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Abstract In this paper we give, for the first time, the definitions of “co-divide” and division of two matrices
with the same dimension. We will see that the definitions here are analogous to the case in real numbers. Here
we research their properties and give some examples. Rational matrices was define by “Matrix Division”. We
will see that the properties here are analogous to the case in real numbers. Here we research their properties and
give some examples.
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1. Introduction

Let us start with the definition as follows.

Definition 1.1. Let A = [a;; |nxn, B = [bj lnxn b€ any two square matrices. 1 < i <n, then g‘ij denote the
determinant of the matrix B; obtained by putting j** column of A in place of i*" column of B. The real number
4i; is called a co-divide of A on B.

We easily get

Lemma 1.1. Let A and B be any two square matrices of dimension n. Then the number of codivides of A on
B is n?.

Example 1.1.  If A = [1], B = [3].Thentheco-divides #1, and 51, are 1 and 3 respectively.

Theorem 1.1. Let M(R) = {[aij]nxn a; ERij=1,..,nn€ Z+}, and C;; (4) = (=1)"* M;; (A), where
M;; (A) is the minor of a;;. If A € M(R) with |[A] # 0, let I be unit matrix. Then

ii. qp=ay, for j=1,..,n
. |Al,i =)
iii. 4i; :{ 0% ]
Proof. i) Let A, € M(R) and |A| # 0. Then
1 aqy e Qqy aqy e Qg
0 a e a . a
1‘{11 = 1: 2:2 2r§ = ?2 : Zn = C11(4),
0 Ay e Ay an2 v Oy
aiq 1 a3 wAip a1 aq3 "'al(n_l) A1n
a 0 a e a ay1 03 .. A2(n-1) Ay
14{12 = .21 .23 Z'n =1 : : ;n =612(A)
an1 0 an3 Oy An1an3 --Ap(n—-1)qnn

=
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a1 N n-1)1 aiq ... A m-1)
arq ...aZ(n—l)O azq ..42(n-1)
ily = :od Y il B : = (i, (4),
anl"'an(n—l)o anl"'an(n—l)
0a12 =+ M (n-1)A1p Az - U(n-1)A1q
0az22 + %2(n-1)a Az 2(n-1)Ay
.A{nl =1: : : =1 : ;n = (,1(4)
1a,3... An(n-1)0nn ap2 .- An(n-1)0nn
a1 012 = An-1)( a1 -1 (n-1)
Q1072 =+ @2(n-1) azy ...A2(n-1)
f{nn =1 : ; : : =1 : = Cnn (A)
An1An2 .- an(n—l)l anl"'an(n—l)
i)
ai1 Q-0 10411 a1n Q-0 10--1n
az11--0 01--Q21 An 1.0 01--a2
1‘}112 =a11:~--"‘}1n= - nl:---:f}nlz ‘ﬂ zaln:---:f}nnz Tl zann'
a,10-1 00y Ay 01 00-a,,
Therefore,
1y = ay.
iii.) Let= j , then we have two equal columns, so ﬁij is zero and also ﬁij = |A|for i =j.
Note 1.1. We notice that

[.ﬁ{ll.ﬁ{lZ"'.ﬁ{ln] C11(4) €12 (4) -.C1, (A)
,4{21,4{22';';{211': C21(A) G2 (A) - Con (A) |
lénlénsz{nnJ Cnl(A)CnZ(A)'“Cnn(A)
_[ 5 _[2 6 Bq _ |2 5| _ . By _ |1 2|_
Example 1.2. LetA = [3 7],B = [4 8].Thenall of co-dividesare 51, = |4 7| =—6, 321 = |3 4l =

-2 0 =10 O=7 42 =) I =-10 =[] J=-10 42, =2 =2 4n=] {-

2, 82, = [i 3] - 6.

