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ABSTRACT

In this paper an attempt has been made to study
thermoelastic problem of a semi- infinite solid circular
cylinder occupying the space D: 0 <r<a, 0<2z <o,
where a radius of semi- infinite solid circular cylinder
The lower face Z=0 and outer curved surface of semi-
infinite solid circular cylinder are maintained at zero
temperature .Initially the temperature of semi-infinite
solid circular cylinder is known . One apply integral
transform techniques to find the thermoelastic solution.
The results are obtained as series of Bessel functions.
Numerical calculations are carried out for semi- infinite

solid circular cylinder of aluminium metal and illustrated
graphically.

Key words: thermoelastic problem, semi- infinite solid
circular cylinder, thermoelastic solution, integral
transform.

INTRODUCTION

As a result of the increased usage of industrial and cons-
truction materials the interest in isotropic thermal stress
problems has grown considerably. However there are
only a few studies concerned with the two-dimensional
steady state thermal stress. Nowacki [1] has determined
steady-state thermal stresses in a thick circular plate
subjected to an axisymmetric temperature distribution on
the upper face with zero temperature on the lower face
and circular edge. Wankhede [5] has determined the
quasi-static thermal stresses in circular plate subjected to
arbitrary initial temperature on the upper face with
lower face at zero temperature. However, there aren’t
many investigations on transient state.
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Roy Choudhuri [4] has succeeded in determining the
quasi-static thermal stresses in a circular plate
subjected to transient temperature along the
circumference of circular upper face with lower face at
zero temperature and the fixed circular edge
thermally insulated. Warsha K. Dange, has studied [6]
two-dimensional transient thermoelastic problem for a
hollow cylinder with internal heat generation and [7]

two-dimensional transient thermoelastic problem of a

investigations, they have not however considered any
z=0

and outer curved surface of semi-infinite solid

thermoelastic problem with The lower face

circular cylinder are maintained at zero temperature
Initially the temperature of semi-infinite solid circular
cylinder is known . This paper is concerned with
transient thermoelastic problem of a semi- infinite
solid circular cylinder occupying the space D: 0<r<a

,0<z <o,

annular disc due to radiation . In all aforementioned

Statement of the problem

Consider the semi-infinite solid circular cylinder whose axis is coincident with z-axis, defined by : 0 <r <aand 0
<z <o, where a radius of solid circular cylinder .The lower face Z =0 and outer curved surface of semi-infinite
solid circular cylinder are maintained at zero temperature .Initially the temperature of semi-infinite solid circular
cylinder is known . Under these boundary and initial conditions the temperature, Goodier’s thermoelastic
displacement potential, the displacement components in the radial and axial directions , dilatation , Michell’s
function , component of the stresses in semi-infinite solid circular cylinder are required to be determined.

The equation for T (r, z,t), the temperature in cylindrical coordinates is:

[e(2) 2]
ror\_ or oz ot
Subject to the initial and boundary conditions
(r)e” at0<z<1

M, (T,1, 0,0) =

0] at z>1,0<r<a @)
M, (T, 0,a)=0, forall 0<Z<oo, t>0 €)
M, (T,1,0,0) =0, forallOSrSa/t>0 (4)

The most general expression for these conditions can be given by

M, (f,k, k,g)=(kf +kf),

Where the prime (") denotes differentiation with respect toV and k is thermal diffusivity of the solid circular
cylinder. @ > O is the constant .

The Navier’s equations without the body forces for axisymmetric two-dimensional thermoelastic problem can be
expressed as

u . 1 G 2@+v) aT

Viu, ——L+ o — =
r 1-2vor 1-2v or
vey 1 0t 20+v) ol ©)
*1-2v0z 1-2v0 ‘az

where U, and U, are the displacement components in the radial and axial directions respectively and the
dilatation e as
ou, u, oau,
e=—- +

&
or r 0z ©)
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The displacement function in the cylindrical coordinate system are represented by the Goodier’s thermoelastic
displacement potential ¢ and Michell’s function M as

o 06 _O°M i
" or oroz’ @
_0¢ o*M
u, +2(1-0) VM -
A VIM - ®
in which Goodier’s thermoelastic potential must satisfy the equation
1+v
\% ¢ ( jatT )
%
and the Michell’s function M must satisfy the equation
V3(V*M)=0 (10)
Where
2
l1o0( 0) 0
V==l r= |+
rorl or) g2
The component of the stresses are represented by the use of the potential ¢ and Michell’s function M as
ZZG{ = MM} )
or? or?
10¢ 1oM
oy =2G -V viM -=Z2
% { ror ¢] ( ror ]} 12
0 0 o°M
O-ZZZZG ¢ -V ¢ — ( )V M——2 , (13)
or? oz oz
and
0°p 0 ERY
=2G{—2+ | 1-v)VIM - = 14
o {a o or [( V) o J} (4

where G and U are the shear modulus and Poisson’s ratio respectively.
The equations (1) to (14) constitute the mathematical formulation of the problem under consideration.
Solution of the problem

