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InvestIgacIon

Abstract
Context: Systems that acquire hyperspectral (HS) im-
ages have opened a wide field of applications in dif-
ferent areas, such as remote sensing and computer 
vision applications. However, hardware restrictions 
may limit the performance of such applications be-
cause of the low spatial resolution of obtained hy-
perspectral images. In the state-of-the-art, the fusion 
of a HS image with low spatial resolution panchro-
matic (PAN) or multispectral (MS) images with high 
spatial resolution has been efficiently employed to 
computationally improve the resolution of the HS 
source. The problem of fusing images is traditional-
ly described as an ill-posed inverse problem whose 
solution is obtained assuming that the high spatial 
resolution HS (HR-HS) image is sparse in an analytic 
or learned dictionary.
Method: This paper proposes a non-locally centralized 
sparse representation model on a set of learned dic-
tionaries to spatially regularize the fusion problem. 
Besides, we consider the linear mixing model that 
decomposes the measured spectrum into a collection 

of constituent spectra (endmembers) and a set of 
corresponding fractions (abundance) maps to take 
advantage of the intrinsic properties and low dimen-
sionality of HS images. The spatial-spectral dictionar-
ies are learned from the estimated abundance maps 
exploiting the spectral correlation between abun-
dance maps and the non-local self-similarity in the 
spatial domain. Then, an alternating iterative algo-
rithm is employed to solve the fusion problem con-
ditionally on the learned dictionaries.
Results: After using real data, the results show that 
the proposed method outperforms the state-of-the-art 
methods under various quantitative metrics: RMSE, 
UIQI, SAM, ERGAS, PSNR, and DD.
Conclusions: This paper proposes a novel fusion mod-
el that includes a non-local Sparse representation of 
abundance maps by using spectral unmixing. The 
proposed model obtains better fused images than tra-
ditional fusion approaches based on sparcity.
Financing: Project Vicerrectoría de Investigación y 
Extensión of Universidad Industrial de Santader (code 
VIE 2521).
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INTRODUCTION

Hyperspectral (HS) imaging acquires a real scene 
in hundreds of spectral bands, each associated with 
a specific wavelength (Medina et al., 2017). The 
analysis of spectral signatures of these images has 
allowed the advancement of many applications in 
the fields of medical imaging (Panasyuk et al., 2007; 
Lu and Fei, 2014), remote sensing (Schaepman et al., 
2009; Bioucas-Dias et al., 2013; Velasco et al., 
2016), and astronomy (Schreiber et al., 2009; Hege 
et al., 2004). However, due to hardware restrictions, 
HS images are limited by a low spatial resolution 
(Shaw and Burke, 2003). For example, the Hyperion 
imaging spectrometer has a spatial resolution of 30 
meters-per-pixel (Middleton et al., 2013) that can 
degrade the performance for practical applications. 

In order to increase the spatial resolution of HS ima-
ges, a usual approach is to merge the HS image 
with high spatial resolution images. An example 
appropriate for this paper consists of merging the 
HS image (that has high spectral resolution) with 
a multispectral (MS) image (that has high spatial 
resolution) (Wei et al., 2015; Simoes et al., 2015). 
Another well-known example is HS pan-sharpening, 
which addresses the fusion of panchromatic and HS 
images (Loncan et al., 2015).

Image fusion is essential to find a suitable mo-
del considering the prior knowledge of natural 
images due to the ill-posed nature of the inverse 
problem. Thus, some effective regularizers that res-
trict the solution space have been employed in the 
state-of-the-art for image restoration (IR) problems 
with encouraging results (Dong, Zhang and Shi, 

Keywords: Image fusion, dictionary learning, non-lo-
cal sparse representation, spectral unmixing, abun-
dance maps.

Resumen
Contexto: Los sistemas de adquisición de imágenes 
hiperespectrales (HS) son comúnmente usados en un 
rango diverso de aplicaciones que involucran tareas 
de detección y clasificación. Sin embargo, la baja res-
olución de imágenes hiperespectrales podría limitar 
el rendimiento de las tareas relacionadas con dichas 
aplicaciones. En los últimos años, fusionar la infor-
mación de una imagen HS con imágenes multiespec-
trales (MS) o pancromáticas (PAN) de alta resolución 
espacial ha sido ampliamente usado para mejorar la 
resolución espacial de la imagen HS. La fusión de 
imágenes ha sido formulada como un problema inver-
so cuya solución es una imagen HS de alta resolución 
espacial, la cual se asume escasa en un diccionario 
analítico o aprendido. Por otra parte, el desmezclado 
espectral es un procedimiento en donde el espectro 
medido de un píxel mezclado es descompuesto en 
una colección de firmas espectrales que hacen ref-
erencia a las firmas puras de la imagen y mapas de 
abundancia que indican la porción de cada firma 
pura presente en un píxel especifico.

