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In the present paper, we prove some common fixed point theorems of Gregus type for two pairs of self mappings satisfying
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1. Introduction

In the present paper will prove two common fixed point theorems of Gregus type for four mappings which satisfying strict

contractive condition of integral type in metric spaces by using subsequential continuity and compatibility of type (E) due

to Singh et al. [29].

2. Preliminaries

Definition 2.1. Two self mappings A and S of a metric space (X,d) are said to be compatible of type (E), if lim S%z, =
n—oo

lim SAz, = At and lim A%z, = lim ASz, = St, whenever {zn} is a sequence in X such that lim Az, = lim Sz, =t,

n—00

n—oo n——+oo n—oo n—oo

for some t € X.

Remark 2.2. If At = St, then compatible of type (E) implies compatible (compatible of type (A), compatible of type (B),

compatible of type (C), compatible of type (P)), however the converse may be not true. Generally compatibility of type (E)

implies compatibility of type (B).

Definition 2.3. Two self mappings A and S of a metric space (X,d) are A-compatible of type (E), if lim Sz, =
n—oo

lim SAxz, = At, for somet € X. Also, the pair {A, S} is said to be S-compatible of type (E), if lim S%z, = lim SAz, =
n—oo n—o0

n—oo

At, for somet € X.

Notice that if A and S are compatible of type (FE), then they are A-compatible and S-compatible of type (E), but the

converse is not true. Pant[20] introduced the notion of reciprocal continuity as follows:
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Definition 2.4. Self mappings A and S of a metric space (X,d) are said to be reciprocally continuous, if lim ASxz, = At
n—oo

and lim SAz, = St, whenever {z,} is a sequence in X such that lim Az, = lim Sz, =t, for some t € X.
n— oo n— oo n— oo

In 2009, H. Bouhadjera and C. Godet Thobie [6] introduced the concept of subsequential continuity as follows:

Definition 2.5. Two self mappings A and S of a metric space (X,d) is called to be subsequentially continuous if there exists

a sequence {xn} such that lim Az, = lim Sz, =t, for some t € X and satisfy lim ASxz, = At and lim SAz,) = St.

n—r00 n—00 n—00 n—00

Clearly that continuous or reciprocally continuous maps are subsequentially continuous, but the converse may be not.

Example 2.6. Let X = [0,00) and d is the euclidian metric, we define A, S as follows:

24z, 0<z<2 2—x, 0<x<2
, Sz =

=2 >2 20 —2, z>2

Ax =

1
Clearly that A and S are discontinuous at 2. We consider a sequence {xn} such that for each n > 1: x, = —, clearly that
n

lim Az, = lim Sz, =2, also we have:
n— oo n—r oo

lim ASz, = lim A(2 — l) =4 = A(2),
n

n—oo n—oo

lim SAz, = lim S(2—|—l) =2=5(2),
n

n—o0 - n—o0
then {A, S} is subsequentially continuous.
1
On other hand, let {y.} be a sequence which defined or each n > 1 by: y, =2+ —, we have
n

lim Ay, = lim Sy, =2,
n—oo

n—o0o

but

n—oo

lim ASyn — lim A2+ 2) =2+ A(2),
n—oo n

. o 1,
lim SAys, —nler;OS(Zl—i— ﬁ) =6# 5(2),

n—oo
then A and S are never reciprocally continuous.

Definition 2.7. Let f and S to be two self mappings of a metric space (X,d), the pair {f, S} is said to be weakly
subsequentially continuous if there exists a sequence {xn} such that lim Az, = lim Sz, = z, for some z € X and
n—oo n—oo

lim ASz, = Az, lim SAz,) = Sz.
n— o0

n— oo
Notice that subsequentially continuous or reciprocally continuous mappings are weakly subsequentially continuous, but the

converse may be not.

