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Introduction

Correlated and standardized n z-variables are
usually considered as one homogeneous set of states.
A correlation matrix of pair coefficients
Rmn=RTm={rij}, i=1,...,n,j=1,....,n  corresponds to a
single set of z-variables. Symmetric correlation
matrices can have submatrices of the form of a
symmetric block-diagonal matrix with blocks that
differ from blocks of the Jordan block or from other
species [1]. In [1], square symmetric block-diagonal
n-on-n matrices consisting of 3 types of blocks were
considered: from a given number of ni-by- ni-blocks
(n>2), from 2-to-2-blocks [j : (j +1)], from 1-to-1-
blocks ("half block™ [(j-1): j] of length 1, Table 2
[1]). Elements of these blocks can be chosen
randomly, for example, be random numbers with a
uniform distribution law P[0,1]. For blocks of the
correlation matrix, for which the values of the
elements do not exceed 1 in absolute value, and the
diagonal elements are equal to 1. In [1], the case of
dividing the number n into 2 parts is considered:
n=(n-1)+1. This partition corresponds to the partition
of n z-variables into n-1 independent variables and to
one dependent variable in the direct linear multiple
regression model (DM MLRM [1,2]). If a sample Z;
of dimension mx(n-1) with known correlation matrix

Ru=(1/m)Z"1Z; of dimension (n-1)x(n-1) is known,
then the standardized n-th z-variable with unknowns
values zin,z2n,...,Zmn IS Simulating with located in the
n-th column of the matrix Zm=[Z1]Z],
Zo=(Z1n,Z2n,...,Zmn)". The matrix Ri=(1/m)Z71Z; is
the block of the matrix Ru=(1/m)ZTmnZmn. It is a
vector of length (n-1) and its elements rj,ran,ran,. . .,nn
in the framework of optimization problem No. 4 [1]
are given randomly, and the vector B=R%;Ri
determined by it is a vector of regression
coefficients. The problem of modeling the sample
Zm=[Z1] Z,], the correlation matrices Ri1,R1. for the
given vector B=(B,...,Bn.1)7, was called the inverse
model of multidimensional regression. We will
consider it in another article. In the framework of the
DM MLPM model, there are already other measures
of interrelations between n-1 allocated and 1
variable, these are regression coefficients p=R™11R;z,
where  z,=zR;R1=2B, z=(z1,...,zn1).  This
relationship is called a regression equation showing
the functional dependencies between one variable z,
and n-1 independent z-variables zi,...,z.1. These n-1
numbers B1,...,Bn1 express the pair relations between
the n-1 z-variables zi,...,zn.1 and between each of
them with the variable z,. There are many studies of
the DM MLPM. Consider the case of partitioning the
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number n into 2 parts of the form: n =q+p, q¢=>p>2.
This partition corresponds to the partition of n z-
variables into g independent variables and to p
independent  variables. In this case, other
multidimensional models of statistical analysis are
used. The model of canonical correlations [2,3] and
its alternative, the model of redundant variables
[4,5], enrich the previously discussed measures of the
interrelations between n z-variables.

The new measures are the redundancy indexes
[6]. The values of the redundancy indexes are equal
to the eigenvalues of the generalized direct spectral
problems (GDSP) [7,8]. In the direct model of the
principal component analysis (DM PCA) and in the
inverse model of the principal component analysis
(IM PCA) [7-8] called the eigenvectors and
eigenvalues [9-12]. In the DM PCA (in the IM PCA
[7-8]) called the eigenvectors and eigenvalues -
direct (inverse) problem diagonalization
(symmetrication) the symmetric (diagonal) matrixes
[7-12]). The wvarious linear, nonlinear functions
(f1,f2,f3,f4,f5,fs) of the elements of the spectrum
Am=diag(A1,A2,...,A¢,...,An)  are  measures  of
interrelations between the z-variables. Based on the
given values of all or a part of these f-parameters,
model spectra, correlation matrices, correlation
matrix blocks, model A-samples having exactly the
same correlation matrix were simulated [7-12].Other
measures of the degree of interconnections are
available and implemented, if they exceed a certain
threshold, they will demonstrate the "redundancy" of
the manifestation of a linear connection in pairs of
certain variables from the GDSP [3,13]. Below, we
consider the “redundancy" of linear coupling
manifestations in pairs of sets of 6 types of
variables.It is known that methods of the
multidimensional statistical analysis solve various
problems and in each method, and in each area of its
application it is necessary to overcome the
difficulties. In the forecasting models using the factor
analysis, the purpose is, as we will see more low,
reception of high factors of determination, and also
high factor loadings at values of predicted variables.
This purpose satisfy few statistical methods. Each of
considered below methods: CCA [2,3], RA [4,5],
assumes splitting n=g+p initial variables on 2 sets: q
x-variables, p y-variables (they should be
standardised by means of the average and standard
deviations), gq>p. Two sets of variables x and y
standardized to zero mean and unit variance. It leads
to use of the generalised direct spectral problems
(GDSP [2,3] (o6oOGrmennast mpsiMasi CHEKTpabHAS
3amada), instead of direct problems diagonalization
the symmetric matrixes (DSP- direct spectral
problem [6], mpsmas cnektpanpHas 3anma4a). Such
splitting of a vector of supervision meets in the real
data. Here the real object should be characterized by
two sets of properties, statistical relationship among
themselves. We will more low measure values a