Método: Este trabajo propone un modelo de represent-
ación escasa, centralizado y no local sobre un conjunto 
de diccionarios aprendidos para regularizar el proble-
ma de fusión convencional. Los diccionarios son apren-
didos a partir de los mapas de abundancia estimados 
para explotar la correlación entre mapas de abundan-
cia y la auto-similitud no local sobre el dominio espa-
cial. Luego, condicionalmente sobre los diccionarios 
aprendidos, el problema de fusión es solucionado por 
un algoritmo numérico iterativo y alternante.
Resultados: Después de usar datos reales, los resul-
tados muestran que el método propuesto supera los 
métodos del estado del arte bajo diferentes métricas 
cuantitativas.
Conclusiones: Este modelo permite incluir la redun-
dancia no local en el problema de fusión de imágenes 
hiperespectral y multiespectral sobre los mapas de 
abundancia usando desmezclado espectral, mejoran-
do los resultados de los métodos de fusión basados 
en el modelo de escasez tradicional.
Financiamiento: Proyecto Vicerrectoría de Inves-
tigación y Extensión of Universidad Industrial de 
Santander (Código VIE 2521).
Palabras clave: Fusión de imágenes, aprendizaje de 
diccionarios, representación escasa no-local, des-
mezclado espectral, mapas de abundancias.
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2011; Chan et al., 2015; Oliveira, Bioucas-Dias 
and Figueiredo, 2009; Vargas et al., 2018). In de-
tail, under a super-resolution approach, employing 
previous total variations have achieved state-of-
the-art performance for fusing HS and MS images 
(Simoes et al., 2015). Additionally, it has been de-
monstrated that assuming the sparcity of the sig-
nal of interest is a suitable regularization method 
in image restoration problems such as image de-
blurring, image denoising, and image super-reso-
lution (Dong et al. 2011, Wei et al., 2015; Yang 
et al., 2010). Formally, a sparce representation 
states that a signal 𝐱𝐱	 ∈ ℝ!!   can be represented as 
a linear combination of a few atoms via 𝐱𝐱 = 𝚽𝚽𝜶𝜶!   
on the dictionary 𝐱𝐱 = 𝚽𝚽𝜶𝜶!   (Cardon et al., 2015). If the 
target signals reconstructed are multi-dimensional 
images, the representation of smaller patches on 
an over-complete dictionary learned from the data 
successfully determines the underlying structure 
of the images (Mallat, 1999).

On the other hand, restoring the image 𝐱𝐱 = 𝚽𝚽𝜶𝜶!   from a 
degraded image 𝐲𝐲 = 𝐇𝐇𝐇𝐇 + 𝐧𝐧  under sparcity is cha-
llenging due to degradation during the acquisition 
process. The estimation of the sparce coefficient 𝐱𝐱 = 𝚽𝚽𝜶𝜶!   
employing common optimization algorithms as Ba-
yesian frameworks, iterative shrinkage/thresholding, 
Lasso, and basis pursuit (Tibshirani, 1996; Tropp and 
Wright, 2010; Beck and Teboulle, 2009; Bruckstein, 
Donoho and Elad, 2009; Chen, Donoho and Saun-
ders, 2001) may not be an optimal estimation of the 
original sparce coefficient 𝐱𝐱 = 𝚽𝚽𝜶𝜶!  . Thus, the reconstruc-
tion 𝐱𝐱" = 𝚽𝚽𝜶𝜶!   may lead to an inaccurate estimation 
(Mairal et al., 2009; Dong et al., 2012).

According to this limitation, we are interested on 
improving the estimated sparce representation, so 
non-local redundancy properties in natural scenes 
are studied to enhance the representation model. 
For instance, non-local self-similarities of natural 
scenes have been included in approaches for su-
per-resolution or denoising leading to state-of-the-
art performance (Elad and Aharon; 2006; Dian, Fang 
and Li, 2017; Mairal et al., 2009; Fu et al., 2017). 
Similarly, to enhance the accuracy of IR methods 
based on sparsity, a centralized non-local sparce 
representation (CNSR) model has been proposed in 

(Dong et al., 2012). Specifically, this representation 
intends to increase the quality of the reconstructed 
image 𝐱𝐱" = 𝚽𝚽𝜶𝜶!   by reducing the error 𝒗𝒗! = 𝜶𝜶" − 𝜶𝜶#  known 
as sparce coding noise (SCN). This goal is achieved 
by centralizing the sparce coefficient 𝒗𝒗! = 𝜶𝜶" − 𝜶𝜶#  to 𝒗𝒗! = 𝜶𝜶" − 𝜶𝜶#  that 
is estimated from the non-local redundancies in 𝐱𝐱 = 𝚽𝚽𝜶𝜶!  .

On the other hand, research on IR literature has 
included the unmixing spectral model on several 
IR problems to find a treatable connection between 
the distorted measurements and the original image, 
and to take advantage of intrinsic properties such as 
spectral non-local similarity (Wei et al., 2016; Var-
gas, Arguello and Tourneret, 2019; Zhao, Yang and 
Chan, 2013). Even sparcity assumptions in abundan-
ce (Vargas et al., 2018, Ghasrodashti et al., 2017; 
Zhao et al., 2014) and spatial non-local similarity 
(Zhao, Yang and Chan, 2013) have been taken into 
account on the hyperspectral image super-resolution 
and fusion problems showing promising results. No-
netheless, prior unified knowledge of spatial-spec-
tral non-local similarity and sparcity has not been 
considered on the abundances.

This work introduces a multispectral and hypers-
pectral image fusion model that assumes a CNSR 
of abundance maps in a learned dictionary. More 
precisely, local and spectral non-local similarity 
assumptions on the abundances are included in 
the model by the spectral unmixing decomposi-
tion and the spatial non-local estimation from 𝒗𝒗! = 𝜶𝜶" − 𝜶𝜶#  
now associated with the sparse representation of 
the abundances 𝜶𝜶! , respectively. Additionally, 
the abundances are supposed to be sparce on an 
over-complete dictionary, which is constructed from 
available abundance and HS-MS data. The dictio-
nary consists of several sub-dictionaries learned 
from groups of similar patches. Then, all patches of 
a cluster are sparsely represented and centralized 
to a good estimation of 𝜶𝜶!  under its corresponding 
sub-dictionary (each cluster associates with a sin-
gle sub-dictionary). Therefore, both the construction 
of a composite over-complete dictionary and the 
centralization are performed to exploit non-local 
redundancies in the abundances.

