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1. Introduction

In an attempt to generalize the notion of a metric space, several authors proposed different generalizations. In this direction,
Mustafa and Sims [5] introduced G-metric space in 2006 as a generalization of a metric space and proved some fixed point
theorems. Afterwards, several authors studied many fixed point and common fixed point results for self-mappings in G-metric
spaces under certain contractive conditions [6, 7].

On the other hand, in 2002, Aamri and Moutawakil [1] introduced the notion of E.A. property in metric spaces which
contains the class of compatible and noncompatible maps. In 2011, Sintunavarat [8] introduced the concept of common
limit range property for a pair of self mappings in metric spaces and studied some common fixed point theorems under this
notion. Recently, the concept of common limit range property was extended to two pairs of self mappings by Imdad [3].
The purpose of this paper is to define two generalized weakly contractions in G-metric spaces and to establish some common

fixed point theorems for self maps satisfying common limit range property.

2. Preliminaries

In this section, we present some definitions and results which will be used in this paper.
Definition 2.1 ([5]). Let X be a non empty set and let G : X x X x X — [0,00) be a function satisfying the following

properties:

G(z,y,2) =0 if z=y=-=z

G(z,z,y) >0 forall z,y€ X, with = #y.
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Gz, z,y) = G(z,y,2) V z,y,2 € X, with y# z.
G (z,y,2) = G(z,z,y) = G(y,z,x) = ...(symmetry in all three variables)

G (z,y,2) =G (z,a,a) + G (a,y,2), YV x,y,z,a € X (rectangular inequality).

Then the function G is called a G-metric on X and the pair (X,G) is called a G-metric space.

Example 2.2 ([5]). Let (X,d) be a usual metric space. Then (X,G) is G-melric space, where G (z,y,z) = d(z,y)+d (y, z)+

d(z,z), forall z,y,z € X.
Definition 2.3 ([6]). A G-metric space (X, Q) is said to be symmetric if G(z,y,y) = Gy, z, ), for all z,y € X.

Proposition 2.4 ([6]). Every G-metric space (X,G) defines a metric space (X,dg), where dg defined by dg (z,y) =
G (z,y,y) + Gy, z,x), for all z,y € X.

Proposition 2.5 ([5]). Let (X,G) be a G-metric space. Then for any x,y,z,a € X, the following hold:

G (z,y,2) =0 then z=y ==z
G(z,y,2) = G(z,z,y) + G (z,z, 2).
G(z,y,y) = 2G (y,z, ) .

G (z,y,2) =G (z,a,2) + G(a,y, 2).

G(z,y,z) = %{G (z,a,a) + G (y,a,a) + G(z,a,a)}.

Definition 2.6 ([4]). A mapping ¢ : [0,00) — [0,00) is called an altering distance function if ¢ is continuous and non-

decreasing and ¥ (t) = 0 if and only if t = 0.

Definition 2.7 ([8]). Two self-mappings E and F of a metric space (X, d) are said to be weakly compatible if Efu = FEu

whenever Fu=Fu, for some u € X.

Definition 2.8 ([1]). Two self-mappings E and F of a metric space (X,d) are said to satisfy E.A.property if there exists a

sequence {xn} in X such that lim Ex, = lim Fx, =t, for somet € X.
n—o0 n—oo

Definition 2.9 ([8]). Two self-maps E and F of a metric space (X,d) are said to satisfy the common limit in the range of

F property, denoted by CLRp property, if there exists a sequence {zn} in X such that lim Ez, = lim Fz, = Fu for some
n—oo n—oo

ueX.

Definition 2.10 ([3]). Two pairs (E,F) and (f,g) of self-maps of a metric space (X,d) are said to satisfy the common
limit range property with respect to the mappings F and g, denoted by CLRr, property,if there exist two sequences {x»} and

{yn} in X such that lim Ez, = lim Fz, = lim fy, = lim gy, = u for someu € FX NgX.
n—oo n— oo

n— oo n— oo

In 2011, B.S.Choudhury [2] defined the following contraction in metric spaces and proved a fixed point theorem.

Definition 2.11 ([2]). A self mapping T : X — X, where (X,d) is a metric space, is said to be a generalized weakly
contractive mapping if ¥ (d(Tz,Ty)) = ¥ (M (z,y)) — 0 (max{d (z,y),d(y,Ty)}) for all z,y € X, where M (z,y) =
max{d (z,y),d (z,Tx),d(y,Ty), % (d(x,Ty) + d(y,Tx))}, ¥ is an altering distance function and § : [0,00) — [0,00) is

continuous and non-decreasing function such that @ (t) = 0 if and only if t = 0.
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3. Main Results

We begin this section with the following definition.

