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Abstract: An injective function f : V(G) — {1,2,...,|V(G)|} is said to be permutation labeling if each edge uv is assigned with
label f(“)Pf<v) = % (f(u) > f(v)) are all distinct. A graph which admits permutation labeling is called

permutation graph. In this paper we prove that wheel graph, restricted square and degree splitting graph of bistar graph
are permutation graphs. We also proved that arbitrary super subdivision of path graph, star graph and cycle graph are
permutation graphs.
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1. Introduction

A labeling of a graph G = (V, E) is a mapping that carries vertices, edges or both to the set of labels (usually to the positive
or non-negative integers). For a summary on various graph labeling techniques one can go through A Dynamic Survey of
Graph Labeling published by Joseph A. Gallian [6] in The Electronic Journal of Combinatorics.

A permutation labeling was defined by Hegde and Shetty [12].

Definition 1.1 ([12]). An injective function f: V(G) — {1,2,...,|V(G)|} is said to be permutation labeling if the induced
edge function f* : E(G) — N defined as f*(uv) = fP;,y = % (f(w) > f(v)) is injective.

A graph which admits permutation labeling is called permutation graph.

Baskar Babujee and Vishnupriya [7] derived that star graph K ., path P,, cycle C,, and complete binary tree with at least
3 vertices are permutation graphs. Seoud and Salim [9] obtained all permutation graph of order at most 9, they proved
that every bipartite graph of order at most 50 is permutation graph. Shiama [8] derived some permutation graph related to
shadow and splitting graph. Sonchhatra and Ghodasara [11] proved that P> + K, book graph, cycle with one chord, cycle
with twin chords, tadpole and lotus inside a circle are permutation graphs. Hegde and Shetty [12] proved that complete
graph K, is permutation graph if and only if n < 5, they also verified that all trees with at most fifteen vertices are
permutation graphs and they strongly believed that all trees are permutation graphs. In [2], We proved that all trees admit
permutation labeling. We also proved that complete bipartite graph K3 ,(n > 3) for n + 3 prime, wheel graph W, (n > 3)

for n + 1 is prime, dumbbell graph D, i 2(n,k > 3), crown graph C, ® K1(n > 3), one point union C,(Lk)(k >2n>3)ofk
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copies of cycle Cy, middle graph of cycle Cr(n > 3), t*—ply P; (u,v), Petersen graph P(5,2) are permutation graphs.
In this paper we consider nonempty, simple, finite, undirected and connected graph. We refer to Bondy and Murty [5] for
the standard terminology and notations related to graph theory and David M. Burton [1] for the terms related to number

theory.

Definition 1.2 ([5]). The wheel graph W,,(n > 3) is the graph obtained by joining the graphs Cp, and K1. i.e. Wy, = Cpn+ K.
Here the vertices corresponding to C,, is called rim vertices and C,, is called rim of W, while the vertex corresponding to K1

is called apex vertex.

Definition 1.3 ([6]). The bistar Bn, is graph obtained by joining the apex vertices of two copies of star graph Ki,n by an

edge.

Definition 1.4 ([6]). The restricted square of Bn n is the graph G with vertex set V(G) = V(Bn,n) and edge set E(G) =

E(Bn,n) U{uvi,vu;|l <i<n}.

Definition 1.5 ([6]). Let G = (V, E) be a graph with V(G) = S1US3 USs...S:UT where each S; is a set of vertices having
at least two vertices of the same degree and T' =V — U§:1 Si.
The degree splitting graph of G denoted by DS(G) is obtained from G by adding vertices w1, w2, ws ... w; and joining to each

vertex of S;, for 1 <i <t.

Definition 1.6 ([6]). The graph obtained from G by replacing every edge e; of G by a complete bipartite graph Ko m,; for

some positive integer m; and 1 <1 < q is called arbitrary super subdivision of G.

1.1. Number theory results
We use the following number theory results for positive integers.
(1). If n > r then ("1 (ntmp = (ntr)p 0
(2). If n > m and r > k then "P. > ™P.
(3). If n > k > 7 then "Py, > *P,.
(4). It n > r then "P. < "*Vp. < ... < (+h)p,

(5). If n > 4 is even then (32P, < "P,.

2. Some New Permutation Graphs

The following are the results investigated in this paper.
Theorem 2.1. Wheel Wy, (n > 3) is a permutation graph.

Proof. Let V(W,) = {uo,u1,us,...,un} and E(W,,) = {uow;|1 <i < n} U{ujuit1|l <i<n—1}U{uiu,}, where ug be
apex and u1, ug, ..., u, be rim vertices of wheel graph W,,. Here |[V(W,,)| =n+1 and |E(W,)| = 2n.
We define a bijection f: V(W,) — {1,2...,n + 1} as follows.