Example 2.8. Let X = [0,8] and d is the euclidian metric, we define A, S as follows:

=, 0<e<4 8-z, 0<z<4
Az = , Sz =
z+1, 4<2<8 r—2, 4<x <8

n

We consider a sequence {xn} such that for eachn > 1 : x, =4 —e™", clearly that lim Az, = lim Sz, =4, also we have:
n—oo n—oo

lim ASz, = lim A(4+e ™) =5,

n—o00 n—00

lim SAz, = lim S(4 — %efn) =4=5(4),

n— o0 n— o0

then {A, S} is S-subsequentially continuous.
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3. Main results

Theorem 3.1. Let A,B,S, T : X — X, be self mappings of a metric space (X,d) such for all z,y in X we have:

<1 u </Od(Ax,By) SO@))’J) </0d<5:c,Ty> cp(t)dt>p y a((/od(Ax,Sw) (p(t)dt)p.(/(;d(By,Ty) <p(1;)dt)p
. (/Od(Sz,By) (p(t)dt)p.(\/olﬂAz’Ty) ga(t)dt)p) +a(/0d<Az,By> @(t)dt)p)
(e ([ s ([ ' ([ o)

()

d(Az,Ty)

where a, o, 8 are non negative numbers such a+B < 1 and ¢ : R — RT is a Lebesgue-integrable function which is summable
£

on each compact subset of RY, non-negative, and such that for each € > 0, / p(t)dt > 0, if the pair {A, S} is wsc and
0

compatible of type (E) as well as {B,T}, then A, B,S and T have a unique common fized point in X.

Proof. Suppose that {A, S} is A-subsequentially continuous, there is a sequence {z,} in X such that lim Az, =

n—r00

lim Sz, = z and lim ASz, = Az, also the pair is compatible of type (E) implies that lim,— . ASz, = Sz, also the
n—oo n— o0
pair {f, S} is compatible implies that lim ASz, = Sz and lim SAz, = Sz, which implies Sz = fz = and z is a coinci-
n—oo n—00
dence point for f and S.
Similarly for B and T, suppose that {B, T} is B-subsequentially continuous so there exists a sequence {y»} € X such
lim Ty, = lim gy, =t,
n—oo n— oo
and

lim BTy, = Bt,

n— o0
also the pair {g,T'} is compatible of type (E) implies

lim BTy, = lim T?y, =Tt

n—00 n—00

and

lim TBy, = lim B%y, = Bt
n—r o0

n—r00

which implies that Bt = T't.

Firstly, we prove Az = Bt, if not by using (1) we get

(14 o)) [ i) <l |
+ 67(0,0, (/Od(Az’Tt) so(t)dt)p, (/O

d(Sz,Tt) d(Az,Tt) d(Az,Bt)

ap(t)dt)p(/od(BuSZ) p(tydt)” +a(/0

d(Sz,Bt) ¢(t)dt)p)

go(t)dt) .

since Az = Sz and Bt = T't, we get:

(/Od(Az,Bt) @(t)dt)p: (/Od({Az},{Bt}) @(t)dt)p
) a(Ad(Az,Bt) o) +ﬂ7‘(0,07 (/O

< (a+ ﬁ)(/od(Az’Bt) go(t)dt)p

d(Az,Bt) d(Az,Bt)

Lp(t)dt)p, (/O

w(t)dt)p
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- (/Od(Az,Bt) (p(t)dt)p,

which is a contradiction, then Az = Bt. Now, we prove z = Az, if not by using (1) we get:

(1 . a(/odmznm) w(t)>p(Ad(Szn,Tt) ¢(t)dt)p cu |:(/O~d(Azn,Szn) (p(t)dt)p‘(/od(m,n) (p(t)dt)p
+(/Od(3t,5xn)(p(t)dt)p.(/od(,qxn,ﬂ) @(t)dt)p +a(/0d(Axn,Bt) (p(t)dt)p

+ﬁ7((/0d(Azn,Szn) S(H)dt)", 0, (/Od(Azn,Tt) @(t)dt)p7 (/Od(sszt)

go(t)dt)p)

letting n — oo, we get:

(1 . a(/od(z,Az) So(t))p(/od(z,Az) ¢(t)dt)p . a(/o
+,6‘T(0,0, (/Od(z’m go(t)dt)p, (/0

d(Bt,z) d(z,Az)

go(t)dt)p

go(t)dt)p.(/od(zjt) go(t)dt))p + a(/o

" o)),

since Az = Sz = Bt, we get

([ ewar) <@ ([T wa) < ([

which is a contradiction, then z = Az = Sz. Nextly we prove z = t, if not by using we get

(1+a(/0d<Axn,Byn)@(t))p)(/Odwxmmn)w(t)dt)p Y [(/Od(Axn,smw(t)dt)p.(/odwyn,:ryn)w(t)dt)p
+( /0 d(Az"’Ty")ga(t)dt)p.( /0 d(BymSzn)Lp(t)dt)p +af /O d(Azn’By")go(t)dt)p

