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Introduction [2-5, 9, 11, 16-20], homotopy perturbation method
The recent years have seen significant (HPM) [1, 2, 6-8, 10, 12, 14, 16, 18, 19], Adomian
development in the use of various methods for the decomposition method (ADM) [13, 14, 16-19,
numerical, approximate and analytic solution of the homotopy analysis method (HAM) [16-19] etc. [16-
linear and nonlinear integro-differential equation. 19]. Linear and Nonlinear phenomena play an
Over the last decades several analytical/approximate important role in varios fields of science and
methods have been developed to solve linear and engineering, such as chemical kinetics, fluid
nonlinear integro-differential equations. Some of dynamics, engineering problems and biological
these techniques include variational iteration method models. Most models of real life problems are still
[ ]
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very difficult to solve. There-fore, approximate-
analytical solutions such as homotopy perturbation
method, Adomian decomposition method, variational
iteration method etc were introduced [11, 14, 15, 18,
19]. These methods is the most effective and
convenient ones for both linear and nonlinear
equations. The aim of the present paper is to
implement the Adomian decomposition method and
variational iteration methods for to an approximation
and exact solution the Fredholm integro-differential
equation.

Formulation of the problem.

The aim of the present paper is to implement the
Adomian decomposition method and variational
iteration methods for to an approximation and exact
solution the Fredholm integro-differential equation.

The mathematical formulations of many
physical phenomena result into integro-differential
equations. The standard ith order Fredholm integro-
differential equation is of the form

yO (x) = f(x) +? K(x,5)F(y"(s))ds, ()

i d’ _
where Yy (x) = dY : yO(x) indicates the i-th order
X

derivative of y(x); Y(0),Y'(0),..., y'™(0) are the
initial conditions; F — is a nonlinear function, K(x, s)
is the kernel and f(x) is a function of x; y(x) and f(x)
are real and can be differentiated any number of times
for x € [a, b] [14, 15].

Problem solving techniques.

Basic idea of Adomian decomposition method.

We usually represent the solution y(x) a general
nonlinear equation in the following form Ly(x) + Ry(x)
+ Ny(x) = f(x), were L, R — a linear operator, N - a
nonlinear operator, f(r) — a known analytic function.

X
Invers operator L with L™ = j(-)dx. Equation can
0]
be written as y(x) = L[f(x)] — L[Ry(X)] — L*[Ny(X)].
The decomposition method represents the solution of
equation as the following infinite series

[e 0]
y(X) = > Yn(X). The nonlinear operator Ny = g(y)
n=0

o0
is decomposed as Ny = > A,(X). Where A, are

n=0
Adomian polynomial which are defined as,

Ay =£d—g[ f fmym(x)} n=012,...
é=0

n! d fn m=0
Therefore, we have
y= %yn(x): L‘l(f)—L‘l[%yn(X)]—L‘l[%FM(X)]

. Consequently, it can be written as, y, = L(f),
¥ = L (R(yo) - L™H(A),
Yo =L (R(y) - LHA).....

Consequently the solution of (1) in a series form
0

follows immediately by using y(X) = > y,(X).
n=0

As indicated earlier, the series obtained may yield the
exact solution in a closed form, or a truncated
m

D> Yn(X) series may be used if a numerical
n=1
approximation is desired.

Basic idea of variational iteration method.

The correction functional for the integro-
differential equation (1) is

Yo () = ¥a () + | /1(5)[3/“)(5) - 1(&)+] K(é,S)y(S)dS}df- @

As presented before, the variational iteration
method is used by applying two essential steps. It is
required first to determine the Lagrange multiplier
A(¢) that can be identified optimally via integration by
parts and by using a restricted variation. Having (&)
determined, an iteration formula, without restricted
variation, should be used for the determination of the
successive approximations yn+1(x), n > 0 of the
solution y(x). The zeroth approximation yo can be any
selective function. However, using the given initial
values y(0),y'(0),...are preferably used for the

selective zeroth approximation yo as will be seen later.
Consequently, the solution is given by

Y09 = limy, (x).

In the following examples, we will illustrate the
usefulness and effectiveness of the proposed
techniques.

Illustrative Examples.

The following are examples that demonstrate the
effectiveness of the methods.

