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Abstract. In this paper, we extend Jain and Mirman (2000, 2002), Daher and Mirman (2006, 2007),
Wang et al. (2009) and Wang and Wang (2010) on modeling insider trading under Cournot duopoly
competition, but focus on changes in the financial side by introducing more owners as insiders, all of
whom possess the same inside information and can trade in the stock market. We find that in reality,
the output of listed firm decreases but quantity produced by other firm increases, though total
output becomes less. Market makers are less responsive to both signals from real and financial sides,
but will set stock prices higher with zero signals. The manager and each owner will order fewer stocks
in the financial side, but the total order flow still depends upon the realized values of inside
information. As the number of insiders increases, the profits of the manager and each owner will
decrease correspondingly, so does the variance of the observed inside information. If the number
approaches infinity, then all insiders’ profits will also reach zero, and at the same time, there is no
variance for the inside information. That is to say, all inside information is revealed to the public so
the stock market is perfectly efficient.
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1 Introduction

Insiders are individuals who hold proprietary knowledge about aspects of the firms they are associated
with. They possess inside information that affects the profitability of the firms. In modern organization
of corporations, we see the separation of owner and manager on control and management in one aspect,
and from the financial aspect, we observe that the manager is delegated for making production decisions,
and for maximizing the market value of the firm to serve the best interests of company shareholders
who are the owners of the corporation (or the fund managers who are concerned with the interests of
the investors).! This scenario is consistent with the financial market operation of the real world, because
the listed company usually has a large number of shareholders.

Since the highly publicized financial scandals of Enron and WorldCom cases, insider trading has
become the emerging policy issue and modelling focuses on many academic fields, such as law, economics,
finance, management, etc.; the debate concerns the public desire of implementing regulations and laws,
which prohibit insider trading. In the real world, insiders may not be limited to the manager and owner
of a listed company. They may also be managers and directors of the competing firms possessing other
firms’ relevant inside information.

On the normative aspect, factors that make insider trading undesirable are discussed in Manove (1989)
and Leland (1992), and in particular, Dow and Rahi (2003) incorporated real and financial decisions but
only focused on the question of fairness rather than the relationship of real and financial decisions. On
the positive aspect, following Kyle (1985), Jain and Mirman (2000) modeled the financial and real
sectors together in order to study the insider’s decision-making process and how it affects the output in
the real sector, stock price of the firm in the financial sector, and the information revealed to the public.
Jain and Mirman (2002) constructed a Cournot competition in both real and financial sectors, while
Daher and Mirman (2006, 2007) added a second insider trader in Cournot model (henceforth named the

"Noe (1997) and Hu and Noe (2001) considered managerial incentive that is provided by the corporation and how it
affects insider trading and firm performance in different ways of modeling.
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Duo-Cournot model). In their modeling, the manager is responsible for making real-sector decisions, and
the owner has the same inside information as the manager but no managerial responsibilities.

The different set-up of market structures is crucial to delineate the intertwined relationship between
the two sectors. To view the real-world scenario of a celebrity criminal of insider trading and the profit
“earning” of the owner over the manager, Wang et al. (2009) extend Jain and Mirman (2000, 2002) and
Daher and Mirman (2006, 2007) by postulating that the financial market be Stackelberg rather than
Cournot, and explore the effect of introducing Stackelberg competition on the equilibrium, in terms of
both real and financial effects. It shows that the owner’s profits will increase, and he enjoys his privilege
and has more incentive to know more about the manager because his profits can be enlarged. Meanwhile,
managers’ profits may either decrease or increase depending on the exogenous parameters of the model.
Wang and Wang (2010) allow competition mode to change in the real side of Cournot duopoly and
when compared with Daher and Mirman (2006, 2007), show that when the listed company with insiders
becomes the leader in the industry, the reaction functions of insiders will change as well as the
parameters of the market, to signal from real and financial sides, but the amount traded by insiders
remains the same; so does the degree of information revelation. In particular, for the information
revealed to the public, the stock price reveals more information with the Stackelberg real-leader model
than that of the Stackelberg financial-leader model. Daher et al. (2012) further highlight the effect of the
competition structure in the financial market on information revelation.

