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Abstract: In this paper, the Cauchy problem with the heat dissipation and Laplace equations is solved
analytically using the Adomian decomposition method and the variational iteration method. It is shown that these
methods are the most effective and convenient for solving some evolution equations. The obtained approximate
solutions were compared, the results of these methods are the same; while the method of decomposition of Adomian
can be much simpler, more convenient and more efficient to approach such problems as compared to the method of
variational iteration and other traditional methods.
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Introduction. or theoretically. Recently, much attention has been

Nonlinear phenomena are of fundamental paid to the search for better and more efficient
importance in various fields of science and approximate or exact, analytical or numerical
technology. Nonlinear models of real-world methods for solving for nonlinear models [10,11].

problems are still difficult to solve either numerically There are many standart semi-analytical methods for
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solving linear and nonlinear partial differential
equations, for example, the Adomian decomposition
method [2,11] and the variational iterations method
[7-10]. The Adomian decomposition method and the
variational iterations method is one of the well-
known methods for solving various linear and
nonlinear evolution equations. Many studies have
proven that these methods are reliable and effective
for a wide range of scientific applications, linear and
nonlinear equations with bounded and unbounded
domains [2-7, 10, 11]. These methods have no
special requirements, such as linearization, small
parameters, and so on for nonlinear operators.
Below, the Cauchy problem with heat dissipation and
Laplace equations are solved analytically using the
Adomian decomposition method and variational
iterations method.

19, Setting the first problem. It is required to
solve approximately the following Cauchy problem
with the heat equation in n dimensional space using
the Adomian decomposition method and variational
iterations method:

u (x,t)=a’Au(x,t), xeR", t>t,, (1)

U(X,t)L:lo = f(x) )

where X = (X, %,,...,;X,) - is a point in R"

space, A = 622 622+___+ 622 - Laplace
L 0% n

operator, U(X,t) - unknown function (temperature
function), f(X)- given function (temperature at
t =t, time).

Algorithm for solving the first problem. To
solve this problem, we will use the Adomian
decomposition method and variational iterations
method.

1.1. Adomian decomposition method (ADM).
By the idea of an ADM, we have:

j u,(x,£)d¢ = j a?Au(x,&)dé =
u(x,t) = f(x)+ jaZAu(x, ade

u(x,t):iun(x,t) =

U (X, t) +u, (X, t) + U, (X, 1) +...= F(X) +

+ja2A[“o(X’¢f) Uy (X, E) + Uy (X,E) +..Jd&

Then we have

Uy (X,1) = T(x);

u,(x,t) = j'azAuo(x,é)d.;Z = (t—t,)-a’Af (x)

f

U, (x,t) = jazAul(x e = ) t) N (x)
ey UL (X, t)=
- Ja au ) = 0 amag

and S0 on.
Finally we find the solution to the problem:

u(x,t) =u,(x,t) +u,(x,t) +u,(x,t) +

3ot
n=0 n!
1.2. Variational iterations method (VIM).
According to the idea of VIM we have:

3
a2 A" f (x) ©

U, (x,t)=u,(xt)+
+ ,1(5)[8" (2 <) azAVn(x,f)}dé.

Where l((f) - Lagrange multiplier, and for the
=0, 1+ /’L((f)|§:t =
and then we have A(&) = —1.
n+1(X t) u (X t)
_ I[@vn (x.$)
ANNEE
Applying VIM, we get the following results:
Uo (X,1) =u(x,ty) = f(x);
u,(x,t) = F(X)+ (t—t,)-a*Af (x);
u,(x,t) = f(X)+(t—t,)-a*Af (x) +
+ (t _to)2
21

stationary case A'(&) :

~a’Av, (X, 5)}d§.

-a*A’f(x) and so on.

Finally we find the solution to the problem:
u(x,t) =limu, (x,t) = lim [f (X)+(t-ty)-

a’Af (x)+(t_2—t|°)2

+ (t_to)n
nl

AN (X)) +.

A" (x) | = &)

— z (t _tO) ‘aZnAn f (X)
n=0 n!
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We will check for uniform convergence of a
given series with the help of the Weierstrass theorem

[4].
Theorem (Weierstrassian alert). If each term of
the functional series

S, (%) = U, () + Uy () +

+ U (X)+ ...+ U, (X) +...
in the set M (M < R) to satisfy the inequality
u,(¥)[<c, =12,..)
and is convergent number series

(4)

D Cy=C+C,+Cy+.+Cp +nr,
n=1
then the functional series (4) converges uniformly in
the set M.

If the function f(X) is continuous in

X € R" and has continuous derivatives in it, then
at the t, <t <T time moment for the series (3)
the following estimate holds

u(x, t)| = iw-a“& f ()| <
n=0 n (5)

e} pn
<2
n=0 n!
where p = const.
Now we will check for convergence of the

o] n
p— number series. On the basis of D’alembert

n=0 n!