In the global optimization problem, the sparse 
codes and spatial-spectral dictionary are estimated 
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jointly under an alternating approach. Once the 
dictionary has been updated, an iterative nonlinear 
shrinkage algorithm solves the resulting multi-band 
image fusion problem; this algorithm consists of 
projecting the solution of a quadratic problem on 
the thresholding operator in each iteration (Daube-
chies, Defrise and De Mol, 2004). Moreover, the 
regularization parameters underlying the optimi-
zation problem are adaptively adjusted from a Ba-
yesian formulation (Dong et al. 2012). Non-local 
similarity and sparcity assumptions are favorable 
on abundance maps due to the large presence of 
soft regions. Additionally, the burden load decrease 
by data reduction compared to the original image. 
Considering experimental scenarios with real HS 
images, we show that the proposed fusion approach 
outperforms and achieves the performance of the 
competitive approaches gaining up to 1[dB] under 
the peak signal-to-noise ratio (PSNR) metric.

PROBLEM STATEMENT

For modeling the MS and HS images, it is common-
ly assumed that there is a linear degradation in the 
spectral and spatial domain of a HS image with 
higher resolution denoted by the vector 𝐱𝐱	 ∈ ℝ!!  
with Np=NML (Wei et al., 2016; Wei, Dobigeon and 
Tourneret, 2015; Simoes et al., 2015). The acquired 
HS image denoted by the vector 𝐲𝐲! 	 ∈ ℝ"!#!$  is as-
sumed to be a blurred and down-sampled version 
of the high full-resolution image 𝐱𝐱 = 𝚽𝚽𝜶𝜶!  . In contrast, the 
MS image 𝐲𝐲! 	 ∈ ℝ"!#!  is obtained from a spectral 
degradation of the target image (Wei et al., 2015). 
Thus, the sensing models for the MS and HS ima-
ges are given as

𝐲𝐲� � 𝐏𝐏𝐁𝐁𝐱𝐱 � 𝐧𝐧� 
𝐲𝐲� � 𝐑𝐑𝐱𝐱 � 𝐧𝐧� (1)

Where 𝐏𝐏 𝐏 𝐏��������   represents the down-sam-
pling matrix, 𝐁𝐁 𝐁 𝐁�����   is a circular convolution 
operator described as blurring matrix, 𝐑𝐑 𝐑 𝐑�������   
denotes the transfer function of the MS sensor, and 
the vectors 𝐧𝐧𝑀𝑀 ∈ ℝ𝑁𝑁𝑀𝑀𝑁𝑁𝑀𝑀   and 𝐧𝐧𝐻𝐻 ∈ ℝ𝑁𝑁𝐻𝐻𝑀𝑀𝐻𝐻𝐿𝐿  repre-
sent additive Gaussian noise for the MS and HS 
images.

For notation convenience, the spatial-spectral 
tensor 𝓧𝓧 𝓧 𝓧�����   (L is the number of spectral 
bands and N x M represents the spatial dimension) 
is represented by the vector � � �𝒙𝒙��� ,⋯ ,𝒙𝒙���� � ���� , 
where 𝒙𝒙�i   contains all the image intensities asso-
ciated with the i-th spectral band on 𝓧𝓧 𝓧 𝓧�����  . Likewise, 
we can exploit intrinsic properties of the spectral 
unmixing model for the fusion problem in which 
each spectral signature of a multi-band image can 
be associated to a linear mixture of several pure 
spectral signatures known as endmembers. Under 
this model, the image 𝐱𝐱 = 𝚽𝚽𝜶𝜶!   is decomposed as 𝐱𝐱 = 𝚽𝚽𝜶𝜶!   =Ma, 
where 𝐚𝐚 = [𝐚𝐚$!" , ⋯ , 𝐚𝐚$#"] ∈ ℝ$!  with NL=NML are 
the P abundane maps in a vector form denoting 
𝐚𝐚"!" ∈ ℝ#$  as the i-th abundance map. The matrix 
� � ���� ∈ ℝ�����   is a block-diagonal matrix on 
the endmembers’ matrix 𝐌𝐌� ∈ ℝ���   with P the num-
ber of materials. Thus, the acquisition models in 
equation (1) can be rewritten as

𝐲𝐲� � 𝐏𝐏𝐁𝐁𝐌𝐌𝐚𝐚 � 𝐧𝐧� 
𝐲𝐲� � 𝐑𝐑𝐌𝐌𝐚𝐚 � 𝐧𝐧� (2)

Considering the observation models in equation 
(2), the optimization problem formulated in this pa-
per consists of estimating the vector of abundances 
from the observed measurements yM and yH. Since 
the resultant problem is ill-posed, this work pro-
poses that the regularization strategy employed for 
the fused solution be a centralized non-local sparce 
model on the abundance maps.

