24.22 3.73 66.46 0.00 0.62 4.97
PSTs 38.64 4.55 56.82 0.00 0.00 0.00

M 30.93 1.03 62.89 0.34 2.06 2.75
F 19.56 4.00 69.78 0.89 3.11 2.67

Total 25.97 2.33 65.89 0.58 2.52 2.71

Table 4: Line segment – relative frequencies of students’ answers (source: own data)

In all three tests, males were more successful (Table 4). 
However, a statistically significant dependence of the correct 
answer in favour of males was demonstrated only in Test III 
(the test criterion K of χ2 test equals 8.54).

inf 0 1 2 4 OA MA

Test II

BS 51.67 10.00 8.89 5.00 1.67 6.11 16.67
GSS 88.72 1.95 3.50 0.00 0.78 1.56 3.50
M 73.59 4.76 7.36 0.87 0.43 3.46 9.52
F 73.30 5.83 3.88 3.40 1.94 3.40 8.25

Total 73.46 5.26 5.72 2.06 1.14 3.43 8.92

Test III

GSS 86.50 1.61 2.57 3.22 0.96 2.25 2.89
UNI 85.09 2.48 1.54 1.54 0.00 1.54 6.83
PSTs 97.73 0.00 0.00 2.27 0.00 0.00 0.00

M 89.00 2.06 1.03 3.09 1.03 1.03 2.75
F 84.44 1.33 3.56 2.22 0.00 3.11 5.33

Total 87.02 1.74 2.13 2.71 0.58 1.94 3.88

Table 5: Circle – relative frequencies of students’ answers (source: own data)

Axial symmetry – a circle
Students were asked about the number of symmetry axes of 
a given circle in Tests II and III (Figure 2). This task was the 
most successful overall (Table 5). The most frequent incorrect 
answers were “0”, “1”, “2” and “4” axes of symmetry.
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In Test II, GSS students were again more successful than BS 
ones. The χ2 test confirmed the significant dependence of the 
school type and the choice of the correct answer. In Test III, 
PSTs were the most successful with a result of almost 100%. 
Only 1 student of this group wrote that the circle has only 
2 axes of symmetry. The dependence of the answer on the 
type of study was also statistically confirmed in this group 
(χ2 test criterion K = 4.88 is higher than the critical value 
3.841 on the significance level of 0.05 and the two-tailed 
p-value of the Fisher’s exact test equals 0.02).

There were no statistically significant differences between 
males and females in this task in total. A slight difference 
in favour of males was observed only in the GSS group.

Central symmetry
In the last monitored task, students were asked to draw 
an image of a given pre-image in the central symmetry 
in a square grid (Figure 3).

OK cs as t OA MA

Test II

BS 38.33 5.00 40.00 5.00 1.67 10.00
GSS 48.25 5.45 35.02 4.67 2.33 4.28
M 45.02 6.49 35.50 3.90 0.87 8.23
F 43.20 3.88 38.83 5.83 3.40 4.85

Total 44.16 5.26 37.07 4.81 2.06 6.64

Test III

GSS 67.85 2.25 28.61 0.32 0.32 0.64
UNI 67.08 2.48 29.19 0.00 0.00 1.24
PSTs 86.36 0.00 11.36 0.00 0.00 2.27

M 73.20 2.06 23.37 0.00 0.34 1.03
F 64.00 2.22 32.44 0.44 0.00 0.89

Total 69.19 2.13 27.33 0.19 0.19 0.97

Table 6: Central symmetry – relative frequencies of students’ solutions (source: own data)

The image was drawn correctly by almost 45% of students 
in Test II and almost 70% of students in Test III (Table 6). 
The most frequent error was using a different isometry. The 
substitution of an axial symmetry (code as) predominated. 
Almost 5% of respondents in Test II used a translation (code t).
GSS students were more successful in Test II. The χ2  test 
confirmed the statistical dependence of the school type and 
the correct solution only on the significance level of 0.05, 
so the dependence was also verified by Fisher’s exact test 
(p-value = 0.0407). In Test III, PSTs were again the most 
successful and the dependence was confirmed here by χ2  test 
(K = 6.6576).
In Test III, there was a statistically significant dependence 
of the correct solution on gender in favour of males (for all 
respondents, the χ2 test comes out only on the significance 
level of 0.05, however, the two-tailed p-value of the Fisher’s 
exact test equals 0.0272). Nevertheless, this result was affected 
by the results of the GSS group (only for this group, the χ2 
test criterion K equals 17.177). In Test II, males were slightly 
more successful, but no statistically significant difference was 
observed.

