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Работа посвящена разработке методологии построения модели ло-
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Problem statement. The study deals with the devel-
opment of a methodology for constructing a logistics system 
model. It begins with examining a simple system of reservoirs, 
and further, as a result of a consistent refinement of the model, 
a transition to more realistic logistics systems is carried out. 
The idea of reservoirs in considering logistics systems was 
proposed by J. Forrester in the 50s of the last century [1]. 
However, Forrester himself, omitting the stage of analyzing 
the simplest systems, immediately began to apply this idea to 
complex types of enterprises engaged in production and mar-
keting activities.

 The practice of using this approach in scientific re-
search as well as for educational purposes encounters a certain 
amount of mistrust on the part of both scientific and student 
community. A frequently asked question is the following, “How 
do the results obtained in calculating the proposed model cor-
relate to experimental data for real enterprises”. But what is an 
experiment on an economic system? First, this experiment is 
usually extremely expensive. In addition, no experiment on a 
real-life economic system can be repeated twice, and there-
fore it does not make sense to conduct it once. In scientific 
research, experiment is very important and, ultimately, experi-
ment plays a decisive role in verifying any theory. But in the 
course of the proving most of scientific provisions, researchers 
try not to resort to experiment since usually a particular case 
can be verified in an experiment, and the theory always strives 
for the most general conclusions. For example, the well-known 
rule of addition of two forces, the so-called “parallelogram law”, 
which is sometimes presented as an experimental fact in the 
school curriculum, was actually obtained as a result of a series 
of consecutive logical reasoning, the so-called “thought experi-
ments”. 

The starting point of this reasoning was knowledge of 
the frictional force acting on the body on an inclined plane. 
The magnitude of the frictional force itself, which can easily 
be determined experimentally, was determined by T. Stevin as 
a result of a “thought experiment” as well [2]. When measur-
ing the frictional force, it is important to determine not only 
its absolute value but also the functional dependence on the 
inclination angle of the plane. To perform the second task ex-
perimentally is quite difficult since the functional dependencies 
that will give almost identical results are virtually unlimited. To 
be fair, it should be noted that in science there are cases when 
rather complex laws were established experimentally, e.g., the 
formula of the force acting on a current carrying conductor in a 
magnetic field (Ampere’s force law). The formula for this force 
was developed by Ampere when performing four of his famous 
experiments [3]. Although, it should be noted that he carried 
out these experiments only to confirm his ingenious guesses 
about the nature of electromagnetic interactions.

Analysis of recent publications on the problem stud
ied and identification of the parts unsolved. Presently, much 
attention is paid to the problems of modeling and management 
of logistics systems [4 - 12]. It is noted that today many issues in 
the management and design of logistics systems remain theo-
retically and practically unsolved [4]. Servicing the resources 
of operational activities of industrial enterprises and strategic 
measures for their development is transforming from quantita-
tive to qualitative, which causes the emergence of new models 
of the management system [5]. In work [6], research methods 

based on the use of mathematical tools are proposed. In par-
ticular, this approach is applied to modeling development of 
the management system of an industrial enterprise [7]. Work 
[8] presents a model for optimizing an enterprise’s activities 
through the use of more universal resources by expanding 
their functions in order to increase the total amount of finished 
goods.

In [9–11], it is noted that logistics activities take place in a 
very dynamic environment, and the state of the logistics system 
should be constantly checked, analyzed and evaluated. Study 
[12] deals with an important and at the same time complex 
problem – the process of designing logistics systems, which is 
one of the key components of an enterprise’s performance.

However, the considered works pay too much attention 
to particular details that are characteristic only for a particular 
logistics system under study, while the logic of the function-
ing of a logistics system and internal connections remain in the 
shadow of specific functions and tasks that are solved by this 
particular logistics system.

In the work, the focus is not on individual functions of 
the logistics system but on the construction of the entire logis-
tics system as an interconnected and interdependent system of 
components (links).

The aim of the research is the development of a meth-
odology for constructing a logistics system model.