In this paper, we focus on changes in the financial side but introduce more owners as insiders, all of
whom possess the same inside information and can trade in the stock market. We find that in the real
side, the output of listed firm decreases but the output produced by other firm increases, though total
output becomes less. Market makers are less responsive to signals from both real and financial sides, but
will set stock prices higher with zero signals. The manager and each owner will order fewer stocks in the
financial side, but the total order flow still depends upon the realized values of inside information. As
the number of insiders increases, the profits of the manager and each owner will decrease
correspondingly, so does the variance of the observed inside information. If the number approaches
infinity, then all insiders’ profits will also reach zero, and at the same time, there is no variance for the
inside information. That is to say, all inside information is revealed to the public so the stock market is
perfectly efficient.

The paper is organized as follows. Section 2 presents assumptions of the basic model, describes
behavior of all agents, while Section 3 provides a method of solving a unique linear equilibrium. Section
4 compares the results with the Duo-Cournot model. Section 5 has concluding remarks.

2 The Model

The economy consists of one real product and one financial asset. The market for the real product is
Cournot duopoly, and each firm produces the real product at no cost. The inverse demand function
facing this industry is stochastic and linear, i.e.

¢ =(a-bY")Z,a,b>0. (1)
The prior distribution of Z is normal with mean %z (assumed to be positive) and variance o‘z2 . ¢ s

the price of the real product. Y' is the aggregate quantity produced, while yl' and yz' are the

corresponding outputs of the two firms, we have V' = yl' + yQ' . With regard to the financial sector, firm

2 is privately owned and privately financed, while firm 1 is publicly owned. In the financial market, the
asset is the stock of firm 1, the value of the asset is the net profit of the firm per share. The stock of
firm 1 is publicly traded in a competitive stock market.

Note that the variable Z is the key variable for our discussions, because it represents the inside
information. Investors only know about its mean and variance, but insiders can know its realized value
after gathering information and a period of observation.

The insiders, one manager and many shareholders (owner), are in firm 1. They have the same private
information about the financial asset, but the owner has no managerial responsibilities. Knowing the
realization of Z, many insiders trade in the stock market based on their inside information, and they
are risk-neutral rational traders. At the same time, there are noise traders, standing for small public
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investors with no information on z . The aggregate noise trade is denoted by a random variable @,
which is normally distributed with mean zero and variance 0'5 .

With many insiders in Cournot duopoly model, there is no change in the real side of the two firms.
But in the financial side, there are n insiders trading in the stock market, including one manger and
n—1 owners. Then the total order flow becomes

F=22)+5,Z)+z,(2)++2 (2)+0=u(2)+1 (2)

The market makers observe two signals, a noisy signal from the real market, denoted by the random
variable §=(a—bY")(Z+ &), where & is normally distributed with mean zero and variance o-f. We
assume that Z, @ and & are independent. The two signals, the real signal and the order flow signal,
are used by the market makers to set the price § = p(g,7), based on the equilibrium price function, to
clear the market. The insiders know only the value of z and do not know the values of @, & 7, 2+ &,
while market makers do not know the realization z of Z but know its distribution; neither can they
observe T, Z,,.., T , U Or €.

The target function for firm 2, the owner’s target function is the net profits from producing products,

v, =(a—bY")y, 2 (3)
and he needs to decide the optimal quantity produced y, to gain the maximum profit, which can be
shown as

(a=by, +y, )y, 22 (a=bly, +v,")y,"2 (4)
for any level of output y2U produced by firm 2.

For the manager of firm 1, there are two parts of profits,

[, = - B'-p)i, + Bz, (5)
The value per share of the firm 1 is defined to be the net profit of the firm per share,
v'=(a—-bY")y'z (6)

For owners of firm 1, their targets are to choose optimal orders of stock and gain a maximum
expected profit. The target functions are

[ =" -B"-p)3i/(2), ie2n] (7)
For any insiders other than the manager, their best strategies are
El((a=bly, +v, )y 2= B' = plz,(B) + 2, (2) + 2/ (D) + -+ 2/ () + )z (2)] 2
El((a=by, +y,) )y, 2 =B = pla/(Z) + 2, () + 2/ () + 2" () + -+ 3, (2) + D))z ()]
for any alternative strategy z.’(Z).

