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1. Introduction and Preliminaries

Recently, V. Pata [19] improved the Banach principal. Using the idea of Pata, we prove a fixed point theorem in modular
spaces. Then we show that how our results generalize old ones. Also, we prepare an application of our main results to the
existence of solutions of integral equations in Musielak—Orlicz spaces.

In the first place, we recall some basic notions and facts about modular spaces.
Definition 1.1. Let X be an arbitrary vector space over K(=R or C),
(a). A function p: X — [0,+00] is called a modular if
(i). p(z) =0 if and only if x = 0;
(ii). p(ax) = p(x) for every scaler a with |a| = 1;
(ii). plaz + By) < p(z) +p(y) ifa+B=1and >0, 8 >0,
for all x,y € X.
(b). If (ii1) is replaced by
(). plaz+ By) < ap(z) + Bply) if a+L=1and a >0, >0, we say that p is convexr modular.

(¢). A modular p defines a corresponding modular space, i.e. the vector space X, given by X, ={zx € X : p(Ax) > 0as A —

0}.

Example 1.2. Let (X, ||.||) be a norm space, then ||.|| is a convex modular on X. But the converse is not true.
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In general the modular p does not behave as a norm or a distance because it is not subadditive. But one can associate to a

modular the F—norm (see [16]).

Definition 1.3. The modular space X, can be equipped with the F—norm defined by
. x
||, :mf{a > 0; p(f) < a}.
@
Namely, if p be convezx, then the functional
. T
e, = inf {a>0: p(2) <1},

is a norm called the Luzemburg norm in X, which is equivalent to the F—norm |.|,.
Definition 1.4. Let X, be a modular space.
(a). A sequence {Tn}tnen in X, is said to be:
(i). p—convergent to x if p(xn —x) — 0 as n — oo.
(i). p—Cauchy if p(xn — Tm) — 0 as n,m — oo.
(b). X, is p—complete if every p— Cauchy sequence is p—convergent.
(c). A subset B C X, is said to be p—closed if {x,}, .y C B with x,, — x, then x € B.

(d). A subset B C X, is called p—bounded if §,(B) = sup{p(z — y) : =,y € B} < oo, where §,(B) is called the p—diameter
of B.

(e). We say that p has the Fatou property if p(z —y) < liminf p(z, — yn), whenever p(z, —x) = 0, p(yn —y) — 0 as

n — oo.
(f)- p is said to satisfies the ANy—condition if p(xn) — 0= p(2z,) — 0 (as n — 00).
It is easy to check that for every modular p and x,y € X,;
(1). p(azx) < p(Bzx) for each o, B € RT with o < B.

(2). p(z +y) < p(22) + p(2y).

Now we recall some basic concepts about modular function spaces as formulated by Kozlowski [12].

Let Q be a nonempty set and ¥ be a nontrivial o—algebra of subsets of 2. Let P be a d—ring of subsets of 3 such that
ENAePforany E € Pand A € 3. Let us assume that there is an increasing sequence of sets K, € P such that Q = |J K.
In other words, the family P plays the role of §—ring of subsets of finite measure. By £ we denote the linear space of all
simple functions with supports from P.

By M we will denote the space of all measurable functions, i.e. all functions f : 2 — R such that there exists a sequence

{gn} €&, lgn] < |f| and gn(w) = f(w) for all w € Q. By 14 we denote the characteristic function of the set A.
Definition 1.5. A function p: € x 3 — [0, +00] is called a function modular if
(i). p(0,E) =0 for any E € 3;

(i). p(f, E) < p(g, E) whenever |f(w)| < |g(w)]| for any w € Q, f,g € E and E € ;
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(i). p(f,.): X — [0,+00] is a o—sub-additive measure for every f € &;
(). p(a, A) = 0 as « decreases to 0 for every A € P, where p(a, A) = p(ala, A);
(v). For any a > 0, p(a,.) is order continuous on P, that is p(a, An) — 0 if {An} € Pand decreases to ¢.

The definition of p is then extended to f € M by

p(f, E) = sup{p(g, E); g € &, |g(w)| < [f(w)|, w € Q}.