1. Constructing a balanced logistics system of an enter-
prise.

1.1. Constructing and analyzing a simple model of the 
logistics system.

We will begin building a simple logistics system model 
by applying J. Forrester’s idea of reservoirs (or levels) and the 
flows into and out of any reservoir (which are characterized 
by rates). To designate the reservoir levels, we will use capital 
English letters, the flow rates – lowercase letters. Levels can be 
the amount of products/goods or raw materials. Rates are the 
speed of increase (decrease) in the corresponding quantity of 
products/goods or raw materials.

Let us consider an enterprise’s logistics system (produc-
tion-distribution system – using the terminology of J. Forrest-
er) presented in Fig. 1. 

The system includes nine components  – four reservoirs 
and five transport links Трj (j = 1–5). We will build a discrete 
time model. The time variable i  determines the whole-number 
values within the interval [0; T] (I = 0, T). As usual, we will 
choose T = 365 (a year). 

Based on Figure 1 we will define the key variables de-
scribing the logistics system: 

qi – flow of raw materials to the raw material warehouse 
(the number of units of raw materials that enter the raw mate-
rial warehouse in ith period);

Xi – level of raw material inventory at the raw material 
warehouse (the number of units of raw materials at the raw ma-
terial warehouse) in the ith period;

xi – flow of raw materials out of the raw material ware-
house in the ith period;

Yi – level of work in progress inventory (it is determined 
by the enterprise’s work equipment, and in turn determines its 
production capacity);

yi – flow of the products manufactured (the number of 
production units manufactured in the ith period;
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Fig. 1. Scheme of the enterprise’s logistics system (LS)

Si – level of inventory at the wholesale warehouse (fac-
tory warehouse – using the terminology of J. Forrester) in the 
ith period;

soi – flow of goods from the finished goods warehouse to 
retailers in the ith period;

Ri – level of inventory at retail in the ith period;
ri – sales flow in the ith period;
Vi – level of inventory in the hands of the consumer (not 

consumed yet) in the ith period;
Qi  – number of potential consumers in the ith period.
We will define a unit of raw material as the amount of the 

raw material required for manufacturing a production unit.
Now a mathematical model of reservoirs that simulates 

the operation of the logistics system can be written as a system 
of equations:
 Xi + 1 = Xi + qi – xi, (1)

 1 ,i
i

X
x

tX+ =  (2)

 Yi + 1 = Yi + xi – yi, (3)

 1 ,i
i

Y
y

tY+ =  (4)

 Si + 1 = Si + yi – soi, (5)

 1 ,i
i

S
so

tS+ =  (6)

 Ri + 1 = Ri + soi – ri, (7)

 1 ,i
i

R
r

tR+ =  (8)

 Vi + 1 = Vi + ri – ki  ∗ Vi. (9)
In equation (9), the parameter k1 stands for the rate of 

the product consumption. 
To determine the net operating profit of the enterprise, 

we will apply the following formula:

 

(1 ) [(1 )
2 ],

i i i

i i

M kp kad p r p c yp
k S z Rm Pq q

= − ∗ − ∗ ∗ − ∗ ∗ −
− ∗ − ∗ − ⋅

 (10)

where c is the share of the prime cost in the price for prod-
ucts;  p is the price for a production unit; k2, z are the costs for 
the storage of a production unit during one period at retail and 
wholesale warehouse, respectively; kp is the income tax rate; 
kad is the value-added tax rate; Pq is the price for a unit of raw 
material.