[4] on the convergence of a numerical series with
positive coefficients, we have

. a i A o

lim 202 fjm P -—n:th:O<1.
e g o= (n4+1)l pt o oen+l

['e] n
Then the Zp— number series converges.
n=0
From the validity of the estimate (5) and on the basis
of the Weierstrass theorem, series (3) uniformly

converges. Then, the function u(X,t) is a solution
to problem (1)-(2).
Note: If one y(X,t) particular solution of the
inhomogeneous heat equation is known
u, (x,t) = a’Au(x,t) + o(x,t),  (6)

where go(x,t) - known function, then replacing

V(X t) =u(x,t) +w(x,t) )
equation (6) can be brought to mind
v, (X, 1) = a’Av(x,t), (8)

and solution (8) can be found using (3) or (3%).

Below are the possibilities of applying formulas
(3) or (3") in some examples.

Example 1.1. Find an solution of the Cauchy
problem with the heat equation:

u,(x,y,z,t) = 4Au(x,y, z,t),
u(x,y, z,0) =sin xsin ysin z.
Solution. We use the formula (3), where
a=2, Xx=(X,%,%)=(XY,2)and
t, =0. Then we have

o0

tn
u(x,y,z,t) = Z—I 2A (X, Y,2).
n—o M-
Using this expansion we find the exact solution
of the problem:

u(x,y,z,) =i%-& (sin xsin ysin z) =
n=0 -

o 12t . . .
=SIn XSIn ysSIn Z—TSIH Xsin ysin z +

144t*
+

sin Xsin ysin z +...+

—+

120" . .
—ISII’] XsSmysinz+...=

m
=e ' sin xsin ysin z.

Example 1.2. Find an solution of the Cauchy
problem with an inhomogeneous heat equation:

u, (X, y,z,t) = Au(x,y,z,t) + xyzt,

X+y+z

u(x,y,z,0)=e

Solution. We use the replacement

2
u(x,y,z,t) =v(x,y,zt)+ xyzzt ,

then
V,(X,Y,2,t) = Av(X, Y, z,t),

X+y+2

v(x,y,z,0)=e
The solution to this problem will be found using
(3), where

a=1 x=(X,X%,X%)=(X,y,2)and t,=0.

Then we have the solution of an auxiliary
problem of the form

v(x,y,z,t)= > —A" () =
n=0 'I-
2
= ex+y”[l+§+ (30) + +} =
1 2!
=ex-*—y-*—z+3t )

Using this solution we find the exact solution of
the problem;
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2
u(x,y,z,t)=v(x,y,z,t)+ xyzt =

=ex+y+z+3t + Xth2 ]
2
2°. Setting the second problem. It is required
to solve approximately the following Cauchy
problem with the Laplace equation in n dimensional
space by the Adomian decomposition method and
variational iterations method:

Au(x)=0, xeR", 9)
u(xl,xz,...,xn)|xn:XO = @(Xys Xpyees X1 )s

(10)
= [//(Xl, X geeny Xn—l)

OU(Xy, Xy X,,)
OX

n Xn=Xg

where X = (X, X,,...,X,) - is a point in R"

0° o o?
+ ..t

ox>  ox; 2

space, A =

- Laplace

n
operator, U(X,t) - unknown function (harmonic
function), @ and ¥/ - given functions.

Algorithm for solving the second problem.
To solve this problem, we will use the Adomian
decomposition method and variational iterations
method.

2.1. Adomian decomposition method (ADM).
By the idea of an ADM, we have:

fdefu,, pode=

Xo Xo

= _J‘ndg_r[uxlxl (X) + uxzx2 (X) +..t uxn,lx,,,l (X)}jf

=
u(x) =o(y)+ (X, = X,) -y (y) -

- ifdfff[ux1X1 (x)+ Uy (X)+...+ U (x)|d&

Xo Xo

where Y = (X, X,y X, 1) - is a point in R"
space. By the idea of an ADM, we have:

000 = 30,00 =
uo(x)+L]1(x)+u2(x)+... =

=o(y) + (X, = %) -w(y) +

+ degT{[uo(x) + U (X) + Uy (X) +..],, +

Xo Xo

U (X) +U, (X) +U, () +.. 1, +oet

+[Uy () +u (X)+u, () +..]  HE

Up (X) = @(y) + (X, = %) - (¥);

Xy

0,00 = = [ €& [ ([ (0 ++ (W, JOE =

Xo

- aX) _Z!X‘J) gy -La=X) ;!X()) Ay (y);
0,0 = - dé [ [, 000, + o [0, W =
X X
(Xn_xo)4 2 (Xn_X0)5 2 .o
ZT'A¢(Y)+T‘A‘//(Y),---,
0,00 = [ 4] [ 00+ [0 a 0, e =
X o X
%)%
=(-1) W‘A o(y)+
+ (-1 (2K +1) A'w(y) andso on.