For simplicity we write p(f) instead of p(f, Q).
One can verify the functional p : M — [0,400] is a modular in the sense of Definition 1.1. The modular space determined

by p will be called a modular function space and will be denoted by L,. Recall that

Ly ={feM: limp(af)=0}.

Example 1.6.

(1). The Orlicz modular is defined for every measurable real function f by the formula

Mﬁ:@wwmmm»

where |1 denotes the Lebesgue measure in R and ¢ : R — [0,00) is continuous. We also assume that o(u) = 0 if and
only if u =0 and p(t) = 0o as t — oo.

The modular space induced by the Orlicz modular, is a modular function space and called the Orlicz space.

(2). The Musielak—Orlicz modular spaces (See[14]). Let

Mﬂzéwmuwmwwx

where p is a o—finite measure on 2 and ¢ : Q X R — [0,00) satisfy the following:

(7). o(w,u) is a continuous even function of u which is non-decreasing for u > 0; such that p(w,0) =0, p(w,u) >0

for u#0 and p(w,u) = 00 as u — oo.
(ii). p(w,u) is a measurable function of w for each u € R;

(151). p(w,u) is convex function of u for each w € Q.

It is easy to check that p is a convex modular function and the corresponding modular space is called the Musielak—Orlicz

spaces and is denoted by L¥.
In the following we give some notions which will be used in the next sections.

Definition 1.7 (Banach [2]). There exists a number a, 0 < o < 1, such that, for each x,y € X,

d(f(x), f(y)) < ad(z,y).

In 1972, Chatterjea [4] introduced the following contractive condition:



Some Applications of Chatterjea - Pata Type Fixed Point Theorem in Modular Spaces

Definition 1.8 (Chatterjea [4]). Let (X,d) be a metric space. A mapping T : X — X is said to be Chatterjea contraction

if it satisfies the following condition:

[d(z, T(y)) + d(y, T (2))]

N =

for all z,y € X and some k € [0,1).
Remark 1.9. Note that Banachs contraction and Chatterjeas contraction are independent (see Rhoades paper [20]).

Definition 1.10 (Khamsi [13]). Let C be a subset of a modular function space L,. A mapping T : C — C' is called p—strict

contraction if there exists A < 1 such that:
p(T'f =Tg) < Xo(f —9)

forall f,g € C.

Theorem 1.11 (Khamsi [13]). Let C be a p—complete, p—bounded subset of L, and T : C — C be a p—strict contraction.

Then T has a unique fixed point z € C'. Moreover z is the p—limit of the iterate of any point in C under the action of T'.

Definition 1.12 (Taleb and Hanebaly [21]). The function u : I — L¥, where I = [0, A] for all A > 0, is said to be

continuous at to € I if for t, € I and tn — to, then p(u(tn) — u(t)) — 0 as n — oo.

If we consider the Musielak—Orlicz modular with A;—condition then the continuity of u at to is equivalent to:
(tn = to) = ||u(tn) —u(to)ll, =0 (as n— o0).

Let C¥ = C(1, L¥) be the space of all continuous mappings from I = [0, A] in to L?.

Proposition 1.13 (Taleb and Hanebaly [21]). Suppose that the Musielak—Orlicz modular p satisfies Az—condition and

B C L¥ is a p—closed and convex subset of L¥. For a > 0 let po(u) = sup{e *p(u(t)) : t € I} for u € C?, then:
(1). (C%,pa) is a modular space, and pq is a convexr modular satisfying the Fatou property and the Ag— condition.
(2). C% is po—complete.

(8). C§ = C(1,B) is a pa—closed, convez subset of C¥.

2. Main Results

Let X, be a modular function space, C be a nonempty, p—complete and p—bounded subset of X,, xo be an arbitrary point
in C and 9 : [0,400) — [0,400) be an increasing function vanishing with continuity at zero. Also consider the vanishing
n
[e3
sequence depending on a > 1, wy(a) = (E) Zw (%) . Let T : C'— C be a mapping, for notational purposes, we define
n
k=1

T"(x), * € X, and n € {0,1,2,---} inductively by T°(z) = z and T""!(z) = T(T™(x)).