(8)

Following Jain and Mirman (2000), the design for such a managerial scheme is for an alignment of the
interests of the owner and the manager. Without it, the second order condition with respect to the
choice of output is not satisfied for all values of z. Moreover, for the violation values of z, the
manager tends to incur infinite losses for the firm, thus leading a conflict between the firm and the
manager. With such a compensation scheme, there exists a unique linear equilibrium as in the Kyle
model. The interpretation of B is that there are two parts for the manager’s compensation mechanism:
the first deals with compensation per share, just like the owner; and the second part shows the manager
is rewarded a constant amount per share of the stock bought, and conversely, penalized the same
amount per share of the stock sold. But as observed, the coefficient of these two elements are the same,
therefore for the manager, the compensation scheme doesn’t affect him, while for the owner, the value of

firm 1 is reduced by B',i.e. ¥ =v'— B, the after-compensation value.
The manager of firm 1 needs to decide the optimal quantity produced and the best trading strategy

Il' (2) in order to gain the maximum profit. The change is that in the financial side, there are many

owners as insiders. The best strategy for the manager of firm 1 is
El((a=b(y, +y, )'2 = pla, (B) + 2, () + 2, (2) + -+ 3, (B) + )z (2))]

2 El((a=b(y," +y, )y’ = pla, (2) + 2, (B) + & (B) + -+ + 2, () + @), (2)]
for any level of output yl[’ produced by firm 1 and any alternative trading strategy 331(] (%).

(9)
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Note that B’ is used to guarantee the existence of the unique linear equilibrium. This is a game with
incomplete information, since market makers only know the distribution of 2. The pricing rule p (., .)
always satisfies p(g,7) = E[0 | §,7], and the stock price is equal to the conditional expectation of the

asset value given real product price and stock order flow information. In this case, an equilibrium is

linear if there exist constants ,uo', 1“1’7 ,uQ' such that

plar)=p' +p'q+uw'r, Var. (10)

3  Derivation of Equilibrium

First, we derive the reaction function of the owner of firm 2. The first order condition is

y, =(a—by')/2b (11)
The manager of firm 1 chooses yl' and :z:l' () to maximize expected profit
G' =E[((a=-bY")y 'z - pla/(Z)+z, (Z)+z/E)++z (2)+0))z(2)] (12)
The first-order conditions are
g/ =[(a-bY")y —u ) —pt) —p) (&) (B)+ 2 () +-+3/(2)]/ 2, (13)
y' =(a—by, +u'b)/2b (14)

Combining (11) and (14), we have
y' =(a+2bu')/3b

' ' (15)
b =(a—by')/3b
Here we can see that outputs of the two firms are not affected by the number of insiders.
The owner of firm 1 chooses the decision strategy :vz.' (2) to maximize expected profits,
G' =E[((a-bY")y 2 - B —p(z/(2)+z,(Z)+z, (2) (16)
+oex (B) 4tz (2)+ 7))z (2)]
From the first-order conditions, we can derive the owner’s order as
7/ () =[(a=bY")y ~u" )i~ p) =B~ ( Y, =/ (2)]/ 24, (17)
j=2,5i
Summing the value z/(Z) from 2 to n, we have
n n-1[a-bY")y' —p)zZ-u'zs'(Z
i=2 n /12'
Substituting (18) into (17), the owners’ reaction functions are
5/ 5) = a=bY")y — i~ 1~ B'— a1 (2] s (19)

Then taking (18) into the manager’s reaction function (13), we have the optimal trading strategy of
the manager

2/ (2) =[(a=0Y")y, - )2 —p +(n-1)B/(n+1)u, (20)
Solving (19) and taking into (20), we have the owners’ optimal trading strategies as
o/ (2)=[(a-bY" )y — )2 — ) —2B'1/ (n+1)u, (21)

We assume the existence of linearity of the stock price. The above strategies show that the trading
level of insiders is still a linear function of Z . The outputs are deterministic and a linear function of 2z,
since they remain the same. Hence, both the total order flow signal 7 and the real signal ¢ are
normal random variables. Besides, the value of firm 1 is also a normal random variable, since it is also a
linear function of Z . Consequently, the stock price, setting expected profits to be zero, is linear.