+/BT((/Od(Azn,SIn)gp(t)dt)p’ (/Od(By,,L,Tyn)(p(t)dt)p’ (/Od(Az,,L,Ty,,L) W(t)dt)p7
(" otoa)

d(z,Az) p
e()dt)’,

letting n — oo, we get:

([ e0))(

d(z,t)

@(t)dt)p < a(/od(z,t> Lp(t)dt)p.(/od(z,t) (p(t)dt)p
N a(/od(z,t) c,o(t)dt)p N ﬁ7<(07 0 (/Od(z,t) ¢(t)dt)p, (/Od(z,t) (p(t)dt)p,

and so we have:

d(z,t) d(z,t)

(/Od<z,t) (p(t)dt)p - 0‘(/0

which implies that

cp(t)dt)p + ﬁT((O,Q (/O

d(z,t)

([ ewa) <@sn( [T ewa) < ([T o)

which is a contradiction, then z is a common fixed point for A, B, S and T. For the uniqueness, suppose there is another

fixed point w, by using (1) we get:

(1+a /0 e w(0)")( /0 T Sy < o /0 B wt)an?). ( /0 s p)t)") +a /0

d(Az,Bw)

go(t)dt)p)
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d(Az,Tw) p p
+or(00( [ ca)” ([ pdt)"),
0 0
since z and w are fixed points, get:
d(z,w) P H({z},{w}) P d(z,w) p d(z,w) P
p)dt) = / pt)dt) <(a+p / p(t)dt) < / p(t)dt
([ ewma) = ( )" <@+ [ ewa) < ([T ea)
which is a contradiction, then z = w. O

Theorem 3.1 improves Theorem 2 of Chauhan et al. [7] and some main results of Djoudi and Aliouche [11] and Theorem

2.5 in [25]. If a = 0, we obtain the following corollary:

Corollary 3.2. Let A,B,S, T : X — X, be self mappings such:

(/Od(sz,Ty) (p(t))p _ a(/od(Az,By) ¢(t)dt)p)
+Br((/0d<Az,sm> sD(,g)dt)”, (/O Lp(t)dt)p, (/0 go(t)dt)p7 (/O @(t)dt)p)

where a, B are non negative numbers such a4+ 8 < 1 and ¢ : RY — RY is a Lebesgue-integrable function which defined in

d(By,Ty) d(Az,Ty) d(By,Sz)

Theorem 2.1. Suppose that the pairs {A, S} and {B,T} are A-subsequentially continuous and A-compatible of type(E), then

A,B,S and T have a unique common fixed point in X.

Corollary 3.1 improves Corollary 2 of Chauhan et al. [7] and Corollary 2 in [10].

If we take
T(21, T2, T3, T4) = max{x1, T2, /T123,/T3Ta},

we get to the following corollary:

Corollary 3.3. Let A,B,S and T self mappings of metric space (X,d) such:

(o[ ewn) [ e <ol [ s [ wwan ([T cwan [ ewan)

d(Az,By) d(Az,Sz) d(By,Ty) d(Az,Ty) %
+ a(/ w(t)dt) + (1 — a) max / go(t)dt,/ p(t)dt, (/ godt) .
0 0 0 0

(/Ovd(By,Sac) (p(t)dt)%, (/Ovd(fac,Ty) gp(t)dt)%.(/o'd(Byysx) @(t)dt) %} ’

where 0 < a < 1, and ¢ : RT — RT is a Lebesgue-integrable function which defined in theorem 2.1. Suppose that
(1). the pair {A, S} is A-subsequentially continuous and A-compatible of type (E),

(2). the pair and {B,T} is B-subsequentially continuous and B-compatible of type (E),

then A, B, S and T have a unique common fixed point in X.

Corollary 3.2 improves and generalizes Theorem 2.5 of Pathak and Shahazad in [25].

Corollary 3.4. Let A,B,S and T be self mappings such:

(1+ ad”(Az, By))d"(Sz, Ty) < a [dp(Am, Sz).d”(Bt, Ty) + d”(Az, Sz).d" (Ax, Sm)]

+ ad?(Az, By) + Bt (dp(Ax, Sz),d”(By, Ty),d(Az, Ty), d”(By, S:U)),

if the two following conditions hold:
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(1). the pair {A, S} and {B,T} are subsequentially continuous,

(2). the pair {A, S} is A-compatible or S-compatible of type (E),

(3). the pair {B, T} is B-compatible or T compatible of type (E),

then A, B, S and T have a unique common fixed point in X.