Matrices of co-divides of Aon B (Bon A resp.) and B are
-6 =2 _-10 2
c=[7 Sde=175 %
Lemma 1.2. LetA,B € M(R) and k € R\ {0} then
. A = k(i)
i aeyy = k"D (55).
Proof. Letd,B € M'(R) and k € R\ {0}, then
i) Asany entry of kA is a product of an element of A by k, we conclude that

] resp.).

®42i = k(4i;). And we can conclude that
Kby, - kbl( j-1) & kbl( ) kb,
kb, - kb, @&, kb, kb, , . S A
i) (kB;\'j _ .21 . 2?1 1) '21 2§1 1) :2 :k( 1)Z:aijcji (B):k( 1)(§Ij)'
: i=1
kbnl o kbn( i-1) anj kbn( j+1) kbnn

Corollary 1.1.  Ifk =0 then®)i; = 0(4;) = o.
Lemma 1.3. LetA,B,C € M(R),|C| # 0. Then

. . 1 . .
. [35] = 1511851 -
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i Ail — alli
i ] = L),
We now give, the following new “Matrix Division” definition .

2. Matrix Division

I . @), . -
Definition 2.1. Let A and B € M (R) with |B| # 0. Then the matrix [%] is called the division of A by B
nxn

and denoted by A+ B or é
M 5 2 6
Example2.1. Let A = [3 7] B = [ ] Then

2 5 6 5
Lol bel] s« ol s o] 2 _2
. _ -8 8 _ 4 4 . _ -8 -8 — |4 4
A+B= 1 = 13..AndBTA—lz 1 al=l1 s
EyoEyl |- B2 Bl |l
-8 —8 -8 -8
Note2.1. In the above example we see that B(A = B) = A. In fact,
5 1
[2 6] - 2[1
4 gl|_1 3 3
4 4
Note2.2. From the above we have
3
51| a2 6]_ . . .
7]ll s —[4 8]—3. It is obvious that, in general,
4
A+~B + B+ A.
o1, 4 3 M
Example2.2. LetA—[ ]B—[ ]and C_[l
Then|B| = [T 3| =1andcl =] 5=—4.30
23l L5 3l
L. |12 313 1l
(4=B)+C= |4 1| |4 1"[1
7 5| B
11
=[—5 ]_[ I 4 —4I
7 11 || - 1 |
1
Rt i
0 =
= .And
3 5
| | 11
P | 11,14 2
A'(B'C)_[z 3] 14 [2 3]'31
|l1 1 | 72
=[1 O].Also,
(A+B)+C+A~+ (B~ ). Consequently, the commutative and associative laws do not hold in general for
division.
1 3 1 5 2 0 -4 -1 0
Example2.3. LetA=|1 0 -1|,B=[0 2 2(,=|0 -1 -—1|.Then
1 1 1 3 3 0 -2 -2 1
0 1 2
A+-B+0)=|1 2 -1f,
0 -2 0

452
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1 1 2
| % % 5]

. ~0)=|-Y _1 5
(ATB)+(A.C)—i e 3 i
| oo 1

90 45 18

A + (B + C) is different from (A + B) + (A + C). Then distributive property is not hold for division either.
Theorem 2.1. Letd € M (R) and |A| # 0. Then % =T

Proof. It is clearly from theorem 1(iii.) that
4]
l[m 0--0 O]I 1 00 0
A+A)=]: =1 - =1
R
4] 14|
I _ adj(A)