Example 1. Consider third- order Fredholm
integro-differential equation [14, 15]

1
y"(X)=1-e+e* +.|‘y(s)ds,
0

with initial conditions y(0) = y'(0) = y"'(0) =1,

the exact solution is y(X) =e”.
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Application of Adomian decomposition method. l1-e 3
[} yo(X) = ﬁ X" +e ,
Using y(X)= > ¥,(X) and the recurrence (34
) . n=0 ) ~23(1-¢) 3
relation we obtained: we start by setting the zeroth Y1 (X) = — X
I
component  yg(X)=1—e+e*, so that the first (3) 4
a0 =~ 22,
component is obtained by Yi(X)= ij (s)ds; (3YH 42

y2(x) = f yi(s)ds:

integral

. Applying the three-fold

L? defined by,
L_l(-) = ”j(.)dxdxdx , and using the given initial
condition we obtain

operator

B 1
y(x) = 183 e +lx3j y(s)ds.
6 6

Hence, taking
conditions, we have

into account the boundary

x)2
2

Yot (9 = Y 00— | &=
0

We start by setting the zeroth component
2

Yo (X) = y(0) +xy'(0) +X

That will lead to the foIIowmg successive
approximations:

yl(X)zeX+(g—§jx3;
YZ(X)ZGX+(5—14—ﬁjx3;
ys(X)=9X+($—34—656jX3;
If Y1(X)=ex+(g—§j 3 ~eX, then
Yo(X)=€%; ys(x)=¢e*; ...

So we obtain the following approximate
solution y(X) = lim y,(X) =e*, which is the
N—o0

2
y"(O) 1+x+ X?

exact solution of the problem: y(X) =e* .

Example 2. Consider third- order Fredholm
integro-differential equation [14, 15]

[ "(S)+CoSS—S— sj y"(p)dp |d

This gives the solution in the series form
y(x)= Zyn(X) e +(1-e)x° 2(3 n+14n

Appllcatlon of variational iteration method.
Making Y,,1(X) stationary with respect to

X

Yn(X), we can identify the Lagrange multiplier,

which reads A = —(s—X)? / 2. So we can construct
a variational iteration form for (2) in the form:

wl2

y"'(x) =—cosx+x+ [ xy"(s)ds,
0

7l2

with initial conditions
y(0) =0, y'(0) =1, y"(0) =0, the exact
solution is y(X) =sin X.

Application of Adomian decomposition method.

o0
> Yy (X) and the recurrence
n=0
relation we obtained: we start by setting the zeroth

component Yy (X) =—C0OSX+X, so that the first
l2

component is obtained by Y{(X) = X f Yo(s)ds;

Using Yy(X) =

7l2
y5(X) = X f y{(S)ds ; ... . Applying the three-fold
integral operator L? defined by,

L™ () = [ [ ()dxdxdx, and using the given initial

condition we obtain
4 4 zl2
y(x) =sin SSTRT] j y"(s)ds.
Hence, taking into account the boundary

conditions, we have
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ST S S S S HL NN ST SIS DU SV L}
YolX)= TR 24" 11520 7 ' 72 1152 55206

This gives the solution in the series form
Z R T R S S SR RS S-S NN S-S R
y(X)=2 Yp(X)=sinx+—=xX"——X"+—X"7° ————X"7" + X'7w” —..=sinX.
n—0 24 24 1152 1152 55296

Application of variational iteration method.

) ) ) which reads 4 =—(5— X)2 / 2 . So we can construct
Making Y,,,1(X) stationary with respect to

a variational iteration form for (2) in the form:
Yn(X), we can identify the Lagrange multiplier,

X (a_ v)2 712
Yo () = Yo ()~ [ € ZX) { "(s)+c0SS S5 | y"(p)dp}ds
0

We start by setting the zeroth component component  Y§(X) =sinXx—X, so that the first
2
— ’ X~ or _ zl2
Yo(x) = y(0) +xy'(0) + 2 y'(0)=x. component is obtained by Y7(X) = —X I syp(s)ds;

That will lead to the following successive
approximations: zl2
. 1 4 . . y5(X) =—X _f sy;(s)ds ; ... . Applying the three-
y1(X) =sin x+§x ~sinX; Y,(X)=sinx;