Definition 3.1. Two self maps T and f of a G-metric space (X, G) said to satisfy a generalized weakly contractive condition
if
p(G(Tz, Ty, Tz2)) = (L (z,y, 2)) — ¢ (M(z,y, 2)) (1)

for all z,y,z € X, where u is an altering distance function and ¢ : [0,00) — [0,00) is lower semi continuous and non-

decreasing function such that ¢ (t) = 0 if and only if t =0 and

4G (o, Ty, Ty) + G (3, T2 T2) + G (2 Ta, Ta)} )

and M (z,y,z) = max{G (fz, fy, f2) G (fy, Ty, Ty) ,G (f2, T2 T2)}.
Theorem 3.2. Let T and f be self maps of a G-metric space satisfying (1), CLRy property and (T, f) is weakly compatible.
Then the mappings T and f have a unique common fized point in X.

Proof. Since T and f satisfy CLRy property, there exists a sequence {z,} in X such that lim Tz, = lim fz, = ft for
n— oo n—oo

some t in X. Now from (1) with z = z,,y = 2 = ¢, we get

w(G (Txn, Tt, Tt) = p(L (zn,t,t)) — o (M(Tn,t,t)) (2)
where
L (x”ﬂa tv t) = ma'X{G (fwnv .ftv ft) ’ G (.fw”h Tta Tt) ’ G (ftv Tta Tt) ) G (fta Tt7 Tt) )
4G (Foa, THTH) + G (4, T4,TH) + G (f1, Tan, Taa)} )
and M (zn,t,t) = max{G (fzn, ft, ft),G (ft,Tt,Tt),G (ft, Tt,Tt)}
So
lim L (2a,t,t) = max{G (ft, ft, ft) ,G (ft, Tt,Tt) , G (ft, T, Tt) G (ft, Tt,Tt),
G (LT TE) + G (74,74, T8) + G (71, ft, fo)})
= max{0,G (ft, Tt,Tt), G (ft,Tt,Tt) ,G (ft,Tt, Tt), % {G (ft,Tt,Tt) + G (ft,Tt, Tt) + 0}}
=G (ft,Tt,Tt) and
lim M (2.1,8) = max {G (ft, ft. f£) .G (FL.TH.TE) .G (f1, T, TH)}
=G (ft,Tt,Tt)
On letting n — oo in (2), we get p(G(ft,Tt,Tt)) = wp(G(ft,Tt,Tt)) — o(G(ft,Tt,Tt)) which implies that

e (G (ft,Tt, Tt)) = 0, that is, ft = Tt = p (say), showing that t is a coincidence point of T and f. Since T and f are

weakly compatible, we have T'ft = fT't and so Tp = fp.
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We now claim that Tp = fp = p. On using (1) with x =p, y = z = t,

M(G (Tp7 Ttv Tt)) = I’L(L (p7t7t)) - (M(p7 tvt)) or I’L(G (Tpvpvp)) = /"‘(L (pv t, t)) - (M(pa t, t))v

where

L (p,t,t) = max{G (fp, ft, ft),G (fp,Tp,Tp),G (ft,Tt,Tt),G (ft,Tt,Tt), %{G (fp, Tt, Tt) + G (ft, Tt, Tt) + G (ft, Tp,Tp)}},
= max{G (Tp,p,p),0,0,0, % {G(Tp,p,p) + 0+ G (p,Tp,Tp)}

=G (Tp,p,p)

and

M (pat,t) = maX{G (fp7 fta ft) aG (ftaTt7Tt)7G(ft’Tt’Tt)}
= max {G (Tp7pap) 705 0}

=G (Tp,p,p)

Hence 1(G (T'p, p,p)) = u(G (T'p,p,p)) — »(G (T'p, p,p)) which implies that ¢ (G (T'p, p,p)) = 0 and so G (Tp,p,p) = 0, that
is, Tp = p. Therefore T'p = fp = p, showing that p is a common fixed point of T and f.
Uniqueness: Let q (# p) be another common fixed point of T and f. Then, we have T'q = fq = q. Now from (1) with

r=p,y=z=q, we obtain

w(G (Tp, Tq,Tq)) = u(L (p,q,q)) — ¢ (M(p,q,q)) or

WG (,4,9)) = u(L(p,q,9) — v (M(p,q,q))

where

L (p,q,q) = max{G (fp, fq, fq),G (fp,Tp,Tp) ,G (fq,Tq,Tq) ,G (fq,Tq,Tq),
%{G(fp,Tq,TQ) +G(fq,Tq,Tq) +G (fq,Tp, Tp)},