DISCUSSION
First, we analyse the results of students in individually 
presented tasks with respect to the research questions asked. 
Then we will think about the issue of gender and the difference 
between BS and GSS students.

Do students recognize that a rhomboid is not an 
axially symmetrical figure?
We asked all the age groups of students tested about the 
number of symmetry axes of a given rhomboid. In Test I, we 
observe a high number of incorrect answers. This number 

decreases with increasing age. Nevertheless, 45% of students 
did not successfully solve the task in Test III. Here we can 
observe a misconception: ‘a rhombus is an axially symmetrical 
figure.’ Even worse results in research into the same problem 
were obtained by Aktaş and Ünlü (2017), who found that 
only 6.4% of respondents described a rhomboid as an axially 
asymmetrical figure.
Many students drew axes of symmetry in the picture (Figure 4). 
Thanks to this, and also from interviews from the pre-test, we 
know that the symmetry axis of the rhomboid is most often 
considered a horizontal median (those who answered “1” axis 
of symmetry), both medians (those who answered “2” axes of 
symmetry), or medians and diagonals (those who answered 
“4” axes of symmetry). Answer “2” was generally one of the 
most frequent incorrect answers, as in other research (Aktaş 
and Ünlü, 2017; Son, 2006). Leikin, Berman and Zaslavsky 
(2000) also encountered medians as the axes of symmetry of 
a rhomboid.
One of the possible causes of these errors, especially in Test I, 
is the fact that the medians or diagonals divide the rhomboid 
into two identical figures. A task such as being asked to divide 
a given figure into two identical ones by a straight line is 
common in primary school. Hacısalihoğlu-Karadeniz et al 
(2015) also encountered this reasoning among pre-service 
teachers. Another reason for the errors in Test I may be the 
fact that students rarely encounter non-models while they 
are getting acquainted with axial symmetry at school (Hejný, 
2012). In addition, a rhomboid is specific in that it is a non-
model of an axially symmetrical figure as well as a model of 
a centrally symmetrical figure. In our opinion, students should 
encounter figures such as these while in primary education, 
i.e., at the time when they first encounter axial symmetry in 
school. However, we did not find a rhomboid or another figure 
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with these properties in the given context in the analysed 
textbooks for primary school. It appears only in textbooks for 
the next level of education but not with sufficient emphasis; the 
exception is the textbook (Vondra, 2013). The fact that students 
work more with a rhomboid in lower and upper secondary 
schools is probably why students were more successful in Tests 
II and III at this task.
Students who tried to complete the axes of symmetry proceeded 
to solve the problem procedurally. While this led some of them 
to find the correct solution, relying on procedural methods 
rather than conceptual understanding can lead to the incorrect 
solution (Son, 2006).
For comparison, in Test I, students were also asked about the 
number of symmetry axes of an isosceles triangle, which is 
a model of an axially symmetrical figure which is found in all 
the analysed textbooks. This task had a significantly higher 
success rate (more than 60%) than the task about the rhomboid 
(less than 30%). Students might have been confused that the 
triangle was not placed in a prototypical position (i.e., with 
a horizontally placed base). The most common incorrect 
answer was “3” axes of symmetry; students likely confused an 
isosceles triangle with an equilateral one. According to several 
researches (Tirosh et al, 2011; Budínová, 2018) students’ 
concept of a triangle is associated with an equilateral one in 

a prototypical position. The picture in our test was contrary 
to the students’ experience. The confirmed dependence of the 
correct answers in the test task on the number of symmetry 
axes of the given triangle and rhomboid in Test I indicates that 
students who solved the task about the rhomboid have a strong 
concept of axial symmetry.

Are students able to find all symmetry axes 
of a line segment?
The task on the number of symmetry axes of a given line 
segment seems to be problematic. The low success rate 
confirmed our assumption that the task was atypical for 
students. According to our analysis of textbook series, students 
usually encounter only 2D figures as examples of axially 
symmetrical figures in Czech primary school textbooks. This 
is probably the reason why over 10% of students did not solve 
the task at all in Test I. Even at higher education levels, it 
is a common task to construct the image of a line segment, 
straight line or half-line in axial symmetry, but not to find the 
symmetry axis/axes of these figures. In the analysed textbooks, 
we found only one task with a similar topic (Figure 5) in the 
exercise book (Gazárková, Melicharová and Vokřínek, 2013) 
for upper secondary school. We are not aware of any other 
research concerning this problem.