We then solve the coefficients of the price function as shown in Appendix A, which are

’

My =0 = - )T (22)
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u' =ac? /bB(n+1)o’ +0’)=ak' /b (23)
u' =ado, \/Sn(l -k')Yk"/ oNn + lbo, (24)

where k'=0" /(o7 +3(n+1)0?).
The second-order conditions for the manager are ,u_z' >0, and :Bl' ()2 >0, while the second-order

condition for the owner is 4, >0. From (24), we know 4, >0 is always satisfied. Substituting the

outputs and trading orders of the insiders into (22), through derivation we have

# = (a=bY")y - )z 2B (25)
Substituting (20) and (25) into the above condition of the manager, it then reduces to
by, —u'V(E-2)+(n+1)B"E >0 (26)

In (26), there may exist some values of Z for which the second-order condition is not satisfied.

Here, we present a necessary and sufficient condition for the existence of the linear equilibrium for all
zZ.
Proposition 1. In insider trading model with many insiders, a linear equilibrium exists if and only if,

#, =(n=1B"=(n-1)(a=bY")(y - u')z/(n+1) (27)
Proof. We can prove this first for sufficiency part: if g' =(n—1)B', the expression for z/'(Z)
becomes  z'(2)=(a—bY")(y — )2/ (n+D)u, =by,”Z /(n+1)p, >0 . Thus, the second-order

condition is satisfied. Hence, a linear equilibrium exists. Next, we prove the necessity. Since a linear
equilibrium exists, the second-order condition is satisfied for all Z . The second order condition has the

form ¢z° +dz>0. Here, c=b(y' — ')’ >0 and d=(n+1)B" —b(y' —p )’z . Therefore, we must
have d =0 to satisfy the second-order condition and thus the result is proved.

Proposition 2. In insider trading model with many insiders, a linear equilibrium exists. The
equilibrium is unique and is characterized by

(i) v/ =(a+2bp')/3b and y,' =(a—bu')/3b,

(i) 5/ () =[a—bY) - -y, +(n=DB/ (n+ D]

and z/(2)=[(a=bY")(y, =4 )7 —p) =2B']/ (n+1)p,

(iil) p(@.7)=p, +p G+ 7,

() g = (n-1B = (= a=bY")y - )7 /(0 +1).

(v) u' =ac’ [bB(n+1)o’ +0’)=ak' /b and ' = G,ZO'S\/3N(1 —kk /9\/n +1bo,
where k'=0" /(07 +3(n+1)0?) (see Appendix A), 4" €(0,a/b), and u,' >0

4 Comparisons to Duo-Cournot Competition

)

In the following comparisons, the variables without having ‘” as the superscript denote the equilibrium
outcome for the Duo-Cournot model. We would like to compare our results with Daher and Mirman’s
Duo-Cournot model in both real and financial sides.

4.1 Stock Market Parameters and Outputs of Two Firms

Lemma 1. The financial effects of insider trading model with many insiders, as compared to the Duo-
Cournot model are as follows:

W) w > py | <y ) < gy,

(i) y' <y.y >y,Y' <Y,
(iii) B'<B
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Proof.

(i) By substituting ,ul', Y’ yl' into proposition 2, we have
u, = -1)a’cz [ b(c’ +3(n+1)o? ). Since p, =3a’c.z /b(c’ +90°)", we know u' > u if n>2.
From u' =ac? /b(B3(n+1)o’ +0’)=ak' /b, we know that the value decreases as the number of

insiders increases. And it is the same case with the relationship between ,uQ' and u, .
(ii) From proposition 2, we know that outputs relationships just depend upon the relations

between the parameters of market makers. Since from (i) we have g < g, thus y' =(a+2bu')/3b
and V' =(2¢+ byl’) / 3b follow the same pattern since they have a positive relationship with ,ul', while
y2' =(a- b,ul') /3b appears to be the opposite pattern because y2' and yl' have a negative

relationship.
(iii) As B'=(a=bY")(y' — ')z /(n+1) decreases as n increases, we can easily obtain the

outcome.
With the inclusion of more informed traders, the competition in the financial sector becomes

intensified. In order to satisfy the zero expected profits, the market makers set different ,uo'. The first
item of Lemma 1 shows that ,uo', the intercept coefficient of the stock price, is increasing with more
informed traders. From Eq. (A-1) and Eq. (A-2) in Appendix A, the increasing number of insiders
increases the variance of the total order flow signal, o"f_, the covariance of the real signal and the total
order flow, o, , as well as the covariance of the firm’s value per share and the total order flow, o . .
It turns out that the responses of market makers to these two signals both become less in this model.