1
=max{G (p,q,q),G (p,p,p),G(0,9,9),G (¢0,9,9) , 3 {G(p,0,9) +G(0,9,9) + G (q,p,p)}

=G (p,q,q) and
M (p,q,q) = max{G (fp, fq, fq),G (f¢;Tq,Tq),G (fq,Tq, Tq)}
=max{G (p,4,9),G(¢,9,9),G(¢,9,9)}

=G (p,q,q)

Thus u(G (p,q,9)) = u(G (p,q,9)) — v (G(p,q,q)) which implies that ¢ (G (p,q,q)) = 0, and hence G (p,q,q) = 0, that is,

p = q. This completes the proof. O

Corollary 3.3. Let (T, f) be a pair of weakly compatible self mappings of a G-metric space (X,G) satisfy the conditions
(1) and E.A. property. If the range of f is a closed subspace of X, then the mappings T and f have a unique common fized

point in X.
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Proof. Since T and f satisfy E.A. property, there exists a sequence {z,} in X such that lim Tz, = lim fz, = u for

n—oo n—oo

some u in X. Also, since fX is a closed subspace of X, we can a t in X such that u = ft. So T and f satisfy CLRy property.

Hence by the Theorem 3.2, the mappings T and f have a unique common fixed point in X. O
Next, we prove a common fixed point theorem for four self maps .

Theorem 3.4. Let P, Q, f and g be self mappings of a symmetric G-metric space (X, G) satisfy

N(G(va Qy, QZ)) = .U'(L (:C,y, Z)) - f (L(:I?, Y, 2:)) forallz,y,z € X (3)

where p s an altering distance function and f : [0,00) — [0,00) is lower semi continuous and non-decreasing function such

that f (t) = 0 if and only if t =0 and

Further, if (P, f) and (Q,g) are weakly compatible and satisfy CLRy, property, then the mappings P, Q, f and g have a

unique common fized point in X.

Proof.  Since (P, f) and (Q, g) satisfy C LRy, property, we can find two sequences {7, } and {y,} in X such that lim Pz, =

n—oo

lim fx, = lim Qyn, = lim gy, =t for some t € fX NgX. Now, since t € fz, there is a point u in X such that ¢t = fu.
n—oo n—oo

n—o0o

On using (3) with z = u, y = z = yn, we get
(G (Pu, Qun, Qyn)) = p(L (t, yn, yn)) — @ (L(t; Yn, yn)), (4)
where
L ((w, Yny yn)) = max{G (fu, gyn, gyn) , G (fu, Pu, Pu) , G (gyn, Qyn, Qyn) , % {G (fu, Qun, Qyn) + G (gyn, Pu, Pu)}}
So

lim L (g yn) = max{G (t,£,8) G (&, Pu, Pu) G (t,,1) 5 {G (1,8,0) + G (¢, Pu, Pu)}

n—oo

G (Pu,t,t), Since G is symmetric.

On letting n — oo in (4), pu(G (Pu,t,t)) = p(G (Pu,t,t)) — ¢(G (Pu,t,t)) which implies that ¢(G (Pu,t,t)) = 0 and so
G (Pu,t,t) =0, that is, Pu =t = fu, showing that u is a coincidence point of P and f. Since P and f are weakly compatible,
we have Pfu = fPu and so Pt = ft. Also, since t € gz, there is a point v in X such that ¢ = gv. From (3) with
T =Zn,y =2z =uv, we get that

(G (Pan, Qu, Qu)) = p(L (20, v,v)) = ¢ (L(xn, v, v)) ()

where
L ((Z’n, v, ’U)) = ma’X{G (fxn,gv,gv) ) G (fxna Pm’ﬂa Px’"«) 7G (g’l), Q'U, QU) ) é {G (fxﬂd Q'U, QU) + G (g’U, Pm”ﬁ Pm’ﬂ)}}
So

lim L ((zn,v,v)) = max{G (t,t,t),G (¢,t,t),G (t,Qu, Qu), % {G (t,Qu,Qu) + G (t,t,t)}}

n—00
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=G (t,Qu, Q)

Taking limit as n — oo in (5), u(G (¢, Qu, Qv)) = u(G (t, Qu, Qu)) — (G (t, Qu, Qu)) which implies that ¢(G (¢, Qu,Qv)) =0
and so G (t,Qu,Qu) = 0, that is, Qu = t = gv, showing that v is a coincidence point of Q and g.Since Q and g are weakly
compatible, we have Qgv = gQuv and so Qt = gt.