Figure 4: Four “symmetry axes” of the given rhomboid, student’s incorrect solution (source: own data)

Figure 5: Task from a Czech exercise book, free translation (source: Gazárková, Melicharová and Vokřínek, 2013, p. 140)

Students often stated that the line segment has “1” axis of symmetry. 
The number of these responses even increased to almost 66% 
in Test III. The answer “1” is offered because students from the 
primary school encounter the term axis of a line segment. The axis 
of a line segment is a straight line which is perpendicular to the 
line segment and passing through its midpoint. Each line segment 
has exactly one axis, but two axes of symmetry. The difference 
between the axis of a line segment and the symmetry axis of 
a line segment (Figure 6) then disappears in students’ minds. This 
confusion of two different concepts can be unhappily supported in 
the educational process by formulations/questions from textbooks 

such as the following: ‘Is the straight line o [perpendicular to the 
centre of the line segment] the axis of symmetry of the AB line 
segment?’ (Odvárko and Kadleček, 2011: 36).
Despite the low number of correct answers, we were pleased that 
about 25% of students did not let themselves be fooled and thought 
about the problem. We know from the pre-test interviews that 
they were often unsure of the correct answer “2”, but they were 
able to think about the concept of axial symmetry and consider 
different answers. Some of them supplemented their answer with 
comments such as: ‘Theoretically 2, if a straight line is its own 
axis of symmetry.’
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With regard to the cognitive development of students, we do 
not perceive it as a problem that a large number of students in 
Test I were unable to solve this atypical task. The problem is 
that the relative number of correct answers hardly changed in 
Tests II and III. On the contrary, the misconception that a line 
segment has only one axis of symmetry clearly strengthened 
with increasing age (45% in Test I, 57% in Test II, 66% in 
Test III). This may indicate a misunderstanding of the concept 
of axial symmetry. Unfortunately, this error was also made by 
pre-service teachers.

Do students know that the number of symmetry 
axes of a circle is infinite?
The task on the number of symmetry axes of a circle is a standard 
task, found in almost all the analysed textbooks. Even so, we are 
not aware of a similar study that has dealt with this problem. 

We assumed we would observe the misconception ‘a circle has 
only two axes of symmetry (horizontal and vertical)’, which 
we encountered in our practical teaching experience; but it was 
not confirmed here. The answer “2”, as well as other incorrect 
answers, was chosen by only a small number of the respondents. 
However, based on the student sketches in the tests, we can 
say that those who chose the answer “2” actually considered 
the vertical and horizontal axes of symmetry. In the case of 
the answer “1”, students preferred the vertical axis; in the case 
of answer “4”, they moreover considered the axes forming 
a 45°-angle with the horizontal/vertical straight line (Figure 7).
According to 10% of BS students in Test II, the given circle is 
not an axially symmetrical figure – they wrote that it has “0” 
axes of symmetry. However, this idea probably disappears with 
increasing age; it was stated by less than 2% of respondents in 
Test III.

Figure 6: Illustration of the difference between the axis (left) and the symmetry axes (right) of the line segment AB (source: own picture)

Figure 7: Four symmetry axes of the given circle, student’s incorrect solution (source: own data)

There were also isolated interesting opinions in the tests; e.g., 
“360”, which is probably related to the degree size of the full 
angle. Some students did not answer the given question exactly, 
but their answer was very precise from a mathematical point of 
view: ‘[symmetry axes of the given circle are] all straight lines 
that pass through the centre of the circle’.