The second item indicates output changes of the real sector affected by the response of market makers
to the real signal. Although the output of firm 2 increases, the total output declines, due to output
decrease of firm 1.

Next, the owner will delegate less as the number of insiders increases. As shown in Proposition 1, to

guarantee the existence of a linear equilibrium, the competition among n informed traders in the
financial sector requires that the compensation scheme of the manager (which is positive) has the value

/‘0' /(n—1). We find that B’ decreases with more informed traders.

4.2 Amount of Insiders’ Order Flow

Lemma 2. In insider trading model with many insiders, comparisons of the insiders’ level of trading, as
well as the total order flow to those in Duo-Cournot model, yield:

(i) =/ () <22,
(i) z/(2)<a,(2)
(iii) There exists a z" € R" such that
z'(2) > z(2), if Ze(z",),
z'(Z) < (%), otherwise.
Proof.
(i) By substituting w', v,’, &, , &, 4, into =z (Z), we have ZUUZ/\/gUz, and since
T, = \/Eaui / 20, obviously we can obtainz(Z) < z,(2) when n>2.
(ii) By substituting y', v,, 4, &, p, into z/(%), we can get the trading order of the owners
as z/ =0,(2-7) /\/—a ; while in the Duo-Cournot model we know z,( \/_0' (2-%)/20_. Thus,

we can easily get the result.
(iii) Substituting ¢, v,", #,', &', u, into z'(Z), we have

2(Z) =z (Z)+a, (Z)+z/E)++2z (2)=0,(nZ-(n-1)Z /\/>O' .
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Comparing with 2(2) = z,(2) + z,(Z) = \/50“2 /o, — \/50“2 /20, , we can know through calculation

that if Z2>(1+1/ \/%)E then z'(Z) > (%), and vice versa.

Lemma 2 shows that with an increasing number of informed traders in the financial sector, each
trader’s order decreases, while the level of total order depends on Zz . For the manager and owners of
firm 1, the value of inside information decreases (will be proved in 4.3 and 4.4), as it is held by more
and more people. Therefore, the inside trading is relatively declining. Only if z is sufficiently large, will
the total order increase.

4.3 Manager’s Profits

We calculate the profits of the manager by substituting

r

vy x'x) ex! xS, p) into equation (12) and obtain
G' =(n+ld’clo /b\/gaz (62 +3(n+1)0’). (28)
Proposition 3. The expected profits of the manager will be reduced gradually as the number of
owner increases.

Proof. Computing the first derivative of G =(n+1)a’c 0o, 2’ /b\/gaz (62 +3(n+1)0’)*, we have

' (5 : 3/: : : 1
oG Jon=(c’(n-1)-3c>(3n” +4n+1)) / 2n**(c” + 36 (n+1))’. And there are two roots when the

first  derivative  equals  zero,  i.e. n, =(-1207 + o7 - \/360';1 -60c’c” +0!)/1807  and

n, =(-120° +o’ + \/360'j -600’0” +0!) /1807 . We find that the larger root n, is smaller than 1 and
if n=1, E)Gl' / 0n <0, therefore, we draw the conclusion that for n > 1, the first derivative is always

negative, thus the value of Gl' will always decrease as the number of insiders 7 increases.

4.4 Owner’s Profits

Comparing the owner’s expected profits of our model with the owner’s profits in the Duo-Cournot model,
we can show that the owner’s profits are always smaller in our model.
In order to interpret the results, we can calculate the owner’s profits by substituting

vy x'x) ex xS u', p) into (16), and obtain
G =(n+)’c'o (3-%) [ Wno (6” +3(n+1)0>) (29)
Proposition 4. The expected profits of each owner will be reduced gradually as the number of owner
increases.
Proof. Similar to the proof of proposition 3, thus omitted here.
The above two propositions indicate that the insiders’ profits definitely decrease when the number of

owners increases, which appears true to common sense. When more people rush in and divide the cake,
each of them can only get a smaller piece.

4.5 Information Revelation

The measure of information is presented by the conditional variance of Z given the information of the
market makers, which can be written as Var[Z|§,7]. After some calculation and substitution (see
Appendix B), we have
Varlz | §,7]=o’0? /(67 +(n+1)o?) (30)

Proposition 5. The stock price reveals more information as the number of owners increases.