Theorem 2.1. Let a > 1, >0 and k > 0 be fixed constants. If the inequality

p(Tx = Ty) < (1= )lp(x = Ty) + ply — Ta)] + € ¢(e)([o(x — Ty) + ply — Tz)] + k)” (1)

is satisfied for every e € [0,1] and every z,y € C, then T has a unique fized point z = T(z) which is the p—lim of the iterate

of xo under the action of T.
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Proof. We first show existence. Let ¢ = 0 in (1) thus we get

p(Tx —Ty) < [p(x — Ty) + p(y — Tx)] (2)

for all z,y € C. We construct a sequence {zn, }neq such that x, = T'(zn—1) for all n € N. Now we claim {z,} is p—Cauachy

sequence in C. By (1), (2) for some m,n € N we have

IN

p(Txn — Tani1) < (1= O)p(@n — TZut1) + p(@nt1r — Ton)] + €Y(€)(p(n — Tnt1) + p(@nt1 — Tzn) + k)’

A

p(@ni1 — Tni2) < (L= €)[p(xn — Tnya) + p(@nt1 — Tni1)] + €9(€) (p(Tn — Tny2) + p(nt1 — Tni1) + k)°

IN

(1= )[p(xn — Tns1) + p(Tns1 — Tng2)] + € P(€)(p(an — Tn1) + p(Tnt1 — Tniz) + k)°

17 «
. p(@n — Tni1) + %

p(Tn+1 — Tnya)

IN

(p(@n — Tns1) + p(Tnt1 — Tng2) +k)° (3)

P(Tnt1 — Tny2)

Let M := (26,(C) + k)?. Since C is p—bounded, M is finite and from (3) we have

1— o
plan — Tni1) + € () M.

P(Tnt1 — Tny2) <

a—1
-1
Letting e =1 — (an_ 1) , we have € < 2(; 1 Keeping in mind that v is an increasing function;
(60 = Tn41) € o [p(nm1 — n) + o — wm)] + oD 2Ly
PREn = 1) = (o ya—1 PRt 7 I 0 P = et T o )1 Y 0 1 1
o— o — o— « a
= [2n+ 1) =0 p(@nt1 — 2n) <0 p(Tn — Tn1) + @ v T M
a—1 a—1
n (a—1) e
n — 4n < n — dn— M 4
= p(as +1 €z ) = [(2n+ 1)04—1 — na—l]p(x z 1) + [(2TL+ 1)(1—1 — na_1]1/’(n+ 1) ( )
. a—1
Lettlng Tn = W—lﬂt("*l]p(ayn — (L'n71).

Taking limit as n — oo from both sides of (4), we get p(zn+1 —zn) — 0 as n — co. In general p(Tpnim —n) = 0 as n — 0.
Then {z,} is p—Cauachy sequence in C. Since C is p—complete there exists z € C such that p(z, — z) — 0 as n — oo.
From (1), we get;

(Tzfz
P

) < (T — 2a) + plan — 2)

< (1= )p(z = xa1) + () (p(z = n-1) + k)° + p(an — 2).

Taking limit as € — 0 afterwards as n — oo we get z is the p—lim of the iterate of x¢ under the action of T'.

To show uniqueness we suppose that y be another fixed point of 7. Then from (1), we have

p(z —y) = p(Tz— Ty) < (1 — €)2p(z — y) + () (2p(z — y) + k)°. (5)

Then p(z —y) < > 9(e)(2p(z —y) + k)® — 0 as € — 0 therefore z = y. If for each € € (0, 1], strict inequality occurs in (5),

then

€ 7(z —y) < P()(20(z —y) + k).

Taking limit as € — 0, we get contradiction unless p(z — y) = 0. O
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3. Application

In this section, we will study the existence of solution of the following integral equation

u(t) =e "fo+ /t e® " Tu(s)ds, (6)

where

(H1). T : B — B is p-Lipschitz i.e,

3 k>0, p(Tu—Tv) < klp(u—Tv) + p(v — Tu), (u,v € B)
(H2). B is p—closed, p—bounded, convex subset of Musielak—Orlicz space L? satisfying the Ay—condition.
(Hs). fo € B is fixed.

Theorem 3.1. Under the conditions Hy — Hs, for all A > 0, the integral equation (6) has a solution u € C¥ = C([0, A], L¥).