METHODOLOGY

In this section, we describe the methodology for the 
fusion of hyperspectral and multispectral images ba-
sed on the non-local sparse representation model. 
First of all, consider that the abundance data a is 
decomposed into overlapping image cubic patches. 
Dividing images in patches has obtained effective 
results in the image domain in many image proces-
sing applications (Tosic and Frossard, 2011). We 
start by defining 𝐖𝐖� ∈ ℝ��� ��� 

 

 

 as the matrix extrac-
ting cubic patch at location i, 𝐚𝐚� � �� 𝐚𝐚 𝐚 𝐚�� � 

 

 

 as the 
vectorized abundance cubic patch with dimensions 
S x S x P, and i indicating the position of the central 
pixel. Then, considering a sparce representation of 
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the cubic patch in a fixed dictionary, i.e., i.e., 𝐚𝐚� � � 𝛂𝛂�,�, 

 

 

, 
where i.e., 𝐚𝐚� � � 𝛂𝛂�,�, 

 

 

 is a sparce vector. Finally, considering the 
collection of sparce coefficients !𝛂𝛂!,##, , the recovery 
of the abundances i.e., 𝐚𝐚� � � 𝛂𝛂�,�, 

 

 

 can be computed by averaging 
all the patches

𝐚𝐚� �  ��𝐖𝐖𝑖𝑖T 𝐖𝐖𝑖𝑖
𝑖𝑖

�
�1
�𝐖𝐖𝑖𝑖T

𝑖𝑖
𝚽𝚽𝚽𝚽𝑎𝑎,𝑖𝑖 � 𝚽𝚽 � 𝚽𝚽𝑎𝑎  (3)

For notation simplicity, the estimated abundance 
𝐚𝐚� ≔ 𝚽𝚽 𝚽 𝚽𝚽�  aforementioned is denoted as 𝐚𝐚� ≔ 𝚽𝚽 𝚽 𝚽𝚽� , whe-
re 𝐚𝐚� ≔ 𝚽𝚽 𝚽 𝚽𝚽�  represents the collection of the set of sparce 
codes 𝐚𝐚� �  ��𝐖𝐖𝑖𝑖T 𝐖𝐖𝑖𝑖

𝑖𝑖
�
�1
�𝐖𝐖𝑖𝑖T

𝑖𝑖
𝚽𝚽𝚽𝚽𝑎𝑎,𝑖𝑖 � 𝚽𝚽 � 𝚽𝚽𝑎𝑎 .

Non-local sparce representation model

In literature, different IR problems have employed 
sparcity-based regularization approaches to handle 
its ill-posed nature (Dong et al. 2011; Yang et al., 
2010; Yin, Li and Fang, 2013). However, since the 
observed images are a degraded version of the tar-
get image, the obtained sparce coefficient 𝛂𝛂!   is a 
degraded estimation of the sparce coefficient 𝐚𝐚� ≔ 𝚽𝚽 𝚽 𝚽𝚽�  of 
the abundance maps, resulting in a degradation of 
the recovered image quality. To improve the sparce 
recovery results, an effective solution consists of 
employing non-local similarities of natural scenes 
(Mairal et al., 2009; Dong et al., 2012). Furthermore, 
this assumption of non-local similarity could also be 
satisfied with abundance maps since similar spatial 
structures in the image domain are present on the 
abundances. Therefore, the assumption of this work 
is that non-local similarities of the abundance maps 
could benefit the fused image results. Specifically, 
this work proposes a centralized non-local repre-
sentation (Dong et al., 2012) of abundance maps to 
regularize the underlying high-resolution HS image. 
Based on the observation models in equation (2) and 
the CNSR model, the fusion problem is formulated 
as the following optimization problem

where the quadratic functions correspond to 
the data fidelity of the MS and HS images, the last 
function represents the CNSR prior model, 𝛃𝛃!   is a 
close estimation of the sparce representation 𝐚𝐚� �  ��𝐖𝐖𝑖𝑖T 𝐖𝐖𝑖𝑖

𝑖𝑖
�
�1
�𝐖𝐖𝑖𝑖T

𝑖𝑖
𝚽𝚽𝚽𝚽𝑎𝑎,𝑖𝑖 � 𝚽𝚽 � 𝚽𝚽𝑎𝑎  

associated to the i-th abundance patch 𝐚𝐚�, , and λ 
is a regularization parameter. The Term associated 
with the prior sparcity in equation (4) is removed 
because of the dictionary structure that implicitly 
promotes sparcity, this will be addressed later. Ad-
ditionally, a ℓ� -term is included to centralize 𝐚𝐚� �  ��𝐖𝐖𝑖𝑖T 𝐖𝐖𝑖𝑖

𝑖𝑖
�
�1
�𝐖𝐖𝑖𝑖T

𝑖𝑖
𝚽𝚽𝚽𝚽𝑎𝑎,𝑖𝑖 � 𝚽𝚽 � 𝚽𝚽𝑎𝑎  

to the non-local estimation 𝛃𝛃!   suppressing the SCN 
𝛂𝛂� �  𝛂𝛂�  (Dong et al., 2012). Based on the non-lo-
cality of the abundances, the enhanced estimate 𝛃𝛃!   
of 𝐚𝐚� �  ��𝐖𝐖𝑖𝑖T 𝐖𝐖𝑖𝑖

𝑖𝑖
�
�1
�𝐖𝐖𝑖𝑖T

𝑖𝑖
𝚽𝚽𝚽𝚽𝑎𝑎,𝑖𝑖 � 𝚽𝚽 � 𝚽𝚽𝑎𝑎  is computed as a weighted sum of sparse co-

efficients 𝛂𝛂�,� , so that 𝑝𝑝 𝑝 𝑝𝑝� ,𝑝𝑝� ⊆ �1, 2, ⋯�. . In par-
ticular, the coefficients 𝛂𝛂�,�  are the sparce vectors of 
non-local cubic patches similar to𝐚𝐚��   obtained from 
the abundance maps. Thus, 𝛃𝛃!   can be computed as

𝛃𝛃� � � 𝜔𝜔� 𝛂𝛂�,�
� ∈ 𝛀𝛀�

,   

𝜔𝜔𝑝𝑝 �
1
𝜑𝜑 exp��� 𝐚𝐚�𝑖𝑖 �  𝐚𝐚�𝑝𝑝�2

2

ℎ � 
(5)

where ωp is the corresponding weight of the 
patch p, φ is a normalization factor, and h is a fixed 
constant. To distinguish the current patch and its 
similar neighboring patches, we employed the in-
dexes i and p, respectively.