Determination Temperature Function T (1, Z,t) :
By applying finite Hankel transform over variable I' to the equations (1) ,(2) and (4) and using (3) to reduce

differential equation in Hankel transform domain and then applying Fourier transform over variable over

variable Z and making use of respective inversion over the heat conduction equation one obtains the
expression for temperature distribution in semi-infinite solid circular cylinder as

T(r,z,t):ﬂ‘al2 n,:=1[3j?((£:ar; ]Eﬂg(ﬂ" (wsmﬁ - B, cosﬁ e’ + [, )dﬂ

[expL—k(u1,” + 8,7t fsin 3,2 (15)

Where 4, are the positive roots of the transcendental equation J,(z,a) =0

ISSN 2322-0015 http:/ /www.irjse.in



http://www.irjse.in/

Dange WK, 2020 309

Thermoelastic solution :
Referring to the fundamental equation (1) and its solution (15) for the heat conduction problem, the solution for
the displacement function are represented by the Goodier’s thermoelastic displacement potential ¢ governed by

equation (9) are represented by

__(1Hv)de § Jo(44,1) [wsing, - B cosp, e’ + B, 1p,
t w
0= ujzzazn,m_l(us+/z§)[Jo'(unao]zI e ¥

2 2y |os
lexplk(u,”+ g5t sin 4,2 (6
Similarly, the solution for Michell’s function M are assumed so as to satisfy the governed condition of equation
9) as

_ (1t < (u,1) K g(ﬂn
Mirz0)= (1—uj n;(wﬂw G B v i [osina = pocosp 5. ot

explk(a” + 4, t[sinn (12 )+ zcosh(ya, ) "

In this manner two displacement functions in the cylindrical coordinate system ¢ and M are fully formulated.

Now, in order to obtain the displacement components, we substitute the values of thermoelastic displacement
potential ¢ and Michell’s function M in equations (7) and (8), one obtains

(boYe w30 T )
T Vo) D Ve e e GRS

lexol—k(u,? + 5,5t | BiN(B2) - (1, + Dcosh(u,2) - gzsimh(u2)] g

— 1+U 4at S ‘]O(zunr) T g(/un) ( : _ 0] 2
e (et Sttt losntn-s.cosnle+ 6.4,
expl—k(,” + 5,0)t] [ﬂmcos(ﬂmz)+[2(1—20)+ﬂn]ynsinh(ynz)+zcosh<unz)] (19)

Thus, making use of the two displacement components the dilation is established as

_[(rv)de Jolwr) 7 g(yn) ( ,
o 1—‘)]”32 n;(ﬂﬂﬁé)[%'(ﬂna)]z! B, clwsing, —p,cosp B+ 4,7 s,

2 2 2 p2y\ai 2\ i 2
oxplk(u, + 4,50t 4 —ﬂm)sm(ﬁmz)wn(z—ﬂn)smh(unz)+(1—2u)un cosh(u2)] @0
Then, the stress components can be evaluated by substituting the values of thermoelastic displacement potential
¢ from equation (16) and Michell’s function M from equation (17) in equations (11), (12), (13) and (14), one

obtains

o, =10 )8aS 5 1 i g(un) ( ,

) 2 G G VS oS b

Bl + A2)sin(B,2)+ 245, coshu )|+ (/Jnr)[ﬂﬁ sin(/3,2)- 1 (1, +1)cosh(,2) - 214 sinhh(,2)
lexpl—k(a,’ + 4,72 .
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" (1—0j ma’ Z(ﬂﬁﬂ )[J "(1,3)]° !ﬂ Flosing, =f,cospuk"+ )dﬂ
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(150806 & adoun) o9l |
Tn (1—uj o a0, T 5.7 (= P05 + L

5, cos(ﬁmz)—uf(sinh(unz)+zcoshwnz))][exp[—k(un +ﬂm2)t] 2

Numerical Results, Discussion and Remarks:

To interpret the numerical computations, we consider material properties of Aluminium metal, which can be
commonly used in both wrought and cast forms. The low density of aluminium results in its extensive use in the

aerospace industry.

Poisson ratio, v 0.281
Thermal expansion coefficient, & (cm/cm-0C) 25.5 x 10
Thermal diffusivity, x (cm?/sec) 0.86
Inner radius, a (cm) 1

Table 1: Material properties and parameters used in this study
In the foregoing analysis are performed by setting the radiation constants, o = 0.7cm, and

set =1
g(r)=5(r—r,)

Equations (15 ) becomes

4 & (), (#nr) —(sing, - p,cosp, ke + 5,7 b,
D= ;1 (35" (@] !

lexpl—k (s, + B,5)t fsin(43,.2) 25)

The derived numerical results from equation (15) to (24) have been illustrated graphically in figures 1 to 9.

Figure 1 represents graph of temperature T (I, Z,t) versus I' for different values of T 1t is observed that
unknown temperature T (I, Z,t) develops tensile stress within semi-infinite solid circular cylinder in the

circular region I =0.5tor =0.7 and develops compressive stress in circular region
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r=0.3tor =0.5% r=0.7tor = 0.9 Iltis also observed that T (I, Z,t) goes on decreasing to

the point I =0.3 then goes on increasing from to I' =0.9 of the semi-infinite solid circular cylinder.