Task 1. Assuming that the raw material purchase is con-
tinued qi =3.2 for all periods (i = 0.365) during the year, and 

based on the following values of the parameters in the system 
of equations (1) – (9):

Constants: 
k1 = 0.33, tX = 10, tY = 8, tS = 20, tR = 18,

Initial values: 
 x0 = 0, y0 = 0, so0 = 1, r0 = 1, X0 = 0, Y0 = 0. (11)

S0 = 0, R0 = 0, V0 = 0,
 1) to determine the behavior of the key economic 

indicators of the logistics system;
2) to explain the behavior of the key economic 

indicators.
Solution.
1)  We perform mathematical calculations for system 

(1)  – (9) in the Mathcad15 environment. The behavior of the 
key economic indicators of the logistics system is calculated us-
ing the values of the parameters given in (11). We present the 
behavior of the key economic indicators of the logistics system 
in Figures 2 – 5.
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Fig. 2. Behavior of basic rates of the LS
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Fig. 3. Behavior of basic levels of the LS

2) Explanation of the behavior of the key economic indi-
cators. Figure 2 shows that the increase in the production rate yi  
exceeds that in the delivery rate soi, whose growth is faster than 
that of the sales rate ri. This correlation of rates is understand-
able. All rates close to the 140th period reach the rate of raw 
material purchase qi = 3.2  (as it must be in case of a  balanced 
logistics system). Figure 2 demonstrates that the raw material 
warehouse Xi  is the first to reach its maximum, then follows 
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the wholesale warehouse Si, and retail inventory Ri reaches its 
peak value by the 120th period. After reaching their maximum 
values, the levels stop changing. It is the result that is desirable 
for any enterprise – stable operation after the end of the initial 
transitional period. 

Thus, despite the extremely simplified model of the res-
ervoir system, this logistics model allows to correctly display 
some of the main features of any logistics system. 

As seen from Figure 4, the increase in the stock of raw 
materials occurs earlier than that in the level of work in prog-
ress inventory. In the general case, this is how it must be in 
a  real enterprise. Figure 5 explains why the sequence of chang-
es in these levels takes place. Raw material purchase starts from 
the very beginning of the project, while supplies of raw materi-
als to production gradually increase from zero to the rate of raw 
material purchase. 

This lag can be explained by the fact that in case with the 
raw material warehouse it takes some time to account the raw 
materials that arrive and to form the batches of raw materi-
als that are sent to production. Since, as a rule, raw materials 
comprise several ingredients, the fulfillment of orders of the 
production component will be simpler (and faster) if the raw 
material warehouse is fully loaded. 

This can be seen from the comparison of Figure 4 and 
Figure 5. It is at the moment when the raw material inventory 
Xi  reaches its maximum that the rate of delivery of raw mate-
rials to production becomes equal to the rate of raw material 
purchase. 

Similar considerations also explain the behavior of the 
production rate (Fig. 6). If the project begins, as we assume, 
with zero capacity utilization Y0 = 0, it takes a certain amount of 
time for the production to reach its planned capacity. 

Figure 4 and Figure 6 show that the level of work in prog-
ress inventory Yi and the production rate yi reach their peak 
simultaneously. The level of work in progress inventory char-

acterizes the capacity utilization. It is clear that at full utiliza-
tion of all links of production the production capacity will be 
maximum.
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Fig. 6. Behavior of the production capacity

Figure 7 demonstrates the behavior of the inventory level 
in the hands of the consumer. The behavior of the value, as can 
be seen from equation (9) is completely determined by the be-
havior of the sales flow rate (Fig. 8).

Figure 9 illustrates the dependence of the net operating 
profit on time.

Figure 9 shows that at the beginning of the operation the 
profit is negative. This feature is characteristic for the initial pe-
riod of any project. 
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Fig. 9. Behavior of the net operating profit of the enterprise 

The solution of the problem is complete.
It is worth noting that our consideration, based on an 

extremely simplified logistics system model, is only prelimi-
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Fig. 4. Comparison of the behavior of the inventory level Xi with 
the behavior of the level of work in progress inventory Yi
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nary. Further, the model will be refined stage by stage. But in 
Problem 1, only general properties of logistics systems are 
considered. 

These properties will also take place in the following 
more realistic models. 

1.2. The first refinement of the reservoir model: account-
ing for the number of potential consumers.

The first drawback of the simple reservoir model is that 
it does not reflect the demand for the product, i.e., it does 
not include the number of potential consumers of the pro-
duct Q. 