Bayesian interpretation

We developed a Bayesian analysis of the MS and 
HS image fusion based on the prior CNSR in order 
to provide an alternative to calculate the regulari-
zation parameter λ in equation (4). We define an 
auxiliary variable   to obtain the relations-
hip between maximum a posterior (MAP) estimator, 
and the SCN estimation. Thus, the MAP estimator 
of   is given by

𝛂𝛂�𝑦𝑦 � ����𝑖𝑖�
𝜶𝜶

1
2 �𝐲𝐲𝐻𝐻 � ����𝚽𝚽 𝚽 𝜶𝜶��2

2 � 1
2 �𝐲𝐲𝑀𝑀 � ���𝚽𝚽 𝚽 𝜶𝜶��2

2 � � ��𝛂𝛂𝑖𝑖 � �𝑖𝑖�1,
𝑖𝑖

  (4)
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The likelihood terms 𝑃𝑃(𝐲𝐲!|𝛉𝛉) and 𝑃𝑃(𝐲𝐲" 	|𝛉𝛉)   are 
characterized by the Gaussian distribution, and 
the prior probability term is characterized by the 

Laplacian distribution. According to the CNSR mo-
del for fusion in equation (4), the likelihood terms 
are formulated as

 𝛉𝛉𝑦𝑦 � ������
𝛉𝛉

log𝑃𝑃 �𝛉𝛉 |𝐲𝐲𝐻𝐻, 𝐲𝐲𝑀𝑀� 
𝛉𝛉𝑦𝑦 � ������

𝛉𝛉
� �log𝑃𝑃�𝐲𝐲𝐻𝐻|𝛉𝛉� � log𝑃𝑃�𝐲𝐲𝑀𝑀|𝛉𝛉� � log𝑃𝑃�𝛉𝛉��  (6)

𝑃𝑃�𝐲𝐲�|𝛉𝛉� �  𝑃𝑃�𝐲𝐲�|𝛂𝛂,𝛃𝛃� �
exp �� 1

2 �𝐲𝐲� � 𝐏𝐏𝐏𝐏𝐏𝐏�𝚽𝚽 𝚽 𝛂𝛂���𝚲𝚲����𝐲𝐲� �  𝐏𝐏𝐏𝐏𝐏𝐏�𝚽𝚽 𝚽 𝛂𝛂���

2𝜋𝜋�������� |𝚲𝚲�|��
 

(7)

𝑃𝑃�𝐲𝐲�|𝛉𝛉� �  𝑃𝑃�𝐲𝐲�|𝛂𝛂,𝛃𝛃� 

�
exp�� 1

2 �𝐲𝐲� � 𝐑𝐑𝐑𝐑�𝚽𝚽 𝚽 𝛂𝛂���𝚲𝚲����𝐲𝐲� �  𝐑𝐑𝐑𝐑�𝚽𝚽 𝚽 𝛂𝛂���

2𝜋𝜋������� |𝚲𝚲�|��
  (8)

𝑃𝑃�𝛉𝛉� �  �� 1
√2𝛄𝛄�,�

exp���𝛉𝛉�,��𝛄𝛄�,� �
��

 
(9)

where 𝚲𝚲� � ������𝜎𝜎�,�� 1���,���,⋯ ,𝜎𝜎�,�� 1���,��� ��  
is the covariance matrix for the band-vectorized 
HS image with standard deviation per band 𝜎𝜎!,#   
�� � 1,⋯ , 𝐿𝐿� , (1!) denoting the vector of ones of 
size 1 × 𝑎𝑎 , 𝚲𝚲! = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑'(𝜎𝜎!,#$ 1(&,!), ⋯ , 𝜎𝜎!,(!

$ 1(&,!)-.  
is the covariance matrix for the band-vectorized 

MS image with standard deviation per band 𝜎𝜎!,#!   
(𝑙𝑙! = 1,⋯ , 𝐿𝐿"), 𝛉𝛉#,%   is the j-th element of the sparce 
code 𝛉𝛉!, and 𝜸𝜸!,#   is the standard deviation of 𝛉𝛉!(𝑗𝑗).  . 
Now, substituting the 𝑃𝑃(𝐲𝐲!|𝛂𝛂, 𝛃𝛃), , 𝑃𝑃(𝐲𝐲!|𝛂𝛂, 𝛃𝛃)  and 
𝑃𝑃(𝛉𝛉)  in equation (6) we obtain the MAP estimator 
of 𝑃𝑃(𝛉𝛉)  given by the following optimization problem

𝛂𝛂�𝑦𝑦 � ����𝑖𝑖�
𝛂𝛂

 12�𝚲𝚲𝐻𝐻
�1

2 �𝐲𝐲𝐻𝐻 � ����𝚽𝚽 𝚽 𝛂𝛂���
2

2
� 1

2�𝚲𝚲𝑀𝑀
�1

2 �𝐲𝐲𝑀𝑀 � ���𝚽𝚽 𝚽 𝛂𝛂���
2

2

��  � 2
𝛄𝛄𝑖𝑖.𝑗𝑗𝑖𝑖𝑖𝑖

�𝛂𝛂𝑖𝑖,𝑗𝑗 � �𝑖𝑖,𝑗𝑗� 
(10)

By observing equations (10) and (4) on the third 
term, we can see by comparison that the regulari-
zation parameter can be calculated as 𝛌𝛌�,� �  �

𝛄𝛄�,�. .