Proof.  Define the operator S on C§ by
¢
Su(t) =e " fo —|—/ e*'Tu(s)ds

for all t € I := [0, A].

1%" step; first we show that S : C{ — CFf. Let u € Cf and t,,to € I for all n € N with ¢, — to as n — co. We know u is
p—continuous thus p(u(tn) — u(to)) — 0. From Hi we get p(Tu(tn) — Tu(to)) — 0 as n — oo, thus T'u is p—continuous at
to. By Az—condition Tu is ||.||,—continuous at to, therefore Su is ||.||,—continuous at g consequently is p—continuous at

to. Also we have

/Ot e Tu(s)ds € (/Ot ¢ "ds)a{Tu(s):0 < s < 1}

C (1—e YeoB,
where CoB is the closed convex hull of B in (L¥,||.||,). But B is convex and p—closed then @6B = B C B, = B, hence
Su(t)ee 'B+(1—e HBCB, (Vtel).

2% step; we show that C¥ is p,—complete and p,—bounded. By Proposition 1.13, C¢ is pa—closed subset of p,—complete

space C¥, hence Cf is p,—complete too. Now let u,v € Cf. By 1°* step u(t),v(t) € B for all t € I, then
pal — v) = supfe™ p(u(t) — v(t);t € I} < 5,(B) < o0,
therefore
00 (CF) = sup{pa(u —v);u,v € CF} < o0.
3% step; for u,v € C{ we have

1— e*(l«ka)A

pa(Su—Sv)gn( 5 a

)lpa(u = Sv) + pa(v — Su)]. )



Shweta Wasnik and Subhashish Biswas

Let w € C¥ and {to,t1, - ,tn} be any division of [0,¢]. Now suppose
sup{|ti+1 — ti|,1=0,1,--- ,n—1} =0

as n — 0o, then

n—1 t
I (tign — ta)e' w(ts) —/ e*tw(s)ds||, — 0.
i=0 0

By A2—condition
n—1 t
p( Z(ti+1 - ti)etiftw(ti) — / esitw(s)ds) — 0.
i=0 0
Using Fatou property, we get

n—1

t
p(/ esitw(s)ds) < liminfp(z i1 — ti)e" 7tw(ti)). (8)
0 1=0
Furthermore
n—1 t
D (tigr —ti)e T < / eflds<l—e"<1—e? <.
i=0 0
By the convexity of p, we have
n—1 n—1
p( St — e u(t)) £ 3t — et plao(t)
i=0 i=0
n—1

(tiv1 — ti)e" e e pw(ts))

I
ing

]
L

(tigr — t)e T g (w)
0

IA

.
Il

€<1+a)87td8) Pa (’LU) )

IN
—~
c\w

It follows from (8) that

On the other hand

Thus by (9), we have

p(Su(t) = Sv(t) < () pelTu—Tw)
since T is p—Lipschitz, we have
mwm—&mm(%igﬁgW”WMw—n@>
s(ﬁ;j)@geﬂmwrww»+M(>Tmm
= (e“l ;Z_ )nQpa(u —v)
Therefore
. 1— e—(1+a)t
e p(Su(t) - Su(t)) < w7 ) 2pu(u—v)
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1— 67(1+a)A

< K(Hia)%a(u —v),

for all ¢ € I, this implies (7).

4% step; leta=8=1, k=0, a> 0 with;
e,(1+a)A - K — (1—‘,—(1).
K

If we have
k(1 — ef(lJra)A)

<(1— 14y
T+ a <(1—-¢+¢ K,

for all v > 0, €€ [0,1] and a constant K, then (7) implies that the inequality (1) is satisfied by ¢ (e) = Ke”. To this end

we define
1— e—(1+a)A)

_ T+ K (
Fle)=(1—-e)+eK - T a

Now imposing the conditions on F which implies 0 < F(e) for all € € [0, 1], we obtain:

(A +a)
1 1

+— 1+— ¥
V= k(149) V(1= e-(+m4)

K =

((l-l—a)(l-i—’y)l

Therefore from steps 1 to 4 and Theorem 2.1, we conclude the existence of fixed point of S which is the solution of integral

equation (6). O
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