LetA be a set of all continuous function A : R%. — Ry, such A(0,0,z,z,x) = kx, where 0 < k < 1.

Theorem 3.5. Let A, B, S and T be self mappings on metric space (X,d) such for all z,y in X we have:

(ol [ ewan) ) ([ cwa) <[ wwa) ([T ) ([ )
(/Od(Az,Ty) <p(t)dt)p>,(/Odwy’sz)cp(t)dt)p) @)

where A € A and ¢ : RY — R is a Lebesgue-integrable function which is summable on each compact subset of RT, non-

d(Az,Sz)

negative, and such that for each € > 0, [ @(t)dt > 0, assume that the two pairs {A, S} and {B,T} are wsc and compatible

of type (E), then A, B,,S and T have a unique common fized point in X .

Proof.  As in proof of Theorem 2.1 z is a coincidence point for A and S and t is a coincidence point for B and T', where

lim By, =t and lim Az, = z,

n—>00 n—r00

we claim Az = Bt, if not by using (2) we get

(/Od(Az,Bt) (p(t))p _ (/Od(Sz,Tt) @(t)dt)p < 70,0, (/Od(Az,Tt) @(t)dt)p, (/Od(Sz,Bt) @(t)dt)p, (/O

since d(Sz, Bt) < d(fz, gt) and d(Az,Tt) < d(Az, Bt), we get:

(/Od(Az’Bt) w(t))p <AQ.0, (/Od(Az,Bt) Sp(t)dt)p7 (/Od(Az,Bt) <p(t)dt)p, (/Od(Az,Bt) <p(t)dt)P)
d(Az,Bt) P
<t( [ et)
g (/Od(Az,Bt) so(t)dt)p

which is a contradiction, then Az = Bt. Now, we prove z = Az, if not by using (1) we get:

(/Od(sxn’m (p(t)dt)p < (1 +a(/0 so(t)dt)p) (/O @(t)dt)p
< /\((/Od(AZ"’SI") @(t)dt)p7 (/Od(Bt,Tt) <p(t)dt)p, (/Od(Azn,Szn) <p(t)dt)p,
(/Od(Bt,Szn) L,p(t)dt)p, ((/Od(Amn,Bt) gp(t)dt)p)’

d(Az,Bt)

s0ar)’)

d(Azp,Bt) d(Szn,Tt)

letting n — oo, we get

(1 /0 T wma)”)( /0 T par)” < a(0.0.( /0 Y wa” /0 T owan)). /0

d(z,Bt)

p(t)d)?),
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consequently we get

d(z,Az)

([ w0y <a(oa ([ ) ([ e0) ([ a0
:k(/od(z,Az) w(t))p - (/Od(z,Az) @(t))p,

which is a contradiction, then z = Az = Sz, nextly we claim z = ¢, if not by using (2) we get

(ol [ ) )( atar)” <x(( [ sar)’. ([ p(t)ir)”
(/Od(AIMTyn)cp(t)dt)p,(/Od(Bymszn)go(t)dt)p,(/Od(AIMByn)cp(t)dt)p),

d(Szn,Tyn) d(Azn,Szn) d(Byn,Tyn)

letting n — oo, we get

(ool [ ewa)) ([T ewa) <ao ([T ew) ([T ew)),
(o)) < (e

which is a contradiction, then z is a common fixed point for A, B, S and T'. For the uniqueness, it is similar as in proof of

Theorem 3.1. O

Corollary 3.6. For four self-mappings A, B, S and T on metric space (X,d) ,which satisfying for all z,y € X :

(1+ ad’(Az, By))d”(Sz, Ty) < A(d"(Az, Sz),d”(By, Ty), d"(Az, Ty), d"(By, Sz), d"(Az, By)),

if the two pairs {A, S}, {B,T} are A-subsequentially continuous and A-compatible of type (E), then A, B,S and T have a

unique common fized point in X.

Corollary 3.6 improves Corollary 4 in [7] and generalizes Theorem 3.1 of [9].
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