Dictionary learning

Basis functions extracted from learned or analyti-
cal dictionaries are able to represent basic 

structures of natural image and define sparcity 
domains. Let a given cubic patch 𝐚𝐚�,  be repre-
sented as a matrix 𝐀𝐀𝑖𝑖  ∈ ℝ𝑆𝑆2��  where the rows 
are the abundance coefficients. Under a sparce 
model of the abundances, 𝐀𝐀𝑖𝑖  ∈ ℝ𝑆𝑆2��  can be described 
by few atoms (Fu et al., 2017)

𝐀𝐀+ = ∑* 𝛼𝛼*𝚽𝚽*, (11)
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where {𝚽𝚽!}	 denotes a collection of atoms, 𝐀𝐀+ = ∑* 𝛼𝛼*𝚽𝚽*,  
are the corresponding sparce codes, and 𝑚𝑚 ≪ 𝑆𝑆!𝑃𝑃 . 
The selection of the dictionary elements is a rele-
vant issue of sparcity-based methods. In this work, 
we propose a dictionary with tridimensional atoms 
that are constructed using separable abundance and 
spatial components as follows

𝚽𝚽𝑚𝑚 � �𝑑𝑑𝐮𝐮𝑟𝑟𝑇𝑇 
,

(12)

where �𝐮𝐮𝑟𝑟�1𝑃𝑃 and �𝐯𝐯𝑑𝑑�1𝑆𝑆2   are orthonormal basis 
spanning the abundance maps and spatial subs-
pace, respectively. Under this factorization of the 
dictionary, we are able to exploit the correlation in 
the abundances as well as in the spatial domain. 
Specifically, the basis for the abundance subspace 
domain U and the spatial domain V are extracted 
from the abundances data allowing to construct the 
atoms in equation (12) with correlation informa-
tion between abundance maps and spatial infor-
mation simultaneously. In the abundance subspace 
domain, the estimated abundance vector 𝐚𝐚� ≔ 𝚽𝚽 𝚽 𝚽𝚽�  is reor-
ganized as a P x NM matrix via PCA the abundan-
ce basis � � �𝐮𝐮�,⋯ ,𝐮𝐮��. . Similarly, the spatial basis 
� � �𝐯𝐯�,⋯ , 𝐯𝐯���  is calculated using PCA from spatial 
patches extracted along all the abundance maps.

In the spatial domain, we learn different dictiona-
ries for different clusters of the abundance training 
patches (Dong et al., 2011; Dong et al., 2012). Thus, 
the patches are clustered by spatial similarity of 𝐚𝐚� ≔ 𝚽𝚽 𝚽 𝚽𝚽�  
pooled along with all the abundance maps emplo-
ying the K-means method. This methodology lies 
on grouping patches spatially in different clusters  
𝒞𝒞!, with 𝑘𝑘 = 1,⋯ ,𝐾𝐾, , by using the high frequency 
components of the abundance maps. This strategy is 
more suitable since clustering by intensity presents 
low performance discriminating images (Fu et al., 
2017). The high frequency patterns 𝐚𝐚� � 𝐚𝐚� � �𝐚𝐚�  of 𝐚𝐚� ≔ 𝚽𝚽 𝚽 𝚽𝚽�  can be 
calculated as

𝐚𝐚� � 𝐚𝐚� � �𝐚𝐚�  (13)

where 𝐚𝐚� � 𝐚𝐚� � �𝐚𝐚�  is a low pass filtering operator. It is wor-
th noting that the high frequency of the abundan-
ce maps 𝐚𝐚� � 𝐚𝐚� � �𝐚𝐚�   is employed only for clustering and the 
resultant clusters 𝒞𝒞!, with 𝑘𝑘 = 1,⋯ ,𝐾𝐾,  associates with a spatial ba-
sis 𝐕𝐕𝑘𝑘 � �𝐯𝐯1𝑘𝑘,⋯ , 𝐯𝐯𝑆𝑆2𝑘𝑘 �  extracted from the estimated 

abundance maps 𝐚𝐚� ≔ 𝚽𝚽 𝚽 𝚽𝚽� . Composing the PCA abundance 
and spatial basis following equation (12), the proposed 
structured spatial-spectral dictionary for a given abun-
dance cubic patch 𝐚𝐚�,  in 𝒞𝒞!, with 𝑘𝑘 = 1,⋯ ,𝐾𝐾,  can be written as follow

𝚽𝚽�𝑘𝑘 � �𝑘𝑘⨂𝐔𝐔,  (14)

where 𝚽𝚽�𝑘𝑘 � �𝜙𝜙1𝑘𝑘,⋯ ,𝜙𝜙𝑆𝑆2𝑃𝑃𝑘𝑘 � , and 𝚽𝚽�𝑘𝑘 � �𝑘𝑘⨂𝐔𝐔,  denotes the 
Kronecker operator. It is important to note that 𝐚𝐚�,  
only can be associated with a single spatial-spec-
tral dictionary 𝚽𝚽�𝑘𝑘 . A schematic representation of the 
spatial-abundance structure of the proposed adap-
tive dictionary is shown in Figure 1.

𝚂𝚂⨯
𝚂𝚂
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Figure 1. Schematic representation of the proposed 
adaptive spatial-spectral dictionary learned from the 
abundance maps.