fold mtegral operator Lt  defined by,

y3(x) =sinx; a1 . N
So we obtain the following approximate L () - ”J.(')dXdXdX , and using the given |n|t|_e1l
solution y(x) = lim 'y, (x) =sin x,, which is the condition we obtain
n—o0 4 4 7/2
exact solution of the problem: y(X) =sin x. y(X) =cosx— TR f sy'(s)ds.
)
Example 3. Consider the third-order linear Hence, taking into account the boundary
integro-differential equation [14, 15] conditions, we have A
7l2 X
y"(x) =sin(x)—x— [ xsy'(s)ds, Yo(X) =C0SX——
° 1 1
with initial conditions yi(X) = = x* + ———x*7°;
y(0)=1, y'(0)=0, y'(0)=-1; the exact 24 23040
solution is y(X) = cos(x). Y (X) = 1 s 1 x4 710.
Application of Adomian decomposition method. 23040 22118400
& 1 410 1 4 15
Usi X) = X) and th X)=————X'm t——————— X7
sing Y(¥)= 2, Yn(x) and the recurrence Yo lX) = 2118400 21233664000

relation we obtained: we start by setting the zeroth
This gives the solutlon in the series form

1 1 4 1 45
X)= X COSX——X +—X +—X 717 —
yox) = nZO Yn(X) = 24 24 23040
—;Xllﬂs—;xllﬂlo-i—...:COSX.
23040 22118400

Application of variational iteration method.
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Making Y,,1(X) stationary with respect to
Yn(X), we can identify the Lagrange multiplier,

X fe_ v)2
yn+1(X) =Y (X) _I (S 2X) |:
0

We start by setting the zeroth component
X2 X2
Yo(x) =y(0) + xy'(0)+7 y"(0) ===
That will lead to the following successive
approximations:
y; (X) = cos X 1L 23 < cosx:
! 24" 576

yZ(X) =CO0sSX; Y3(X) =COSX;

Yy (x) = +(1 2n2)x—_ °
@+x)

with initial conditions
y(0)=0, y'(0) =1 y"(0)=-1 y"'(0)=2;
the exact solution is y(X) = In(1+ Xx) .

Application of Adomian decomposition method.

o0
Using y(X)= Y. ¥,(X) and the recurrence
n=0
relation we obtained: we start by setting the zeroth
component

(4)(x) =, +{1-2In2)x-

750 that the
@+x)

which reads 4 =—(S— X)2 / 2. So we can construct
a variational iteration form for (2) in the form:

7l2
n(s)—sins+s+s | py(p)dp}ds

So we obtain the following approximate
solution y(X) = lim y,,(X) =cos X, which is the
N—o0

exact solution of the problem: y(X) =COS X .

Example 4. Consider fourth- order Fredholm
integro-differential equation [14, 15]

+I(x s)y(s)ds,

first component is obtained by
1
¥ () = J (X=5)Yo(s)ds
(4)(X) j(x S)y,(s)ds; . Applying the

three-fold mtegral operator L' defined by,
L) = [[[ [ ()dxdxdxdx , and using the given

initial condition we obtain

51 41

y(x )—ix +—(1 2In 2)x° +In(1+x)+—fy(s)dS——ISy(5)dS

4.41

Hence, taking into account the boundary
conditions, we have

Yo (X )——x +—(1 2In2)x +In(2+ x);

96

(0= ( 1 ., 5099
n 10080 483840

181440 69672960

jx"’ +( 719 In2— 287 ij;
43200 34560

217728000 435456000

yz(x):_( 181 N2 8543 jx4+( 5096 In2_ 12671 jx5;

This gives the solution in the series form

Y =3 Yo (X) = In(L+X) + o, x* + B.x° =In(l+x), lim &, =0, lim g,=0
— N—o0 N—o0

Philadelphia, USA

2 Clarivate

Ana lytics indexed



ISRA (India)  =4971  SIS(USA)  =0912 ICV (Poland) = 6.630
. ISI (Dubai, UAE) = 0.829 PUHII (Russia) = 0.126 PIF (India) =1.940

Impact Factor: g\ australia) =0564 ESJI(KZ)  =8997  IBI (India) = 4.260
JIF =1500  SJIF (Morocco) = 5.667  OAJI (USA) = 0.350

After the fourth iteration, the maximum absolute

error is less than 102, but the maximum absolute

error decreases with increasing iteration.
Application of variational iteration method.

a9 =00+ [ j6=

We start by setting the zeroth component

Yo (X) = y(0) +xy'(0) +

That will lead to the following successive
approximations:

2

y1(X) =
Yo (X) =

y3(X) = In(1+ x) —3.15295

So we obtain the following approximate
solution y(X) = lim y,(X) = In(L+X) , which is
N—o0

the exact solution of the problem: y(X) = In(1+ X).
Conclusion.
This results shows a comparative study between
variational iteration method and Adomian

decomposition method of solving Fredholm integro-
differential equations. The main advantage of these
methods are the fact that they provide its user with an
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