redundancy indexes [6] steams of sets of variables in
2 methods: a canonical correlations analysis (CCA)
[2,3] and in a redundancy analysis (RA ) [4,5].
Redundancy analysis (van den Wollenberg, 1977) is
a popular method of multivariate analysis for
analyzing the relationship between two sets of
variables.

The work purpose - a finding of parities between
maximum values three functions from squares of
correlation coefficients between variables from two
different sets. Functions are interpreted as a
redundancy indexes, value of each function changes
in the range of (0,1) and defines average degree of
expressiveness of linear interrelation between two
sets of variables [2]. In terms of these functions
average shares of dispersions of variables of each of
two sets of the initial variables, explained by their
correlations with variables from other set are
investigated.

Let's consider 3 pairs (from 6) sets of the initial,
canonical, redundancy variables received in CCA,
RA . When transforming using the RA of canonical
variables, we obtain new canonical-redundancy
variables. A pair of new variables consists of 2p=p
+p variables. The found formulas redundancy are
necessary for a finding of pairs sets of variables (or
factors).  The found redundancy formulas are
effective when predicting the values of some input
variables from the values of other variables. We will
state results with reduction only the necessary
formulas for consideration CCA, RA in terms of 3
functions.

The redundancy formulas of the non-
symmetrical redundancy of the x- and y-
variables in biorthogonal canonical correlation
analysis

The essence of CCA consists in a finding as
much as possible correlated among themselves u-
and v-variables, i. e. two linear combinations initial
x- (with factors ayj, ..., ag at j-th u-variable) and u-
variables (with factors by, ..., by at j-th v-variables),
named canonical u- and v- variables, satisfying to
restrictions:

Ump:Z]_qu, Vmp:ZZBpp, (1/m)UTU:|pp,
(U/m)VTV=Ip,, (IM)UTV=A,,
R12=(1/m) ZlT Zz, R21=(1/m) ZzT Zl,
R11=(1/m) ZlT Zl, R22=(1/m) ZzT Zz, (l)
Vectors aj=(aj,...,aq)" , bj=(bsj,...,bg)" and factors of

canonical correlations ru=(1/ m)zm:UijVij =1, U=Uj,
i=1

v=vj, j=1,...,p, are from mathematical equations of
maxima of these correlations

rw=aRpb — matl’x , under equations of (1), where a,
a,

b — j- th eigen vectors from GDSP (3).
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Necessary conditions of maxima are [1] matrix

equations.
Ri2 bi=pR11 aj
Ro21 aj =vjRa2bj 2

As a'Ru1 aj=1, bj"R2 bj=1, from these matrix
equations follows [1] that w=vj=ry, u=u;v=v;. Then
matrix equations (2) can be written down in a kind

(R12R %22 Ro1 — p?jR11)aj=0,
(Rle'lu Ri2— sz Rzz)bjzo. (3)