Are students able to construct an image of 
a given figure in central symmetry?
Very similar figures were assigned in Tests II and III in the task 
on central symmetry (Figure 3). Students were asked to draw 
their images in central symmetry with the given centre S, with 
the help of a pre-drawn grid (the vertices of the figure and the 
centre of symmetry were grid points).
About 44% of Test II respondents and almost 70% of Test III 
respondents solved the task correctly, which is a very nice 
result. Several other students worked correctly with the 
concept of central symmetry, but they made more significant 
inaccuracies and did not draw the identical figure (the code 
cs). Aktaş and Ünlü (2017) obtained worse results in 8th grade 
students in a similar study; only 36% of students drew the 

image of the given simple pre-image in a central symmetry 
correctly or almost correctly.
One specific situation (the code as) significantly dominates 
among the incorrect solutions: students drew a vertical axis 
in the picture and constructed an image of the given figure 
in axial symmetry. In the vast majority of cases, they drew 
this axis passing through the given point S (Figure 8); other 
positions of the axis occasionally occurred. Several students first 
constructed an image in axial symmetry, but then realized their 
error and either corrected themselves or at least mentioned it in 
the attached commentary. One student solved the situation by 
additionally modifying the assignment (Figure 9).
Many respondents drew auxiliary lines through the vertices of 
the given figure and the centre S, even if they did not use these 
lines and drew the image in axial symmetry (Figure 10).
One of the possible reasons why students confused central and 
axial symmetry may be the fact that in mathematics teaching, 
axial symmetry is revised immediately before the introduction 
of central symmetry. Students fix in their minds the first 
information they encounter on a new topic (Ebbinghaus, 1913; 
Škoda and Doulík, 2011), or they do not fully understand the 
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concept of central symmetry and remain only at the level of 
an isolated model (Hejný, 2012). Also, in subsequent levels of 
education, central and axial symmetry are taught at the same 
time, often in one lesson or during one week. Son (2006) and 
Jagoda (2008) also encountered a confusion of axial and central 
symmetry among students.
The preference of the vertical axis could be caused by the fact 
that the vertical axis is predominately used in the pictures on the 
topic of axial symmetry in most of the analysed textbooks. The 
preference for the vertical (or horizontal) axis is in agreement 
with researches (Jagoda, 2008) and (Kambilombilo and Sakala, 
2015), in which students had difficulty drawing images in axial 
symmetry with an oblique axis.
Almost 5% of students used a translation in Test II. Except for 
one situation, students translated the given figure horizontally to 
the right, most often by 3, 3.5 or 4 squares of the grid (Figure 

11); or so that the point S was approximately the centre of the 
translation vector. While we expected the confusion between 
central and axial symmetry, we were surprised by the confusion 
of central symmetry and translation, as the pupils do not usually 
encounter a translation until upper secondary school. They may 
have been led to this solution by the fact that they could not 
remember the concept of central symmetry and they knew that 
axial symmetry would be wrong, so they simply tried something 
else. However, only one respondent in Test III drew a translated 
image.
Let’s return to comparing the success rate by gender and 
between the BS and GSS groups. In most test tasks, males 
were better; however, the differences between males and 
females in many tasks were not statistically significant. The 
significant dependence of the choice of the correct answer on 
gender in favour of males was confirmed only in the case of 

Figure 8: Use of the vertical axis in the test task on central symmetry, student’s incorrect solution (source: own data)

Figure 9: Student’s incorrect solution and subsequent change of the assignment6 (source: own data)

Figure 10: Student’s incorrect solution in spite of the use of adequate auxiliary lines (source: own data)