We claim that Pt = ft =t. From (3) with x = ¢, y = z = v, we have

12 (G (Ptv Qu, QU)) =H (L (t,l),l))) - (L (t7 v, U)) or

p(G (Pt t,1) = p(L(t,v,0)) = ¢ (L (¢ 0,0)),

where

L(t,0,0) = max{G (ft, g0, 90) , G (ft, PL, P1), G (g0, Qv, Qu) , 3 {G (£, Qu, Q) + G (gv, P, PO} }

max{G (Pt,t,t),G (Pt, Pt, Pt),G (t,t,1), % {G (Pt,t,t) + G (t, Pt, Pt)}}

G(Pt,t,t)

Hence we get, (G (Pt,t,t)) = p(G (Pt, t,t))—¢(G (Pt,t,t)) which implies that ¢ (G (Pt,t,t)) = 0, and hence G (Pt,t,t) =0,

that is, Pt = t. Therefore Pt = ft = t. Finally we prove that Qt = gt = t. We get from (3) with ¢ = u, y = z = ¢, that

12 (G (Puv Qt, Qt)) =K (L (uv t, t)) - ¥ (L (uvt’ t)) or

12 (G (tv Qt, Qt)) =p (L (uv t, t)) - (L (u7 t, t)) 5
where

L(u,t,1) = max{G (fu, gt,9t) , G (u, Pu, Pu), G (98, Qt, Q1) 5 {G (fu, Q1 Q1) + G (gt, Pu, Pu)}}
= max{G (+,Qt, Q1) G (1,,1) G (Q1.Q1, Q1) 5 {G (1.Q1, Q1) + G (Qt 1,1}

= G(t,Qt,Qt), since G is symmetric.

Hence u(G (¢, Qt, Qt)) = u(G (¢, Qt, Qt)) — (G (t, Qt, Qt)) which implies that ¢ (G (¢, Qt, Qt)) = 0, and so G (¢, Qt, Qt) = 0,
that is, Qt = t. Therefore Qt = gt = t and hence Pt = ft = Qt = gt = t, showing that t is a common fixed point of P, Q, f
and g.

Uniqueness: Let s (# t) be another common fixed point of P, Q, f and g. Then, we have
Ps=fs=Qs=gs=s.
Now from (3) with z = ¢, y = 2 = s, we obtain

.U'(G (Pt7 Qs, QS)) = :U’(L (tv 5, 8)) - (L(t7 5, 8)) or

/L(G (tv S, S)) = :LL(L (tv S, s)) - (M(t7 S, S))7

where

L(t,5,5) = max{G (ft,g5,95) , G (Jt, PL, Pt) .G (95, Q5,Q5) 5 {G (J1,Qs,Q5) + G (g5, Pt, PO)}}
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=max{G (t,s,s),G (t,t,t),G(s,s,8), % {G(t,s,8)+ G (s,t,t)}}

=G (t,s,s), since G is symmetric.

Thus p(G (¢,s,s)) = p(G(t,s,s)) — ¢ (G(t,s,s)) which implies that ¢ (G (t,s,s)) = 0, and hence G (t,s,s) = 0, that is,

t = s. This completes the proof. O
If we put Q@ = g = Ix (Identity mapping) in the Theorem 3.4., we get the following result.

Corollary 3.5. Let (P, f) be a pair of weakly compatible self mappings of a symmetric G-metric space (X,G) sat-
isfy w(G(Px,y,2)) < w(L(X,y,2)) — ¢ (L(X,y,2)) for all z,y,z € X, where p is an altering distance function and
¢ : [0,00) = [0,00) is lower semi continuous and non-decreasing function such that ¢ (t) = 0 if and only if t = 0 and
L(z,y,2) = max{G (fz,y,2),G (fz, Pz, Pz),G (y,y, 2), % {G(fz,y,2) + G (y, Pz, Px)}. Further, if (P, f) satisfies CLRy

property, then the mappings P and f have a unique common fixed point in X.
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