Case 1: n is even.
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fluzi—1) = (1+1);1<i<

Fluz) = g—l—l—i—i;lgi

So from above defined function f, the following five possibilities for the produced edge labels can be considered.
(1). Labels in edge set {uou2:—1|1 <i < % } are respectively 2,3,...,% + 1.

(2). Labels in edge set {uou2:|1 <4 < % } are respectively 4 +2,45 +3,...n+ 1.

(3). Label of the edge {usu;} is (2 72P,.

(4). Label of the edge {unui} is "Pa.

(5). Labels in edge set {u2iugit1, ugitauz:41|1 <7< % } are respectively (%+2>P37 (E+3p; .. ("H)P(%_H).

Using the number theory results described in Subsection 1.1, it is clear that edge labels from any of the above possibilities
(1) to (5) are internally as well as externally in ascending order.

Case 2: n is odd.

fluo) = 1.
fluzic1) = (i+1); ngl-
f(UQi) = n—;l—f—l—ki; '_n_l.

So from above defined function f, the following six possibilities for the produced edge labels can be considered.
(1). Labels in edge set {uouzi—1]1 <@ < ”TH } are respectively 2,3,..., ”TH + 1.
(2). Labels in edge set {uouzi|l <4 < 51 } are respectively 24t +2, 2L +3 ... n4 1.

(3). Label of the edge {unu1} is ("= +DP,.

n.+1

(4). Label of the edge {ugu1} is 2 *2P,.

(FHapy (P

i . — . ntl
(5) Labels m edge set {u2iu2i+1, u2i+2u2i+1|1 S 7 S nTB } are respectlvely ( 2 -"_2)1:’37 n+1 .

(6). Label of the edge {un—1u,} is "TYP (EESRY

Using the number theory results described in subsection 1.1, it is clear that edge labels of above possibilities (1) to (6) are
internally as well as externally in ascending order.

So above defined function f in both the cases, each edge uv is identified the label m (f(u) > f(v)), which are all

distinct. Hence wheel W, (n > 3) is a permutation graph. O
Corollary 2.2. Gear G,(n > 3) is a permutation graph.
Corollary 2.3. Shell S,,(n > 3) is a permutation graph.

Theorem 2.4. Restricted square of bistar By, is a permutation graph.
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Proof. Let G be the restricted square of bistar B, , with vertex set V(G) = V(B,,») and edge set E(G) = E(Byn) U
{uvi,vu;|1 < i < n}. Here |[V(G)| = 2n+ 2 and |E(G)| = 4n + 1. We define a bijection f : V(G) — {1,2,...,2n + 2} as

follows.

2n + 2.

=
&
[

flu;)) = n+1+i;1<i< n.
flv) = 1.

flos)) = i+151<i< n.

So from above defined function f, the following five possibilities for the produced edge labels can be considered.
(1). Labels in edge set {vv;]1 < i < n } are respectively 2,3,...,n+ 1.

. Labels in edge set {vu;|1 <17 < n ; are respectively n+2,n+3,...2n+ 1.
(2). Labels in edge set {vu;|l <i< n } pectively n+2,n+3,...2n + 1
(3). Label of the edge {uv} is 2n + 2.
(4). Labels in edge set {uv;|1 <i < n } are respectively of the form ®"*2pP, 2 <k <n+1.
(5). Labels in edge set {uu;|1 <i < n } are respectively of the form ®"*2P, n +2 <k < 2n+ 1.

Using the number theory results described in subsection 1.1, it is clear that edge labels of above possibilities (1) to (5) are
internally as well as externally in ascending order.
So above defined function f, each edge uv is identified the label % (f(u) > f(v)), which are all distinct.

Hence the restricted square of bistar B,, ,, is a permutation graph. O
Theorem 2.5. The degree splitting graph of By n is a permutation graph.

Proof. Let G = DS(Bp,») be the degree splitting graph of By, , with vertex set V(G) = V(B n)U{w1, w2, us, v;|1 <i < n}
and edge set E(G) = {wiui, w1vs, uug, vv;, uv, uwe, vwz|1 <i < n}. Here |[V(G)| = 2n+4 and |E(G)| = 4n + 3.
We define a bijection f: V(G) — {1,2...,2n + 4} as follows.

flu) = 2n+2.
flu;)) = 144i;1<i< n.
flv) = 2n+3.

flvi) = n+i+1;1<i< n.

flw) = 1.

flw2) = 2n+4.
So from above defined function f, the following seven possibilities for the produced edge labels can be considered.
(1). Labels in edge set {u;wi|1 < i < n } are respectively 2,3,...,n+ 1.
(2). Labels in edge set {v;wi|l <4< n } are respectively n +2,n+3,...2n+ 1.