Source: Authors.

Fusion algorithm based on a CNSR model

The strategy to solve the MS and HS image fusion 
problem based on a non-local sparce representa-
tion of the abundance maps in equation (4) is an 
iterative scheme that employs a shrinkage step in 
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Algorithm 1: MS and HS Image Fusion based on CNSR
Input: yH  yM, and endmember matrix M
Output: Abundance maps with high spatial resolution

Initialization: 𝐱𝐱���� � ��������𝐲𝐲��, , 𝐚𝐚���� � �������𝐱𝐱����,𝐌𝐌�, 𝐱𝐱���� � �� and 𝐱𝐱���� � ��  
1: for  t = 0 to iterations do

2:  Compute the spatial basis 𝐕𝐕𝑘𝑘���  via PCA and K-means from 𝐱𝐱���� 
3:  Compute spectral basis 𝐔𝐔���  using PCA from 𝐚𝐚���� 
4:  Construct the spectral-spatial dictionary 𝚽𝚽�𝑘𝑘���   using equation (14)
5:  for q = 0 to Q do 

6:  𝐱𝐱�����/�� � 𝐱𝐱���� � ���𝐏𝐏��𝐲𝐲� � 𝐏𝐏�𝐱𝐱����� � ����𝐲𝐲� � �𝐱𝐱�����  δ is a constant

7:  Compute the abundance maps from image 𝐱𝐱�������  and endmembers matrix M with a regularization parameter  

μ = 0.1. 

7:
 
𝐚𝐚"("#$/&) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 )𝐱𝐱"("#

$
&), 𝐌𝐌, µ. 

8:
 𝜶𝜶������/�� � �𝚽𝚽�𝑘𝑘,1�𝑛𝑛�𝐖𝐖𝟏𝟏𝐚𝐚�����/��,⋯ ,𝚽𝚽�𝑘𝑘,𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛�𝑛𝑛� 𝐖𝐖𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝐚𝐚�����/���, , where 𝚽𝚽�𝑘𝑘,𝑚𝑚

���    is the 

 dictionary of the m-th patch and npat is the number of patches.

9:
 Compute 𝜶𝜶��,������  using equation (15)

10:  Update βi using equation (5)

11:
 Update abundance maps: 𝐚𝐚������ � 𝚽𝚽�𝑘𝑘,1��� ∘ 𝜶𝜶�������  using equation (3) 

12:  Compute high resolution image: 𝐱𝐱������ � 𝐌𝐌 𝐚𝐚������ 
13:  end for

14:  Compute abundances and MS image: 𝐚𝐚���� � 𝐚𝐚������ and 𝐱𝐱� ���� � �𝐱𝐱������ 
15: end for

every iteration (Dong et al., 2012). The proposed 
algorithm is summarized in Algorithm 1.

The algorithm consists of two main iterative loops. 
The external loop (whose iterations are indexed by 
t) is implemented to update the spatial-abundance 
dictionary 𝚽𝚽�𝑘𝑘. . Once the dictionary 𝚽𝚽�𝑘𝑘.  is computed, 
the internal loop (whose iterations are indexed by 
q) estimates an approximation of the abundances 𝐚𝐚� ≔ 𝚽𝚽 𝚽 𝚽𝚽�  
by employing an alternating strategy of three steps. 
First, the solution of the problem associated with the 
forward model or the image fidelity term is found 
by a gradient descent algorithm. Second, a rough 
estimation of the abundance maps is obtained by 
the sparce unmixing algorithm via variable splitting 

and augmented Lagrangian (SUnSAL) introduced in 
(Bioucas et al., 2010). Third, a shrinkage operator 
(Dong et al., 2012; Daubechies, Defrise and De 
Mol, 2004) is employed to compute the sparce co-
efficients 𝛂𝛂�𝑦𝑦 . Thus, the solution 𝛂𝛂�𝑦𝑦  in the q + 1-th 
iteration is given by

𝛂𝛂"!,#
$%& =	ℋ'&𝛂𝛂"!,#

$%&/) − 𝛽𝛽#) + 𝛽𝛽#  (15)

where ℋ!(∙)  is the soft-thresholding proximal so-
lution of the ℓ�  norm with a threshold parameter τ.
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EXPERIMENTAL RESULTS

This section presents the performance of the pro-
posed method on two target hyperspectral images 
fixed as ground truth for the simulations. The ex-
perimental scenarios are conducted on both data 
sets: the Pavia image with spatial resolution 128 x 
128 and 93 spectral bands, and the Moffett image 
with spatial resolution 128 x 128 and 93 spectral 
bands. The high-resolution ground-truth images are 
degraded by spectral and spatial distortion opera-
tors to obtain the MS and HS images, respectively. 
Particularly, the HS image is obtained from the tar-
get image by filtering every band with a 5 x 5 fil-
ter sampled from a Gaussian distribution followed 
by a down-sampling operation on the vertical and 
horizontal directions with a scale factor d = 4. The 
MS image was calculated by applying a spectral 
filtering of the high-resolution ground-truth images 
with the LANDSAT 8 spectral response leading to 
a MS image with LM = 4 bands. Then, both degra-
ded MS and HS images are perturbed band-by-
band with additive Gaussian noise. The HS image 
is contaminated with SNR 30 = [db] in the last 50 
bands and SNR 35 = [db] for the bands remaining 
while for the MS image is contaminated with a SNR 
30 = [db]. The setting parameters for the fusion al-
gorithm were selected as follows: K = 60 clusters; 
spatial patch size 6 x 6, 12 similar neighbors cubic 

patches are extracted to calculate βi (i.e., |Ωi|) in 
a neighborhood size of 50 x 50; the parameter δ is 
set on 1.25 while the thresholding for sparce repre-
sentation is set on τ = 1.841. In order to compare 
the proposed method, three different approaches 
known as (HMIF-SR), (HySure), and (HyMuXNol) 
(Wei et al., 2015; Simoes et al., 2015; Arias, Var-
gas and Arguello, 2019) are simulated on the same 
fusion scenario.