This drawback can be eliminated if the formal equation 
(8) of the reservoir model is replaced by a more meaningful 
from an economic point of view equation that reflects the real 
economic nature of the sale of goods. The refinement is pro-
posed in [13]:

 1 ( ),i i i ir n R Q V+ = ⋅ ⋅ −  (12)

where ri  is the sales rate of goods (units per time period) in the 
ith period; n  is the parameter determined by the average sales 
level for the previous quarter (or year); Ri is the inventory level 
at retail in the ith period; Q is the number of potential consum-
ers in the ith period; Vi  is the inventory level in the hands of the 
consumer (not consumed yet).

Problem 2. Considering the consequences of the first 
refinement of the reservoir model. Additional parameters for 
making calculations by formula (12) are determined as fol-
lows:
 n = 1.305 10–4, Qi = Q = 500. (13)

Now the behavior of the values shown in Figure 2 and 
Figure 3 will look like that in Figure10 and Figure 11, which 
demonstrate only the first 150 periods, since then the system 
starts working in a steady-state mode. 

3.52
2.812

2.112
1.408
0.704

0

r i

yi

soi

50 0 100 150 i

Fig. 10. Behavior of the basic rates of the LS
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Fig. 11. Behavior of the basic levels of the LS

From the comparison presented in Figure 2 and Figure 
10, we see that the behavior of Ri has undergone the greatest 
change. Using formula (10), we will calculate the behavior of 
the net operating profit for this case (Fig. 12).

The solution of the problem is complete.
Formula (12) makes it possible to take into account the 

demand for products since it contains the potential number of 
their consumers. It also allows to determine the effect of adver-
tising on the enterprise’s production efficiency. 
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Fig. 12. Behavior of the net operating profit

1.3. The second refinement of the reservoir model: ac-
counting for the requirement of maximum possible inventory 
level at retail.

The enterprise’s chief executives decide to attract a re-
tail network with a maximum capacity of Rm  (units) to sell 
products. 

At the same time, they put a requirement for managers: 
to organize the work of the logistics system so that to ensure 
maximum possible utilization of the retail network in order not 
to lose potential sales revenue. Thus, requirement can be met if 
the transport link Тр4 (Fig. 1) will provide the rate of delivery 
in accordance with the formula: 
 

 1

,

1 ,

i

i i
i

y if i ty
so Rm R

r otherwise
Rm

+

<
= −  ⋅ +   

 (14)

Formula (14) demonstrates that the priority task in the 
initial periods of operation (0 < i < ty)  is to fill the retail network 
with products. Formula (14) means that under the established 
operating mode (i > ty)  the quantity of goods that must be 
transported in the (i + 1)th period is determined by the quantity 
of goods sold in the ith period ri as well as the level of utilization 
of the retail network Ri in the ith period.  

Problem 3. Assuming that the daily purchase equals  
q0 = 3.5 and taking Rm = 50, calculate the behavior of all the 
basic characteristics of the logistics system for this maximum 
capacity of the retail network and explain the differences from 
the previous cases. 

If we apply for the calculations instead of formal equa-
tion (6) equation (14) and chose the daily purchase equal to  
qi = 3.5, we will obtain the results presented in Figure 13 and 
Figure 14.
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Fig. 13. Behavior of the basic rates of the LS
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Fig. 14. Behavior of the basic levels of the LS

Separately, we calculate the behavior of the inventory 
level at retail (Fig. 15).
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Fig. 15. Behavior of the inventory level at retail Ri at reaching its 
maximum value Rm

The situation shown in Figure 15 is desirable for any en-
terprise. The total net operating profit calculated by formula 
(10) for the whole project period T = 365 is

 37,5.iM =∑  (15)

The solution of the problem is complete.
Such a low value of the net operating profit received 

from the project is explained by the fact that in each period of 
the project duration (0; 365) the production rate yi exceeds the 
rate of sales of goods ri (Fig. 13), which leads to a monotonous 
increase in the inventory level in the wholesale warehouse, as 
can be seen from Figure 14. Of course, this product will also be 
sold sometime, but it may have to be sold with some (possibly 
significant) price reduction. 