As Rnn, it is positively defined (Ran# Inn, Ran>0)
there are unique 2 matrixes Agp,=[aj|...|ap],
Bpo=[bjl...|bp] eigen vectors which are calculated by
the solve of one of two GDSP (3). If it is found a
vector aj, then bj=v’yR1»2Rza;, if it is found bj, then
a=pljR11Rb;. Here p positive eigen values
u,...,u2%, are equal to eigen values v2y,...,v%, and are
equal to squares of factors of canonical correlations
rPw=A4=p%=v%, and, corresponding eigen vectors
a;=(asj,...,aq)", bj=(by,...,bq)" are located on
columns of matrixes Agp, Bpp. As t0 @ maximum ryy
there corresponds a maximum r?,, parities received
in CCA are fair and at maximisation of function @1
(rw)= r%y under conditions (1). The parities
connecting matrixes of canonical variables Ump, Vimp,
canonical loadings - Agp, Bpp, initial variables - Z;
(dimensions mxq), Z, (dimensions mxp),
intragroup  correlations  Ri1, Rz, intergroup
correlations - Ry, functions corresponding to the
maximum value ¢1:

¢1(r?w) = r2w =max, look like:
U=Z,A, V=Z,B, (1/m)UTU=ATR11A=Iy,
(1/m)VTV=BTR2B=I,
(U/M)UTV= ATR1:B =Agp, App=diag(rs,...,Ap).

In addition to formulas of CCA Stewart D.,
Love W. [2] have offered the formula of the
redundancy index, of the u-variables (v-variables),
equal to an average explained dispersion y-variables
(x-variables) in the presence of one canonical u-
variable (v-variable). Formulas of these indexes in
CCA in our designations have an appearance
accordingly

p
RA(Y =PI v =(UIP) D Iy = 02(r)
i=1 !

q
RC=(Wa i =) D, = 030,
i=1

Where rvv=R2a, rxv=R12b, vectors
a=(ai,...,aq)", b=(by,....bp)T-j-th eigen vectors
(columns of matrixes Agp, Bpp), corresponding to j-th
eigen values A%, where ¢, , @3 - defined above
functions. The following definitions are similar given
in [3]. We are compelled to simplify a type of a
formula. This formula designates a square of
coefficient of pair correlation r? between j-th y-
variable and i- th a u-variable, i. e. r* with the bottom
yjui indexes. It is inconvenient at the formulation of
exact definitions. Therefore, for convenience we will
designate this formula so: r?(y;,u)), and a formula

r"vuryy for i- th u-variable we will write in the form
r?(Y,u;). Similarly: r'xrxy for i- th v-variable - in the
form r2(X,v;).

Definition 1. Total redundancy of all p y-
variables at presence p u-variables is equal

p p
R(Y,U)=), Ro(Y.u)=D,  0ar3(Y,u).
i=1 i=1

Definition 2. Total redundancy of all q x-
variables at presence p v-variables is equal:

p p

RXV)=)" Re(XW)= Y oa(r¥(X,vi),

i=1 i=1

If to use necessary conditions (2) maxima in
CCA now formulas redundancies Rp(Y,u) and
Rq(X,v) become [2]:

@2(Pvu)=Rp(Y ,U)=(1/p)r"vuryu=(1/p)(Rz1a)" (Rz1a)=
(l/p)(VRzzb)T(VRzzb):(l/p)VerYVer: VZRp(Y,V):
01(r’w)* 92(r’vv), e3(r’xv)=
Ra(X,v)=(1/q)rTxurxv=(1/0)(R12b) "(Rezb)=
(U/g)(uRua)" (nRua)=
=(La)pPrTxurxe= (?Ra(X,U)=01(rPw)* 3(rxu).

Thus, we have equations:
92(rPvu)= @a(r 2u)*@2(r v),
@3(r 2x)=1(r 2w) *@3(r 2xu) (4)
As ¢1(r?w)<1, inequalities take place
@2(r 2v0)<e2(r vv), @3(r 2xv)<@a(r *xu).

Lower will formulas @2(r 2vv)=1/p, @3(r ?x,)=1/q
are received.

Lemma. In CCA an average dispersion of all
canonical y-variables (x-variables), is explained i-th
one u-variables (v-variable), less than the average
dispersion of all y-variables (x-variables) explained
by one v-variable (u-variable):

P3(rvw)=01(r’w)*e3(r’vu)=(1/p)A%,
(PS(rZXV):(Pl(rzuv)X(P?:(erU):(l/q))"zl
where A - j-th coefficient of canonical correlation.