Theorem 2.2. LetA € M(R) and |A| # 0. Then AT

0 00 1

Proof. From theorem1.1.(i) we have

I 1 I
Alialz ala

;U‘ZL...A};‘L C11(A)Cy1(A)...C 1 (A)
I+A)=a a3 a zﬁ C12(A)622:(A)'§"an:(14) .
Initng " Inn C1n (A)Cyp (A) " Cpn (A)
14l 14l 1Al
Corollary 2.1. LetA € M(R) and |A| = 0. Then 17 =A"1
1 3 1
Example2.4. LetA = |0 3 —1|.Then|A| = 8.
1 5 3
1 3 1 0 3 1 0 3 1]
0 3 -1 1 3 -1 0 3 -1
0 5 3 0 5 3 1 5 3
8 8 8
1 1 1 1 0 1 1 0 1
fea=|l0o 0 =1 o1 -1 Jo 0 -1
1 0 3 1 0 3 1 1 3
8 8 8
1 3 1 1 3 0 1 3 0
0 3 0 0 3 1 0 3 0
1 50 1 50 1 5 1
8 8 8
7 1 3
|4 2 4‘
1 1 1 )
"8 7 8|7
| 3 1 3|
l 8 4 8J

We give without proof

Corollary 2.2. Let A € M(R) and |A| # 0. Then A (;7) =1
Theorem 2.3. Let4d, B € M(R) and |A| = 0, |B| # 0.
Then(4A+B)(B+A) =1

Proof. LetA, B € M (R) and |A| # 0, |B]| # 0.

A+B)B+A=2=t0=] o (AL)_1 =2
Example 2.5. IfA=[6], B=[3]. Then A+ B =[2], ’
which is analogous to the real caseg =2.
Theorem2.4. Letvk € R\ {0} and 4, B € M (R) with |B| # 0. Then,
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(kA+B) = k(A+B).
1

(A= (kB)) = ~(A+B).

Using Lemma 1.2.(i), we have )i, = k(#i,). Therefore
(kA +B) = k(A+B).

Using Lemma 1.2.(ii), we have ()i, = k™~ (3i;). Also,

) _REG] 1,
(A= (kB)) = o [H =-(A+B).
1 1 -1 2 1 0
Example2.6.LetA=|1 1 1|,B=(2 0 1].
-1 0 1 31 1
Then |B| = —1. Therefore
1k 1 0 kK 1 0 -k 1 0
kK 0 1 k 0 1 kK 0 1
-k 1 1 0 1 1 kK 1 1
-1 -1 -1
2 k O 2 k O 2 -k O
.12 k 1 2 k1 2 k 1
RA=B=13 S 4l I3 0 1l I3 k 1
-1 -1 -1
2 1 k 2 1 k 2 1 -k
2 0 k 2 0 k 2 0 k
3 1 -k 31 0 3 1 k
L -1 -1 -1 —
3k 2k 0 3 2 0]
=|-5k -3k 0]=k(A+B)=k[—5 -3 0f.
—5k -3k k -5 -3 1.
Lemma2.1. Let4, B, C,D € M (R)be any four matrices such that |B| # 0, |D| # 0. If (A + B) = (C + D) then
BY _ 18l
By ol
Proof. If(A + B) = (C = D) then
_] - H By _ By o By _ 18I
1B1] — LIp] Bl — bl §i; ol

Lemma 2.2. Let 4,0 € M (R) such taht |A| # 0 isO + A = 0.

Proof. Fori,j = 1,..,n we get}i; = 0(3i;) = 0. Therefore % =0 0+4=0¢eM(R).

3. Divisibilty

For matrices A and B such that |B| # 0, we say that B divides A, or that B is a divisor (or factor) of A, or that
A is a multiple of B, if there exists an integer C such that A = BC, and we denote this by B| A. Otherwise, B
does not divide A, and we denote this by /BfA,

Theorem 3.1. Let A,B,R € M (R) such taht |B| # 0. Then there exist unique , P € M(R) , |P| # 0 such
that

ii. R=0if B|A
Proof. i. ForvA, B € M (R) and |B| # 0 then there is unique P € M (R), |P| # 0 such that;

ﬁ[iQ‘R}:P©%=P.

TR
/‘@* Journal of Scientific and Engineering Research

283



KELES H Journal of Scientific and Engineering Research, 2018, 5(8):279-286

It is unique.
ii. Itis clearly.