Finally we find the solution to the problem:

0

U(X) = Ug (X) + Uy (X) + U, (X) +...= D (-D)" -

k=0 (11)
JO T gy T X
2y 07 T

2.2. Variational iterations method (VIM). To
solve the VIM problem, we first use the replacement

U0 = [Ve0dE+ p(y)
X

Then equation (9) is reduced to an integro-
differential equation of the form

(12)

v ()+ j [ 00V, 00 4, OOMES

+Ap(y)=0, V() , =¥(y)

To solve this problem, the formula of VIM is

Vo () =V, (0 + [, 001, +

£
+ [0, 000, + 0, (0, +-+ 9,01, , B

+Ap(Y)dg.
Where A(&) - Lagrange multiplier, and for the

stationary case A'(¢)|,, =0, 1+A(g),, =0

and from here we have A(&) =—1. Then we have
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V00 =, 00 [, 001, +

¢
+ [0, 000, + 0 (0, -+ T (0], B

+Ap(y)|dé.

Now applying VIM, we get the following
results:

Vo(X) =w(y):
vi (%) =w (y) - (%,
(Xn — XO)2

2!

— %) Ap(y) -

Ay (y);

Vo (X) = (y) = (X, = %) - Ap(y) -

. (Xn _Z!Xo) 'Ax//(y)+ (Xn _3!)(0)
(Xn _X0)4

+T'AV/(V)

and so on. Using this expansion we find the formula
for solving the problem:

v(x) = im v, (x) =
= lim [y (y) - (x, -

—%-Aw(y)-h.ﬁ-
k (Xn _XO)Zk_l .
) (2k —1)!

N (X, = %)™ ‘
(2k)!
Finally using replacement (12) we find
u(x) = o(y) + (X, =Xo) - w(y) +..+
T (=D (%, = %)™ . AK
(2k)!

2k+1

k (Xn _Xo)
D (2k +1)!

_ Ny o x)™
U(X)_g(;( 1) { 20 A

-Ap(y) +

Xo) - Ap(y) -

+ Aop(y)+

Ay (y) |.

o(y) +

A (y) +

o(y) +

( )Zk (119
Xn _ Xo +1 v
Qk+n!'AV4”}

We will check for uniform convergence of a
given series with the help of the Weierstrass theorem

[4].

If the ¢(y) and w(y) functions is continuous

in Y € R" and has continuous derivatives in it, then
the following estimate holds for series (11)

2k
0ol = > {(X e so(y)+
(Xn — XO)Zk+1
(2k+1)! 'Ak"”(y)}g
k(X Xo)
(2k)!
- i(—l)k%Akw(y) < (14

k
k

S
<
0 (2k)| kZ; (2k +1)!
where p, g = const.
Now we will

check for convergence of
k

o k Ee)

z—p and z—q

oo (2k)! o (2k +1)!

the basis of D’alembert [4] on the convergence of a

numerical series with positive coefficients, we have
n+l 1

jm 2nt i P (2

e ogo o= (2n4+2)1 p

numerical serieses. On

—lim—P_—0<1.
now 2N 4 2

0

k=0

0 k
Similarly, it can be shown that the z q

= (2k+D)!
number series also converges. From the validity of
the estimate (14) and on the basis of the Weierstrass
theorem, series (11) uniformly converges. Then, the
function u(x) is a solution to problem (9)-(10).

Note: If one q(x) particular solution of the
Poisson equation is known

Au(x) = f(x), (15)

f(x)- then replacing

v(X) =u(X) +q(X) equation (15) can be reduced

to the form Av(X) =0 (16), and the solution (16)

can be found using (11).

Below are the possibilities of applying formulas
(11) or (11%) in some examples.

Example 2.1. Find an solution of the Cauchy
problem with the three-dimensional Laplace
equation:

where known function,

Au(x,y,z) =0,
u(x,y,0)=xsiny, u,(x,y,0)=cosy.

Philadelphia, USA 327

> Clarivate
AnalyticS indexed



ISRA (India) = 3.117

. ISl (Dubai, UAE) = 0.829
Impact Factor: ¢ (australia) = 0.564

JIF = 1.500

SIS (USA) =0.912 ICV (Poland) =6.630
PUHIL (Russia) = 0.156 PIF (India) =1.940
ESJI (K2) =5.015 IBI (India) = 4.260
SJIF (Morocco) = 5.667

Solution. We use the formula (11), where
Xy =2,% =0,
@(y) =xsin y, w(y) =cosy. Then we have

w© ) ZZk ‘ .
u(x,y,z) = kZ(;(—l) {(ZK)!'A (xsin y) +

2k+1
z

+M-A (cosy)} :

Then we find the exact solution of the problem:

. 22 z*
u(x,y,z) = xsin y[1+E+I+...]+

22 7
+cos y(z +—+—...j =
3 5

= xsin ychz + cos yshz.

Example 2.2. Find an solution of the Cauchy
problem with the three-dimensional Poisson
equation.

X2

Au(x,y,z) =1, u(x,y,o)z?,
u,(x,y,0)=e*siny.
We first introduce the notation of the from:
2
u(x,y,z) =v(x,Y, Z)+X7 , then we have the

problem
Av(x,y,2)=0, v(x,y,0)=0,

v, (X, y,0)=e**sin y.
To find the function V(X, Y, Z) we use formula

(12), where X,=Z, X, =0,
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