In the Lemma of the formula (4) redundancy
of the canonical u-variables interpret as follows. The
value v? is proportional to the explained dispersion of
an canonical u-variable provided that there is a v-
variable correlating with it the second factor of the
formula (4) is proportional to the average explained
dispersion of all y-variables under a similar
condition.

3. The redundancy formulas of the non-
symmetrical redundancy
of the x- and y-variables in non biorthogonal
redundancy variables analysis

In CCA product of these two factors to equally
number

p
eI )= UR) rvi=(UP) D Iy y =Re(Y 1),
i=1l i

which is not maximised in itself, but it is
proportional to the maximum value @1(r%w). In work
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[5] vector rvy=R2zia is designated in a matrix form
(1/m)ZT,U =(1/m)Z",Z;1a =Rz1a, hence we have
02(r2vu)=(U/p)rvurvu=(R218) 'Rza)=a Ri2Rp1a=
:(l/p)(VRzzb)T(VRzzb): (l/ p)(bTRzzzb)Vz =
=(1/pV?rTyyryv=v2Ry(Y,v)= v3(1/p) = maxi*maxs
If a vector rxy equal rxy=R12b, that

P2(r*vu)=Rp(Y ,U)=(1/p)r"vurvu=(1/p) (Ra18) " (Rz1@)=
=(1/p)(VR22b) (VR 220)=(1/p)v?rTyyryv=v2Ry(Y,V)
= Q1(r?uw)xp2(r?vy).

Similarly we have
03(r*xv)=Rg(X,v)=(1/Q)r"x/'x=(1/q)(R12b)"(R12b)=
=(1/g)(nRu18) (1R118)=(1/Q) L T xu =1 Rg(X,U)=

=1 (r?uw) X @3(Ir’xy)=mMax; xmaxa.

In CCA value of function @3(r’xy) as product

03(r 2)=01(r’w)>*e3(r’xu) two values @i(r 2,) and
@3(r 2x), is equal to value Rq(X,V):

p
a2 =(Ua) rHx=(Ua) D Iy u = RO
i=1 !

It would be desirable to maximise specified to
redundancy in itself, i.e. separately. Differently, it is
necessary to find such linear combinations from each
set of variables which would maximise the average
explained dispersion of variables of
other set.

p
Rp(Y,u*)=(1/p) Z I’Zy_u* = g2(r’vux) — Max
i=L 7 a

q
2
Rq(X,v*)=(1/q) E Iy = 0a(Fxe) — mtgx
i1 *

Thus @2(Pvus), @a(r’xy) it is desirable to
maximise functions independently from each other. It
is made in work [2], where for new so-called
redundancy u” - and v™-variables equalities (4) any
more are not satisfied. A method of redundancy
variables (RA ) Van den Vollenberg-s A.L. [4] is
alternative to CCA H. Hotelling-s [2] for other
interrelations, than in CCA are maximized. The
essence of RA [4] consists in a finding of linear
combinations of redundancy u“-variables u%j=

Z Z. a*, of initial x-variables, as much as possible

correlated with y-variables, and in a finding of linear
combinations of redundancy v'-variables V=

p
Z Zi(kﬂ; b*kj , =1,...,m; j=1,...,n, it is maximum
k=1

is correlated the about an outcome j-th x-variables.
Vectors a'j=(a"j, ..., a'q)", bj=(b";, ..., bp)" —j- th
eigen vectors from GDSP (6), (7) are from maximum
conditions, accordingly, functions

p
¢a(1v) SUP) D [y v — Max
i=1 i a*

q
2
pa(r’xv)=(1/0) E v — max
i=1 i *

Extrema of these functions are separately a
method of multipliers of Lagrang [4]. Multipliers
w',v7j are interpreted as eigen values corresponding
GDSP (6), (7). Necessary conditions of maxima of
functions ¢, , @3 under the restriction (5) are
equations:

(Re2Ra1 — 1y’ Ru1)aj =0 (6)
(R21R12 — v"Ra2)bj"=0 (7
where ;" j=1,...,p, are sets of eigen values for the
corresponding sets eigen vectors a'j=(a"yj, ...,a%)",
from matrix A"g=[a"1]a™]|...|ap],, and eigen values
vi" ., j=1,...,p, correspond to a set eigen vectors
b5=(b";, ..., bW, j=1,...p, from matrix
B p=[b™1|b™]...|bp"l. Thus matrixes U'mp V'mp
redundancy u*- and the v'-variables received
accordingly from x- and y-variables, satisfy to
following equations:
U mp=Z1A"4p, V" mp=Z2B"pp,
(Um)UTU=ATR11A =Ip,
(U/m)VTV=B"TR2,B"=Iyy,
(U/mU TV =A"TR1,B" =¥12#¥21. (8)
Functions from squares of coefficients of correlations
between variables were applied in multiple linear
regression analysis (DM MLRA), RA. RA is applied
to the forecast in [13]. Special cases of RA are
[3,14] multiple linear regression analysis (DM MLR)
(n=g+p, p=1, in DM MLRAy;"=R21R11Ry; is solved
DSP (Rz1Ri-pj'R11)a’=0) by a’j=0), PCA (direct
model of the principal component analysis (DM of
the PCA [6]), n=g+p, p=0, Z1=Z,) . DSP from PCA
(Ru1 -1 1)A™=0p, [15] is solved. Difference of RA
from PCA that find a linear combination in RA from
g Xx-variables (p y-variables) with coefficients
a'=(a",...,a°q)", b'=(b",...,b"p)", which maximizes
a "R%a" (b"TR%b"), where a"TRa” (b"TRb"=1). In DM
PCA (by p=0) find a linear combination of n of X-
variables with coefficients c¢=(cy,...,cn)T Wwhich
maximizes c'Rc, where ¢'c=1[7]. At the same time
the MLRAby p=1 represents a special case of CCA.
At Z;=Z, the equation from GDSP of the CCA
contains a single matrix (Inn-p2lnn)=0, that is possible
in the presence of ideal coefficients of canonical
correlation: ry=1. Therefore DM PCA is not a
special case of CCA, and DM MLRA- yes. The
numerical solution of problems (6), (7) is formally
identical to calculations on a CCA, as matrix works
RizR21, RnR 12 and matrixes Rn, Ry - symmetric
matrixes. However eigen values p’j and v7 in 2
GDSP different: p'j#v'j=1,...,p. So in RA there are
2 structures of eigen vectors of A" and B”pp:
A'p=[a"1[a"2]...[a"s], B'pp=[ b'1[b"|...[b"].

In RA  redundancy u™- and v*-variables not
biortogonality i.e. u-set components not ortogonality
to V'-set components WPi#diag(yi,...,yp), for
matrixes of eigen vectors Aq, and By, are defined
separately (in CCA one of 2 matrixes of p eigen
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vectors Agp Or By is calculated: if it is calculated Agp,
then Bpy =AR21Agp. Thus u- and v-variables
biortogonality: (1/m)UTV=Apy=diag(As,...,\p)).

The redundancy formulas of the non-

symmetrical redundancy of the U -and V-
variables in biorthogonal canonical-redundancy
variables

To interpret squares of factorial loadings at
initial x - and y-variables from the CCA it is
necessary to transform so x - and y-variables that

received new (U -and V-) variables would become
biorthogonal. Then squares of factorial loadings
(squares of coefficients of correlations) at them will
begin to be interpreted as determination coefficients

at biorthogonal (in pairs uncorrelated) j-th U and V
- variables. CCA is for this purpose suitable. We
subject two sets of redundancy u*-and v*-variables
to biortogonalization transformation with CCA
application. Then at redundancy-canonical variables

we have two orthogonal matrixes A, B . such
that new matrixes U mp=U* Ay, Vmi=v*Bpp

U- and V-variables will be sets of biorthogonal
redundancy and canonical variables. The solved
spectral problem has already an appearance of a DSP

(W12¥or - A 21) A pp=0pp,

because the corres-ponding GDSP
(P12 22 ¥a1- A 2%11) A =0pp,
because of existence of equalities
\Pll —(1/m) U*TU* —I pp > ‘{122 (1/m)V*TV* :I pp
becomes simpler and assumes DSP air:
(WPn- A2) A=0 9)

We have to solve a problem (9) as GDSP from CCA,

thus, having defined a matrix of eigen vectors A .,
we define other matrix of eigen vectors

B o=/ = A 1w, A Here the diagonal matrix has an
view A pp—dlag(ﬂl, . A o). Matrixes U mp,Vmp

of new blorthogonal variables satlsfy to equations
(1/m)U U =lpp, (l/m)V V- =lpp,
(1/m)U TV A PP equlvalent to equatlons
Aw,B=A o0 s AT A_|pp, BT I§_|pp (10)

It is geometrically possible to treat Ay, and B
pp Matrixes as the orthogonal matrixes of rotations
containing sine and cosines of corners between old
axes (for redundancy variables) and new axes (for

biortogonal redundancy-canonical U and V-
variables).