1.4. The third refinement of the model. Accounting for the 
limited storage capacity.

Thus, we obtain a logistics system model, which is defined 
by the system of equations (1) – (5), (9), (12) and (14). The work 
of the logistics system in accordance with the indicated equa-
tions will lead to the behavior of its basic levels that is shown 
in Figure 14. In this case, by the time the project is completed 
(i = T =365), the inventory level at the warehouse will equal  
ST = 109,5 units. However, firstly, it may not be profitable for 
the enterprise to have significant storage facilities, and sec-
ondly, to have large stock of finished products in the wholesale 
warehouse by the end of the project does not make sense either. 
If, e.g., the maximum capacity of the wholesale warehouse is  
Sm = 90, then, in order to account for this limitation, the en-
terprise management must take some measures. There are two 
obvious possibilities: 1) reducing the daily purchase of raw ma-
terials q0; 2) increasing the sales rate ri. We will consider each of 
these possibilities. Let us assume that the decision to decrease 
the daily purchase from 3.5, e.g., to 3.2 is taken. In this case, the 

behavior of the levels calculated in accordance with the model 
will be as shown in Figure 16. Thus, the total net operating 
profit calculated by formula (10), for the whole project period  
T = 365 will equal

 975.iM =∑  (16)
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Fig. 16. Behavior of the basic levels of the LS with qo = 3.2

Another possibility to avoid overfilling warehouses is to 
increase the sales rate. Since, in accordance with formula (12), 
the sales rate ri directly depends on the inventory level at retail 
Ri, a growth in the sales rate can be achieved by increasing the 
inventory level at retail. For this purpose, new outlets can be 
created or contracts concluded with operating shopping cen-
ters for selling goods manufactured by the enterprise. We as-
sume that the increase in the maximum level of inventory at 
retail occurs simultaneously in the period tR:

 
1

,
,

,i

Rm if i tR
Rv

qR Rm otherwise+

<
=  ⋅

 (17)

where tR is the period of expanding the retail network; qR is the 
coefficient of retail network increase.

The task has tree new parameters: q0, tR, qR. It is obvi-
ous that these parameters should be determined in solving the 
optimization problem:

 
( 0, , ) max .iF q tR qR M= →∑  

(18)

Optimization problem (18) should be solved accounting 
for the limitations that are presented as the system of equations 
(1) – (5), (9), (12) and (17) that defines the operation of the 
logistics system. The solution of optimization problem (18) will 
be as follows:

 

0 3.4
194.8 , 1037.
1.15

q
tR F
qR

   
   = =   
      

 (19)

When calculating the economic result (19), the costs of 
creating additional outlets were not taken into account. Op-
timal solution (19) leads to the following behavior of the ba-
sic economic indicators of the logistics system (Fig. 17 and  
Fig. 18).

As seen from Figure 18, until the 194th period, the inven-
tory level at the wholesale warehouse increases since the sales 
rate ri within the time interval (0; 194), i.e., before the expansion 
of the retail network Ri, is lower in comparison with the pro-
duction rate yi (Fig. 17). But after increasing the retail network 
Ri (i.e. for i > 194), the correlation of the sales and production 
rate reverses ri > yi, as can be seen from Figure 17. This circum-
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stance leads to a decrease in the finished products inventory at 
the wholesale warehouse. Let us consider separately the behav-
ior of the inventory level at retail (Fig. 19).
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Fig. 19. Behavior of the inventory level at retail for optimal 
solution (19)
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Fig. 20. Behavior of the daily profit for optimal solution (19)

Figure 19 demonstrates that within each of the time in-
tervals (0; 194) and (194; 365) the inventory level at retail Ri 
reaches the maximum level Rvi of each interval. Figure 20 dem-
onstrates the behavior of the daily profit for optimal solution 
(19). As seen from the figure, in the initial periods, the profit is 
negative, as it is supposed to be. Moreover, it can be seen that 
increasing the level of inventory at retail Ri in the 194th period 
results in an increase in the daily profit. Now the enterprise’s 
chief executives must analyze whether the economic effect of 
creating new outlets for selling the goods will be greater than 
the cost of creating them.