6 Free translation of the student’s version of the assignment: ‘Construct an image of the given pre-image in axial symmetry through the centre S.’
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axial symmetry of the line segment in Test III, and in the task 
on central symmetry in Test III. This disproportion in favour of 
males is in agreement with most previous research (e.g., Smith 
and Walker, 1988), however, in our testing the overall difference 
between the males and females was not significant, which is 
in agreement with the research of Kambilombilo and Sakala 
(2015). Better results of the males obtained in some tasks may 
be related to a more positive attitude of the males to mathematics 
(Emanovský and Gonda, 2020; Ganley and Lubienski, 2016).
Moreover, a comparison of the success rate between BS and GSS 
students was possible in Tests I and II. GSS students were more 
successful in all test tasks than BS ones. In all tasks, except for 
the number of symmetry axes of the line segment in Test II, the 
hypothesis that the type of school and the choice of the correct 
answer do not depend on each other can be rejected. The higher 
success rate of GSS students is probably related to the fact that 
GSS are selective schools with an entrance exam and studying at 
them is more demanding (Martinková, Hladká and Potužníková, 
2020); they can also use specific textbooks intended for GSSs.
It is positive that PSTs were the most successful of all test 
groups. On the other hand, there was a certain error rate even 
among them. Other researches (e.g., Ada and Kurtuluş, 2010; 
Hacısalihoğlu-Karadeniz et al, 2015; Kambilombilo and Sakala, 
2015; Hacısalihoğlu-Karadeniz, Kaya and Bozkuş, 2017; Son, 
2006; Thaqi, Giménez and Rosich, 2011) have also pointed out 
pre-service teachers’ problems with the concepts of symmetry.
The causes of students’ errors can be various; it is difficult to 
identify all of them. One of the possible negative influences can 
be inappropriately designed textbooks, as teachers and students 
work with them during the teaching and learning process. 
Primary school teachers in particular often consider the textbook 
to be a sufficient resource for preparation for teaching lessons. 
The influence of textbooks was also mentioned by Aktaş and 
Ünlü (2017). Other causes may be, e.g., the influence of the 
teacher (Aktaş and Ünlü, 2017; Hacısalihoğlu-Karadeniz et al, 
2015; Hacısalihoğlu-Karadeniz, Kaya and Bozkuş, 2017; Son, 
2006), the socio-cultural environment of students (e.g., Brand, 
Glasson and Green, 2010; Maaz et al, 2008), the popularity of 
geometry with students (e.g., Rendl and Vondrová, 2013), etc.
In our research, we observe that students have the greatest problems 
with atypical tasks. Similar tasks need to be included more often 
in textbooks and in the teaching process (Kambilombilo and 
Sakala, 2015), as they practise and examine mainly conceptual 
knowledge. A greater error rate occurs particularly when there 

is a lack of conceptual understanding of the topic. Students 
proceed procedurally rather than conceptually (they try to draw 
axes), they do not think about the concept of symmetry and they 
do not find all solutions. The students do not connect process and 
concept, i.e., they do not have developed the symmetry procept 
(Hejný, 2000). These errors do not decrease with increasing age 
and thus misconceptions arise in students’ minds. Therefore, it 
is necessary to introduce more atypical problems and to place 
more emphasis on conceptual understanding in the training 
of pre-service teachers (Hacısalihoğlu-Karadeniz, Kaya and 
Bozkuş, 2017; Son, 2006; Thaqi, Giménez and Rosich, 2011).

CONCLUSION
Students’ understanding of isometries is a precursor to 
understanding other mathematical concepts. Isometries are 
the easiest geometrical transformations and transformations 
are encountered by people in daily life. Therefore, we consider 
teaching and understanding the concepts related to isometries to 
be important at all education levels.
In the years 2017–2018, we carried out an extensive testing of 
Czech students in order to determine their understanding of 
certain geometrical concepts. In this paper, we have analysed the 
students’ answers to the test tasks concerning axial and central 
symmetry in detail and have thought about the possible causes of 
frequent errors.
With respect to the research questions asked, we can say that the 
tested students identified typical axially symmetrical figures (an 
isosceles triangle, a circle) and most of them correctly determined 
the number of symmetry axes of these figures. Conversely, students 
had problems recognizing a given rhomboid (i.e., a centrally, but 
not axially, symmetrical figure) as a non-model of an axially 
symmetrical figure. Furthermore, students did not perceive that 
a line segment has two different axes of symmetry. However, 
they knew that a circle has an infinite number of symmetry axes. 
A significant number of the students confused central symmetry 
for axial symmetry in the construction task. These students 
preferred a vertical axis of symmetry. From a gender point of 
view, the results speak slightly in favour of males. This difference 
is most obvious in the highest age category of tested students 
(from 19 to 23 years). A significant difference in favour of general 
secondary school students at the expense of basic school students 
was confirmed.
Our pedagogical recommendations resulting from the above are: it 
is necessary to place greater emphasis on non-models and figures 

Figure 11: Student’s incorrect solution of test task on central symmetry using translation (source: own data)
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in non-prototypical positions in textbooks and teaching; during 
mathematics lessons, it is also necessary to work with atypical 
tasks (e.g., to look into symmetries of not only 2D, but also 1D 
figures), even in higher grades it is necessary to include elementary 
tasks on symmetries in teaching, and last but not least, greater 
emphasis should be placed on the spiral curriculum throughout 
the educational process and on the conceptual knowledge of pre-
service teachers.
In further research, we continue to explore students’ understanding 
of other geometrical concepts. Moreover, we observe the 

relationship between students’ concepts and how students like 
geometry. Among other things, we also focus on the improvement 
of the training of pre-service mathematics teachers and the 
connection between conceptual and procedural knowledge.
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