(3). Labels in edge set {uu;|1 <i < n} are respectively of the form ®"*2p, 2 <k <n+ 1.
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(4). Labels in edge set {vv;|1 <i < n } are respectively of the form ®"*P, n +2 <k < 2n+ 1.
(5). Label of the edge {uv} is ®""P, ).

(6). Label of the edge {wau} is " P, ).

(7). Label of the edge {wav} is (2"+4)P<2n+3).

Using the number theory results described in subsection 1.1, it is clear that edge labels of above possibilities (1) to (7) are
internally as well as externally in ascending order.

So above defined function f, each edge uv is identified the label % (f(u) > f(v)), which are all distinct.

Hence degree splitting graph of B, , is a permutation graph. O

Theorem 2.6. Arbitrary super subdivision of path graph P, is a permutation graph.

Proof. Let V(P,) = {v1,v2,...,v,} and E(P,) = {e; = vivi1]1 <i < n —1}. Let G be a graph obtained by arbitrary
super subdivision of path graph P,,. That is, for 1 < i < n—1 each edge e; of the path P, is replaced by a complete bipartite
graph Ka ,,, where m; is positive integer. Let u;; be the vertices of m; vertex section, where 1 <i<n—1and 1 <j < m;.
Let M = anl m; then |V(G)| =n+ M and |E(G)| = 2M. We define a bijection f: V(G) — {1,2...,n+ M} as follows.
i=
flvr) = 1.
fluig) = flui) +5;1 < j < ma.
fit1) = f(uim;) +1;1<i<n—1

So above defined function f, each edge uv is identified the label % (f(u) > f(v)), which are all distinct.

Hence the graph obtained by arbitrary super subdivision of path graph is a permutation graph. O
Theorem 2.7. Arbitrary supersubdivision of cycle Cy, is a permutation graph.

Proof. Let V(Cyn) = {u1,us,...,un} and E(Cp) = {€; = viviy1|1 <i <n—1}U{e, = v,v1}. Let G be a graph obtained
by arbitrary super subdivision of C,, as each edge e; of C), is replaced by complete bipartite graph K3 ., where m; is a
positive integer. Let u;; be the vertices of m; vertex section, where 1 < i <nand 1 < j < m;. Let M = ZLI m; then
[V(G)| =n+ M, |[E(G)] = 2M. We define a bijection f: V(G) — {1,2...,n+ M} as follows.

Case 1: n is even.

flui) = 1;4i=1

fui) = f(unt2—iympin_;) +1; 2§z§g+1

flui) = flunt2—i)+1; %+1<i§ n.

Fluig) = flunie-)+j; 1Sj<m2<i< L.

fluig) = funy2—imy o) +1; 1§J§mz,g<i§ n

Case 2: n is odd.

f(ul) = 1; i =1.
n+1

flui) = f(u”+27ivmn+2—i) +1;2<:< 2
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n+1

flui) = flunte—i) +1;

fluiz) = flunga—i) +731<j<mi,2<i<

<i< n.

n+1
2
. 1 .
fluij) = f(unte—im, i ;) +15;1<5< mm% <i< .

So above defined function f, each edge uv is identified the label % (f(u) > f(v)), which are all distinct.

Hence the graph obtained by arbitrary super subdivision of cycle C,, is a permutation graph. O
Theorem 2.8. Arbitrary supersubdivision of star K15 is a permutation graph.

Proof. Let V(Kin) = {vo,v1,v2,...,v,} and E(K1,,) = {vovi|]1 < i < n}, where vo be apex vertex and v1,va,...,v, be
pendent vertices of star K1 ,. Let G be a graph obtained by arbitrary super subdivision of K1, as each edge e; of K1,
is replaced by complete bipartite graph Kbz ., where m; is positive integer. Let u;; be the vertices of m; vertex section,

where 1 < ¢ <mnand1 < j <m;. Let M = > m; then |V(G)| = n+ M+ 1,|E(G)| = 2M. We define a bijection

=1

f:V(G)—={1,2...,n+ M + 1} as follows.

flvi) = 1;4i=0.
flw)) = emp+i; 1<i< n.

fluig) = emici+j5 1<j<mi,1<i<n

where mo = 0 and ¢m; = cumulative values of m;. So above defined function f, each edge uv is identified the label %

(f(u) > f(v)), which are all distinct.

Hence the graph obtained by arbitrary super subdivision of star K1, is a permutation graph. O

3. Conclusion

Permutation labeling is a connection between number theory and graph theory. Here we discuss some graphs satisfying the

conditions of permutation labeling. To investigate equivalent results for different graph families is an open area of research.
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