Now we can consider redundancy of 4 pairs
(from 8) sets of variables. Total the redundancy,
caused by functional linear dependences, are equal 1
For example, the redundancy of p y-variables caused
by existence of p v-variables, each of which linearly
depends on p y-variables, is equal 1:

p p
RYV= 2 RV V) =) ealry )=

=(1/p)tr(BTR?,.B)=(1/p)tr(R22)=(1/p)p=1,
redundancy of g x-variables, p u-variables caused by
existence, each of which linearly depends on q of x-
variables, is equal 1:

Rq(XU)ZR (X,u,)= Z <p3(r2in)=

i=1
=(L/g)tr(ATR?;1A)=
=(1/q)tr(Ru1)=(L/q)tr(R11)= (1/q)g=1.
Other similar total indexes of redundancy Rq(X,U"),

Ro(YV), Ra U )RA(Y.V ), RU, U
Rp(V ,V) are also equal 1.

J— q J— p
RyX,U ):Z R (X7Ui)zz <P3(I’§(Ui )=
i=1 i=1

=g ATATRAAT A)=
=(L/q)tr( Aquq A -(1/q)tr(qu)-(1/q)q-1

Ro(Y,V ) = ZR(X V) = Z (Pz(r Wi

=(Up)tr( § TBR2,B" B )=
=Wp)tr( B T, B =@ip)tr(1pp)= (1/p)p=1,
Ry(X,U")= .Zpl: 03 rZXu] )=(Ug)tr(ATR2,A")=
=(Ua)tr(Ru)=(1/a)g=1,

p
Rp(Y,V*)=Z (PZ(r\Z(vi )=(1/p)tr(B"TR*2B")=

i1
=(1p) tr(R22)=(1/p)p=1,

_
Ro(U”, U) =Z 92( rj*u—. )=
i=1 I
:(1/p)tr(B*TR222B*)—(1/p)tr(R22):(1/p)p:1,

2
Ro(V", V) = Z 0Ly
i=1

=(1/p)tr(B "R%,B")=(1/p)tr(Rz2)=(1/p)p=1. (11)
At a conclusion of some of these formulas ratios (11)

were used formulas [4]:
R11AATR11=R11, R2:BBTR2=R2, (12)
Besides, redundancy ¢1(r?,) to u-variable in the
presence of a v-variable is equal in the CCA to
redundancy ¢1(r?w) to v-variable in the presence of a
U-variable:  @1(r?uw)=¢1(r’w)=A2. To redundancy of
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two sets of u- and v-variables of initial variables are

p
symmetric: Rp(U,V)= Rp(V,U):ZA? =max;
i=1
Total redundancy of g x-variables is not equal in the
CCA to total redundancy of p y-variables:
RQ(Xa Y) # RP(Ya X)a Q?ﬁp

In a CCA indexes of redundancy maximized
separately. Therefore are not maximized total
redundancy. Other total redundancy is maximized
Rp(U,V), Rp(V,U).

Theorem 1. In a CCA total redundancy of
initial x- and y-variables are equal each other and
equal to total redundancy of canonical u- and v-
variables.

p
(Wp) D A = Re(V,U)=Ry(Y,U)= Ry(X,V)=
i1

=Rp(U,V) (15)
Proof. By definition Ry(Y,u)=(1/p) rMvurvu.
Therefore

p p
Ro(Y,U)= Z R p(Y U |) :Z (p)rvurv=
i=L i

p p
:Z (R2la)TR21a):Z a'Ri2Rza=
i=1 i=1

p p
=(Up) ), (VRazb) (VR22b)=(1/p) ), v2rvurvi=
i=1 i=1
p p p
=), VRy(Y V=), VAUp)=), 23(Up)=
i=1 i=1 i=1
=Re(U,V) (16)
Here equalities Rz1a=vppR22 and Ry(Y,v)= 1/p