The MS and HS images and the full-resolution 
reconstructed images for the Pavia and Moffett ima-
ges are shown in Figures 2 and 3. The results from 
the proposed fusion strategy show a better-quality 
estimation of the target image. Furthermore, the fu-
sed resultant images of adversary methods depict 
greater spectral and spatial degradation compared 
to the Pavia and Moffett ground-truth images.

The evaluation of the proposed fusion method is 
performed employing the PSNR (Peak Signal-to-Noi-
se Ratio), UIQI (Universal Image Quality Index), 
RMSE (Root-Mean-Square error), ERGAS (Relati-
ve Dimensionless Global Error in Synthesis), SAM 
(Spectral Angle Mapper), and DD (Degree of Distor-
tion) image fusion metrics (see (Wei et al., 2015) for 
more details). Tables 1 and 2 summarize the com-
puted quantitative metrics of the proposed strategy 
compared to the competitive fusion strategies whose 
numerical values clearly favor the restored images 
from the suggested fusion method.

Table 1. Quantitative fusion results of the proposed method and the competitive algorithms on the Pavia image: 
PSNR [dB], UIQI, RMSE (10-2), ERGAS, SAM [degrees], DD (10-3)

Methods PSNR UIQI RMSE ERGAS SAM DD
Hysure 36.214 0.978 1.511 1.313 2.682 11.131

HMIF-SR 39.684 0.991 0.947 0.847 1.495 7.011
HyMuXNol 40.632 0.992 0.863 0.764 1.345 6.105
Proposed 41.129 0.995 0.825 0.712 1.223 5.737

Source: Authors.
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To further show the advantage of the proposed 
solution compared to the best method in the sta-
te-of-the-art HyMuXNol, we randomly extracted 
four spectral signatures on the Pavia and Moffett 
ground-truth images and evaluated them qualitati-
vely (Figure 4). It is possible to see that the recovered 

spectral signatures using the prior CNSR on the 
abundances are closer to the ground-truth spectral 
signatures, indicating that the spectral information 
of the scenes is better fitted with the proposed model 
than the underlying model in the HyMuXNol me-
thod, and this happens for all the selected images.

Figure 2. Qualitative fused images (Pavia image). (Row 1, left) MS image. (Row 1, middle) MS image. (Row 1, right) 
Ground truth. (Row 2, left) HySure. (Row 2, middle) HMIF-SR. (Row 2, right) HyMuXNol. (Row 3) Proposed.

Source: Authors.

Table 2. Quantitative fusion results of the proposed method and the competitive algorithms on the Moffet image: 
PSNR [dB], UIQI, RMSE (10-2), ERGAS, SAM [degrees], DD (10-3)

Methods PSNR UIQI RMSE ERGAS SAM DD
Hysure 37.994 0.987 1.246 1.486 3.232 9.082
HMIF-SR 40.578 0.993 0.867 1.037 2.103 6.429
HyMuXNol 41.448 0.994 0.852 0.994 1.948 6.191
Proposed 41.924 0.996 0.758 0.915 1.167 5.953

Source: Authors
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Figure 3. Qualitative fused images (Moffet image). (Row 1, left) MS image. (Row 1, middle) MS image. (Row 1, 
right) Ground truth. (Row 2, left) HySure. (Row 2, middle) HMIF-SR. (Row 2, right) HyMuXNol. (Row 3) Proposed.

Source: Authors.

Figure 4. Evaluation of the spectral performance: (Row 1) Ground-truth and recovered spectral signatures on the 
Pavia data set. (Row 2) Ground-truth and recovered spectral signatures on the Moffett data set.

Source: Authors.
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CONCLUSIONS

This work proposed a MS and HS image fusion mo-
del solved under a sparce model on a set of learned 
dictionaries. By using the spectral unmixing decom-
position, this model includes a non-local sparce 
representation of abundance maps on the fusion 
problem while taking advantage at the same time of 
the low dimensionality of the HS data. The estima-
ted sparce representation is centralized for a better 
estimation obtained from the non-local redundancy 
of the abundances. These considerations lead to en-
hance the quality of fused images of state-of-the-art 
fusion methods based on sparce regularization. Ad-
ditionally, a spatial-spectral dictionary is adaptively 
constructed, exploiting the low dimensionality of 
the abundance maps. The dictionary structure con-
sists of K sub-dictionaries, each one estimated from 
a cluster of similar spatial features of abundance 
maps. Thus, an abundance patch is then sparcely 
represented in the appropriate dictionary. In order 
to obtain the full resolution image, the employed 
numerical strategy includes two main steps alterna-
ted iteratively: shrinkage thresholding operator for 
sparse regularization is used to solve the ℓ�   norm, 
and the execution of a gradient descent method to 
solve the quadratic fidelity problem. Restoration 
results show that the proposed image fusion model 
based on the abundance map analysis outperforms 
the competitive fusion methods based on sparse 
regularization in terms of the quantitative metrics 
PSNR, UIQI, RMSE, ERGAS, DD, and SAM.
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