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Introduction 

 

Spectral tasks of significance belong to the 

category of fundamental problems of mathematical 

physics.  A number of applications are reduced to 

consideration of the spectral equations having a 

unique solution only if it is known the value of 

included parameter. This special parameter is called 

the characteristic or eigenvalue of the system. 

Ordinary approaches for solving dynamic 

problems is to reduce to an algebraic problem [1] to 

determine the values of the eigenvalues for the 

given basis functions. However, it is not always 

possible to choose the orthonormal coordinate 

functions for free boundary conditions. 

In this regard, permission of 

differential spectral problems is considered as 

more effective approach. In this case, the basis 

functions are defined as the solution of the 

homogeneous edge value problems. The 

main aspects of the resolution 

of differential problems for self-adjoint operators are 

considered in the work [2]. 

A numerical approach solutions of 

differential problem in spectral problems for 

free boundary conditions, including for non-

selfadjoint operators are presented in this paper. 

 

1. A numerical method for solving spectral 

problems 

Dynamic problem of the linear theory of elastic 

[4,6]] for inhomogeneous beams taking into account 

the structure of the module of rigidity – D (x, t) and 

the shift – G(x, t) can be reduced to the following 

form: 

 (x) (x) (x) (x) (x)


     C V Q V A V B V M V F     (1.1) 

in carrying out of initial  

                         0
0

00
, WVVV 

 tt
                                               (1.2) 

and boundary conditions 

                 xxx fVbVa              at  х = 0,l                                       (1.3) 

 

It should be noted that non-uniform boundary 

conditions by replacing variables can be reduced to 

an isotropic form. We apply the method of separation 

of variables to solve the initial-edge value problem 

(1.1) - (1.3), according to which the unknown 

solution in the form 

V(x,t) = U (x) T(t)              (1.4) 

As a result, we have the following spectral 

problem 
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 UBMUAUQUC (x)(x)p(x)(x)(x)                  (1.5) 

                                        аxU′ +bx U =0      at  х = 0,l                                                         (1.6) 

 

Here the eigenvalue  p is determined from the 

condition is not trivial solutions of the uniform edge 

problem (1.5) - (1.6). This edge value problem is 

solved by differential matrix factorization which 

uses the following system of uniform differential 

equations [7,8] 

 

      β 0x x      C U Q U U ,                                (1.7) 

 

by differentiating and comparing with (1.6) to 

determine α, β, taking into account the 

boundary conditions (1.6) at x = 0, we obtain the 

following Cauchy problem for matrix functions: 

 

     

       

0

0 0

' ( ) ( ) 0 0

' pM(x) - ( ) ( ) 0 0 0

х c х ,

х х

  

  

 



   


    

1 1

1
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B Q b a C Q ,
                (1.8) 

 

After determining the required unknowns in the 

point x = l taking into account (1.6) and (1.7) we 

have the following system of 2 n linear algebraic 

equations for the unknown U(l), U′ (l) 

 

             0
0

l l

l l l l l
a b

    
 

 

C Q U
U                                                (1.9) 

 

which implicitly depends on the eigenvalue p. It, in 

its turn is determined from the condition 

of nontrivial solutions (1.9): 
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Substituting the values of the roots of the 

equation (1.10) - рк  in (1.9) we can calculate 

the values of the basis functions U′к(l), Uк(l).  Then, 

using these values, the inverse matrix method of 

differential speed sweep additionally defined the 

basis functions on the interval хЄ[l,0]. The 

above given scheme is suitable for 

analytical solutions of the spectral problem. 

And numerical implementation is based in the  

Wegstein’s  iterative process to determine the 

eigenvalues
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The condition for the termination of the 

iterative process is 

 

S(ωn)    <  ε                     (1.12) 

 

After the decision of the spectral (1.1) -

 (1.12) the unknown solution of the dynamic 

problem we expand the eigen functions 

V =    xUtT r

r

r


0

       (1.13) 

where Tr (t) is a solution of the following  differential 

equations on time 

 

r

0 0

T ( ) ( ) ( ),

(0) , (0) ,

r r r

r r r r

t p T t f t

T T T T

 

 
          (1.14) 

 

where 
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         (1.15) 

The solution of the Cauchy can be written as 

1 1 2

0 0

0

( ) cos sin ( ) sin ,
t

r r r r r rT t T t T t f t d p                     (1.16) 

Thus, we have a complete solution of the 

linear one-dimensional dynamic problem of 

elasticity theory of elasticity. However, many applied 

problems belong to the category of two-

dimensional dynamic problems whose solution is a 

rather complicated mathematical problem. 

Further, the proposed approach to solving one-

dimensional edge value problems using variational 

iteration method applies to the solution of two-

dimensional problems. 