P
was applied. Equality Re(X,V)= Y. 42" Re(X,uj) is
j=1
similarly prove. Using definition Rq(X,v)=
=(1/g)tr(b"R21R12b) and a formula Rizb=pRpia we
have

p p
ROGV)=Y, ()= =), Ry(X.V)=

il i1
p p
=), (Wararx=), (Ug)(Ruzb)(Rizb)=
i=1

i i=l

p
=), (Ua)(@Rua) (1Rua)=
i1

p p

=), (Ua)rTxrx= Y, @Ro(X,0).
i-L i1
Owing to linear functional dependence of u-

variable from each of g x—variables, is followed that

by the share of dispersion explained with linear
dependence on g x-variables, the is equal 1/p, to

=1, ...,p, ie. R}(X,u|)=1/p, we have demanded
equality:

p
Ro(YU)=R(X V)= D A5 (Up)=Re(UV)  (17)
j=1

Having equated the right parts of equalities (16), (17)
we have required equality (15). Then

p p
R(OGV)= D 45 R(X,U,) = 2 Ay (Up)=Re(V,U)
j=1 i=1

Ratio between the redundancy, similarly considered
in the Theorem 1, we have when transforming by the
CCA of matrixes of U'mp , V'mp redundancy
variables.

We will consider redundancy of the new
variables received at consecutive transformation of
initial variables by two specified methods. When
transforming by RA are maximized all p pairs of
redundancy:

2
Re(Y,)= 02 [ VUi )=(Up) b TRuRuzby =( 1)y

2
RyXV5)= o3( T XVi )=(U/q) aTRuRaa’ =gy

Therefore, are maximized total redundancy:
P 2
Ri(Y.UY= Y oo Fvui )=
i=1

p p
=(1p) Y, b TRaRuzby’= (Up) ), pi2=max;

i=1 i=1

p

2
ROV)= Y oV xvi )=

i=1

p P
=(1/q) Z 8" TR12R213;"=(1/q) Z vj?=maxs

i=1 i=1
In the redundancy analysis we look for a linear
combination from x, a* which maximizes a""R?;;a",
where a"Rpja™=1, a" - j-th eigen vector. When
transforming a mx2p-matrix [U"V"] of redundancy
variables by the CCA (it is made on one of method
steps from [8]) are maximized redundancy:

Ry(U" ¥V )=0o(F2(U",V ) = A 2 xa(r(U", 1)~ 4.2
(1/p),
RP(V*aﬁi):(Pz(rz(V*aﬁi):
= A2 xqp(r(V', v i)= A 2(1lp) —max,
oritis maximized_ o
o1(%(U V)= A2 and oo( L, )=(Up)@T A=
=(1/p)1=1/p,
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2 - - —
92( rV*V’i )= (1/p) bTb:(llp)lzllp. As A2<1,

then a(r?(U”, v i))<ez(r’(u”,)),

@2(r2(V,E)<2(r?(V', v i).
Maximum total redundancis of u™and v*-variables
are equal each other to

Ro(U" V) =Ry(V", U ) = A 2(1/p)=maxs (18)

If in the Theorem 1 instead of x- and y-variables to

consider u™-and v*-variables that equality (15) it will
be transformed to equality (18).

Theorem 2. When transforming redundancy u*-

and v"-variables to CCA maximized total redundancy
of x - and y-variables don't change

_ P,
Ro(Y,U ) =Re(Y.U)=(1lp) Y 11, =max,
-1

_ p
RaX, V) = R((X.V)=(1/a) D, v% =maxs.
i=
Proof. When transforming redundancy of u*™- and v*-
variables to CCA total redundancy of the p vy -

variables, p U -variables caused by existence, are
equal

R(Y,U ) =(Wp)tr( ATA TR ,RuA™ A)=
=(Up)tr( AT % A)=(1/p)tr(n?pp)=

Pl s
=(Up) X 41 =Ro(Y U)=mac (19)
j=1

Similarly total redundancy of the q x-variables, p V -
variables caused by existence, is equal

Re%, V) =(Wpytr( B TB*TRuR1:B* B )=
=(Wp)tr( B v B )=(1/p)ir(v )=
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