4, Rational Matrices
Let us start with the definition as follows. The term rational in reference to the set

QM) = {% |A,B € M(R),|B| # 0}1 refers to the fact that a rational matrix represents a ratio of two matrices.
The set of rational matrices is include by M (R). A rational matrix is a matrix like g , Where A, B are matrices.
If B =0 then this division is not defined.

2=0€ Q) and £ =1€ Q). Then QM) * 0.

Lemma 4.1. LetA,B,C € M(R),|C| # 0. Then

i [ = sl

i, [55] = A[35] .

We give the Lemma not proof from [3].
The set of rational matrices will show with

QM) = {g|A,B € M(R), |B| # 0} .

We easily get
Lemmad2.  Let,= € Q(M). Then 2+5 =25
Proof. —+ |113| Al]"‘é[gij] |B|([Bl]] [5i]) = |B|([Bll gi]) =[“9%] = A+C.

Theorem 4. 1. Let%,% €E QM) . Then

0+ ©) =[]

Proof. Letg,% EQM).

(0)+(0) = ufid - gm0
A C

Corollary 4.1.  Let—,~ € Q(M) . Then (%) + (g) llg: i [#i] -

Theorem 4. 2. Let g,% € QM),|C| # 0. Then
5)+() =006

=H[][H]
Example 4.1. LetAd = H 1],3 = [1 1],6 = 1 1],D = [2

=0 el Fl=E= AL
=7 F1=2=13 4

[?] [%] = [_31 _41] [_21 (1)] = [_51 _41] =
Lemma 4.3. Leté € Q(M),C € M(R). Then

= (=%

c
b. (B) A Aj_:

Sequare matrix of reel numbers is denoted with M (R)or M .

SIENETES

Proof. Letg,% EQWM),|C| #0.

oo

SIRVETES

(;\ ‘\\:
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c. If|C| # 0, also gz [%] . [%]

Proof. LetA = [a;],B = [b;] and C = [c; ] then

) AC [Z?:I(Z};L:l g Ckl)Csl (B) g:l(ZZ:l Qg akn)Csl (B)
l. — = : : :
B
=1 (Xk=1 A5k Ck1)Csn (B) -+ Xio1(Xk=1 Ask Ag1) Cop (B)

[ZZ=1 ag Ck1(B)  +++ Xh=1 Gy Cr1(B) Cl”l (A)

= : : : P l=(=2)C.
B

Yk=1Qs; Cp1(B) - Xj—qag Cp1(B) Cnn

ii. If C = Afrom ).

( 2 1, lrge 7 A
IB}{ { }4 E[;;J]J{:E[;;J]:E.

iii. If |C| # 0 from lemma 1.3.

=il =g sulles] = 5] [2]-

2
Note 4.1. In general, A (/—1) %.

ACE

Theorem 4. 3. LetB o7 € Q(M). Then

H A C
v. (E) (E)IS ratlonal matrix.
We give the lemma without proof.

Lemma 4.4. Letg,% € Q(M). Then (g) (%) = Aaﬁ.

Lemma 4.5. Letg € QM) andn € Z*. Then

AY' 1.

AV LTaT

B |B|n J
Theorem 4. 4. Letg,% € QM) andn,m € Z*. Then

-
=) -

IR
) -0

Proof. i. Itis clearly from Lemma 2 that

2] =%[§ij]...ﬁ[§ij]=(§j...(§].

n—times n—times
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ii. This proof is the paper “Matrix Division”.
iii. Itis seen clearly.

Example4.2. Let A = ﬁ ﬂB = [1 (1)] and n = 2. Then

|20||10|
A_ 1 10 01 1l _

B (|11 2 11 1|
il

Note

% ol= @) =12 Alae =2 2] wen

4.2. In general for rational matrices,

5. Results and Discussions

The matrix division supports insistence of the way and carries to multiple systems. It increases the ability of

thinking creatively. More than one different result is achieved for the same system.
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