T
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6.00E+05

4.00E+05

2.00E+05

0.00E+00

0{2
-2.00E+05

-4.00E+05
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T t=20sec

" t=15sec

" t=10sec

" t=ssec

-6.00E+05

Fig 1 Graph of T (r, Z,t) versus | for different values of T

Figure 2 represents graph of (I, Z,t) versus I' for different values of T . 1t is observed that o(r,z,1)

develops tensile stress within semi-infinite solid circular cylinder in the circular region I = 0.4tor = 0.7

and develops compressive stress in circular region I = 0.7t0r = 0.9. It is also observed that ¢(r, z,t)

goes on increasing to ' =0.4 & from I =0.9 of the semi-infinite solid circular cylinder.

o(r,z,1)
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1.20E+09
1.00E+09
8.00E+08
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-2.00E+08 0
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Fig 2 : Graph of ¢(r, Z,t) versus I' for different values of €

t=25 sec

t=20sec

t=15sec

t=10sec

t=5s5ec

Figure 3 represents graph of M (I, z,t)versus I' for different values of T . 1t is observed that M (r,z,t)

develops tensile stress within semi-infinite solid circular cylinder in the circular region I = 0.4tor = 0.8

. Tt is also observed that M (I, z,t) goes on increasing to I =0.4 & decreasing from

infinite solid circular cylinder.
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Fig 3 : Graph of M (I, z,t) versus I' for different values of €

Figure 4 represents graph of U, versus I' for different values of T It is observed that unknown u,
develops tensile stress within semi-infinite solid circular cylinder in the circular region I = 0.4tor = 0.8
. Itis also observed that U, goes on increasing to I =0.4 & from I =0.8 of the semi-infinite solid circular
cylinder.

2.50E+15 tos sec
Z/}' t=20sec
2.00E+15

t=15sec
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0.00E+00
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-2.50E+15

t=10sec

Fig 4 : Graph of u r versus I' for different values of T

Figure 5 represents graph of U, versus I' for different values of T 1t is observed that U, develops
compressive stress within semi-infinite solid circular cylinder in the circular region I = 0.6tor = 0.8 . 1t

is also observed that U, goes on increasing to I =0.4 then & from I=0.4 to r =0.6 value of U, is

z
approximately equal to zero of the semi-infinite solid circular cylinder.
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Fig 5 : Graph of u 7 versus | for different values of t

Figure 6 represents graph of O, versus I' for different values of T 1t is observed that O i+ develops

compressive stress within semi-infinite solid circular cylinder in the circular region I = 0.4tor =0.8 . It

is also observed that O, goes on increasing to I =0.3 & then from I =0.8 O, goes on increasing of the
semi-infinite solid circular cylinder.

55.00E+08

t=25 sec

4.00E+08 tra0sec
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t=5sec
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Fig 6 : Graph of O, versus I' for different values of T

Figure 7 represents graph of O gg versus I for different values of T . 1tis observed that O oo develops

tensile stress within semi-infinite solid circular cylinder in the circular region I = 0.3tOr = 0.6 and
r=0.7tor =0.9 . 1t is also observed that O, goes on increasing to I =0.3 & then from r=0.8

O, goes on decreasing in the semi-infinite solid circular cylinder.
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Fig 7 : Graph of O gy versus I' for different values of T

Figure 8 represents graph of O, versus I for different values of T . It is observed that O ,; develops

compressive stress within semi-infinite solid circular cylinder in the circular region approximately

r =0.44tor =0.8 . 1t is also observed that O,, goes on increasing to I =0.3 value of O, is

approximately equal to zero from I =0.3tor =0.44 & r =0.8tor = 0.9 & then O, goes on

decreasing in the semi-infinite solid circular cylinder.
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Fig 8 : Graph of O ,, versus I' for different values of T

Figure 9 represents graph of O, versus I' for different values of T . It is observed that O 7 develops
tensile stress within semi-infinite solid circular cylinder in the circular region.It is also observed that O, goes

on increasing to F =0.4 & then from I'=0.6 O, goes on decreasing in the semi-infinite solid circular

cylinder.
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Fig9: Graph of O, versus I for different values of t

CONCLUSION

In this study one treated the two-dimensional
solid
circular cylinder. Under given initial and boundary

thermoelastic problem of the semi-infinite

conditions the temperature , Goodier’s thermoelastic
displacement potential, the displacement components
in the radial and axial directions , Michell’s function,
component of the stresses in semi-infinite solid
circular cylinder have been determined with the help
of Hankel
techniques.

transform and Fourier transform

The results are obtained as series of Bessel’s functions
in the form of infinite series. Moreover, by assigning
suitable values to the parameters and functions in the
equation of temperature expression of special interest
can be derived for any particular case. and illustrated
graphically.
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