 

2. Numerical solution of two-

dimensional spectral problems 

 

Two-dimensional dynamic problem of bending 

of elastic plates and shells in the general case can be 

written in unified and tensor form [8-10] 

     

 

v , v , v , v vijkl j l ijk j k ijk i k ij i ij i ic g a b m q                             (2.1) 

                   ,v vijk j k ij j id g f


                        (2.2) 

                               ,wv,vv 0

0

0

0 itiiti 


                                    (2.3) 

 

We apply the procedure of separation of 

variables for the time and coordinates to 

solve considered problem:  

vi (x,t) = Vi (x) T (t)                            (2.4) 

The resulting expression for the unknown 

function - vi substituting in (2.1), according to the 

Fourier method, we have the following spectral 

problem 

 

  0)(,,,  iijijkiijkkjijkljijkl VpmbVaVgVc                                (2.5) 

                      0, 


jijkjijk VgVd


                                                   (2.6) 

 

In a Cartesian coordinate system Ox1x2 can be 

carry out separation of variables on the coordinate 

axes 

Vr(x1,x2) = X 1r (x1) X 2r (x2)        (2.7) 

The last expression for the unknown 

functions Vr (2.7) by substituting in (2.5) - (2.6) and 

performing the procedure of the Bubnov - Galerkin 

method for each of the coordinate xs (s = 1,2),we 

have a one-dimensional spectral problem for xs 

 

    0,)(,,, 


 spssssspsspssps )(xxMp)(x)(x)(x XXBXXAXXQXXC           (2.8) 

0)()(  spsxspsx XXbXXd             at  xs = – 1, 1            (2.9) 

 

Matrix-functions in implicitly form (2.8)  

 contain the unknown functions - Xp, therefore, the 

resulting eigenvalue problem is  to unsplit  the 

unknowns. The main purpose of the reduced spectral 

problem is a consistent definition of one-

dimensional basis functions separately for each 

coordinate. Assuming Xp =1, p=3-s,  on  xs, 

 we define the system of basis functions Xs in the 
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given one-dimensional problem by the integral 

expressions corresponding to spectrum 

of eigenvalues -ps. In this case, the eigenvalue - ps 

“reduced” one-dimensional spectral problems for 

each of the coordinate axes are determined from the 

condition of non-triviality of the homogeneous edge 

value problems (2.8) - (2.9).  For the numerical 

definition of "reduced" the eigenvalues and the 

corresponding basis functions will be 

used computational algorithm (1.7) - (1.12). After 

determining the basic functions for finding the 

eigenvalues of the original two-

dimensional eigenvalue problem using the 

energy equation of Rayleigh in the form 

 

 prt=[(ci j k lVj, l+gi j k  Vj ),k +ai j k Vj ,k  +
 bi j k Vj  ) •

 vi 
(rt)

 ]/[m ijVj •
 vi 

(rt) ],                        (2.10) 

 

 

here [f•g] means a component of the decomposition 

of the scalar product of vector – functions.  Here  

vi
(rt) - corresponding to the two-dimensional 

orthonormal basis function, by which the 

value determined by the prt - eigenvalue. 

We expand in basis functions the solution of the 

spectral problem, the solution of the dynamic 

problem (2.1) - (2.3)  
                

     xtTxt
nm

m

nm

n

 )(

00

v,v  








                       (2.11) 

 

Here the unknown function of time –  tTnm  

defined as in (1.14) – (1.16) taking into account 

the two-dimensionality of the dynamical problem. 

The study of the problem of standing waves in 

isotropic plates under the action of a transverse load 

is described by the following differential equation in 

partial derivatives [7], which is written in 

dimensionless form 
2

2

(1 ) 1
0

2

q
u u

E c

   
    , 

where 



1

Eh
G

 
is the shear modulus, and 

hm 
 

- mass per unit length of the plate, E–

modulus of elasticity 


E
c 2

 – the speed of sound, 

  – Poisson's ratio. This problem lies for 

free (i.e., the contour of the plate slides without 

friction) plate, with respect 

to potential displacement has zero initial and edge 

conditions. 

 

 
 a) b) 

Figure 1 

 

 

Table 1                                                                Table  2 

 

klT  1 2 3 4 5 

1 0,01664 0 0,00061 0 0,00013 

2 0 0 0 0 0 

3 0,00061 0 2,2E-05 0 4,9E-06 

4 0 0 0 0 0 

5 0,00013 0 4,9E-06 0 1,0E-06 

 

-1

-0,5

0

0,5

1

эпюра  формы базисной функции 3, 3 

всестороннего усилия для пластин со 

свободными границами

0,5-1

0-0,5

-0,5-0

-1--0,5

-1

-0,5

0

0,5

1

эпюра базисных функций 5,5 всестороннего 

усилия для пластин со свободными 

границами

0,5-1

0-0,5

-0,5-0

-1--0,5

kl  1 2 3 4 5 

1 4,44 7,02 9,93 12,95 16,02 

2 7,02 8,89 11,33 14,05 16,92 

3 9,93 11,33 13,33 15,71 18,32 

4 12,95 14,05 15,71 17,77 20,12 

5 16,02 16,92 18,32 20,12 22,22 
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Figure 1 shows the shape of the basis functions, 

obtained by a numerical approach and the 

proposed corresponding to different values of the 

eigenvalues - kl : a)
 

33.1333 
    

b)
 

22.2255  . After solving the reduced one-

dimensional problem, the known basis functions it 

can be calculated the values  of the eigenvalues  for 

the considered two-dimensional spectral problem on 

formula (2.10), which is presented in the table 1. 

Given in Table 1 the numerical values of the 

eigenvalues correspond to their exact values. It is 

given the nature of the numerical convergence of the 

coefficients of an infinite series of the calculated 

values of basis functions in table 2.  As can be 

seen from the results of an infinite series (2.11) is 

reached quite fast convergence. 

Thus, the proposed numerical 

approach solution of differential problem in spectral 

problems for self-adjoint operators of resolving 

equations proved to be quite effective  
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