1.5. The fourth refinement of the model. Limiting the time 
of raw material purchase

As Figure 14, Figure 15 and others demonstrate, by the 
time the project is completed, either previously purchased 
raw materials or finished products remain at the warehouse. 
It is clear that it makes no sense for the enterprise to contin-
ue purchasing raw materials up to the end of the project. The 
raw material purchase should be ceased at a certain point Tq  
(Tq < T = 365). 

Thus, the system of equations (1) – (5), (9), (12) 
and (17) describing the logistics system model should be 
supplemented by another equation:

 1

1,
0 ,

0,i

if i Tq
q q

otherwise+

<
= ∗


 (20)

Now, the problem, along with the three parameters 
q0, tR, qR, has one more new parameter Tq.  All the four 
parameters must be determined when solving the optimization 
problem:

 ( 0, , , ) max .iF q tR qR Tq M= →∑  (21)

Optimization problem (21) should be solved 
accounting for limitations that are defined by a system of 
equations (1) – (5), (9), (12), (17) and (20).

Optimization problems (18) and (21) in their formulation 
are similar to Pontryagin’s maximum principle used in optimal 
control theory [14]. To solve them, the author developed a 
method for computation of optimization problems of this 
class.

The solution of optimization problem (21) will be as 
follows:

 

0 3.3
195.5

, 1363.
1.1
317

q
tR

F
qR
Tq

   
   
   = =
   
      

 (22)

The economic result in this case exceeds the economic 
result in (19) by 31.4 %. Thus, due to ceasing the purchase of raw 
materials at Tq = 317, i.e., 48 days before the end of the project, 
a significant economic effect is obtained. But discontinuing the 
raw material purchase does not require any additional costs. 
This result proves the importance of creating mathematical 
models of logistics systems. 

Behavior of the basic rates of the LS for optimal solution 
(22)
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Fig. 21. Behavior of the basic rates of the LS 
 for optimal solution (22)
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Fig. 17. Behavior of the basic rates of the LS  
for optimal solution (19)
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Fig. 18. Behavior of the basic levels of the LS 
 for optimal solution (19)
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Fig. 22. Behavior of the basic levels of the LS  
for optimal solution (22)

Figure 23 demonstrates the behavior of the daily profit 
for optimal solution (22). The sharp increase in profits after the 
317th period is due to the cessation of raw material purchase.
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Fig. 23. Behavior of the daily profit for optimal solution (22)

Discussion. Above, one of the possible ways to refine 
reservoir model (1) - (9) was developed for the logistics sys-
tem that is schematically shown in Figure 1. However, Figure 1 
demonstrates only the simplest logistics system. Real logistics 
system can have a much more complex structure. Moreover, the 
logistics system has a wide range of priorities that may greatly 
differ, depending on the goals of the enterprise’s management. 

This means that there are many possible ways to con-
struct an initial reservoir model as well as many ways to refine 
the initial model. Actually, in practice, there is no need to liter-
ally build the initial model and go through all phases of refin-
ing it. Usually, the model is built immediately and is aimed to 
fully reflect the aspects of the enterprise’s operation that are of 
interest for the researcher. However, the methodology for the 
phased analysis and refinement of the model developed above 
will be useful for constructing and refining any logistics system 
model. 

Since one of the parameters in equation (12) is the num-
ber of potential consumers of products, the model makes it 
possible to take into account the effect of advertising on the 
enterprise’s production efficiency.

Conclusions. The article presents a methodology that 
allows constructing a logistics system model as a result of con-
sistent consideration of the most important functions of the 
logistics system. The methodology is universal and applicable 
for any theoretical study of logistics systems. 
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