Clearly, the variance of observed inside information becomes smaller as N increases, thus narrowing
the scope of information that cannot be observed by market makers. Therefore, more information is
revealed.
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5 Concluding Remarks

In this paper, we introduced more owners as insiders of the listed firm into the Cournot duopoly model.
All of the insiders possess the same inside information and trade in the stock market to gain profits. We
find that, in the real side, the output of listed firm decreases but the output produced by private firm
increases, though total output reduces. Market makers are less responsive to both signals from real and
financial sides, but will set stock prices higher with zero signals. The manager and each of the owners
will order less stock in the financial side, but the total order flow still depends upon the realized values
of inside information.

As the number of insiders increases, the profits of the manager and each of the owners will decrease
correspondingly; so does the variance of the observed inside information. If the number approaches
infinity, then all insiders’ profits will also reach zero, and at the same time, there is no variance for the
inside information. Under such circumstances, all inside information is revealed to the public and stock
market. And the financial market is perfectly efficient.

Compared with the result obtained in Wang et al. (2009), and Wang and Wang (2010), we could see
the following differences. Though total order of insiders may increase or decrease depending on the
realized values of inside information in both scenarios, market makers put more weight on signals from
the financial side in the Stackelberg leader model, while less weight on financial side signals in the
present model. It seems that market makers can well observe and identify different changes. When the
only owner becomes the leader in the financial side, market makers pay more attention to financial
signals. But when more and more owners (shareholders or the fund managers) rush in for profits, market
makers just let them go and pay less attention to financial signals, but at the same time, owners
themselves help market makers better observe and understand the inside information.

In future research, it would be useful to study a market in which insiders know about other firms’
inside information and use this information to trade. Another direction of extension is to make the
model dynamic and examine the effects of past and present inside information and their influence on
insiders as well as the financial market.
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Appendix A

Using Graybill (1961), Theorem 3.10, p. 63, and following similar calculations in the Duo-Cournot model,
we can get

My =0 T )T
u =(cwo’-ocno,)/ D, (31)
,uz' =(ow o"j ~ocwos)/ D,
and then using 7,4 and o0, we have
ou=(a-bY") yl'of,
o? =n’(a-bY'V(y —p' Yol [ (n+1)] " + 07,
ow'=nla-bY Yy — 'y 'ol [ (n+D)u,, (32)
oo’ =nla=bY'Y(y —u')o? [ (n+ D,
G'i =(a—-bY') (0o’ +02).
By substituting (A-2) into (A-1), we can have the parameters expressed in the reaction functions we
have already solved.

' =(@-bvY'VYy'clo? | D (33)
u' =(@-bvY'VYy'c’o? | D (34)
Combining (A-3) and (A-4), we can get
(n+Du,” =nla=bY") u'(y - u')o; / o (35)
Then we calculate the expression for D' and can obtain
D' =n*(a=bY")'(y —u'Volc? [(n+1)Pw* +(a-bY Vo (o) +07) (36)
Taking (A-6) into (A-4), we find
(n+1) w0’ +0’)=0c’(y, +2u) (37)

Combining (A-5) and (A-7), we have (n+1)u,*(o? +0?)=0’(y +nu,)
Substituting (15) into the equation above, we obtain

u' =ac’ [b@B(n+1)o’ +07) (38)

Solving ,uz' , we substitute the above value into (A-5), and then taking the positive root, we get

u, =a’o \3n(1-k )k /9Nn+1bo, (39)

where k' =07 /(67 +3(n+1)o?).
Appendix B

Yd
To solve for Var[Z|q,f], we use the theorem in Appendix A. Suppose Yod =( ! J, Y* =% and

d 1
Y,
2 d P
o o, o' , .
a_ |4 i _ = a_ |4 i _ | d a2 a | _ Vn V12
Vy=|_|.Then U =2, U =|_| and V' =|0o) (07) o, |= . e
T r d d d\2 VitV
o (c7)
T qr r
i dy2 d
d 2 d d d d O-;(zq d ( q) O
where V, o, V o' o V.= and V. ° =
11 z ? 12 2q ar ) 21 d 22 d d\2
o’ (o)
2r qr T

Copyright © 2017 Isaac Scientific Publishing JAEF



194 Journal of Advances in Economics and Finance, Vol. 2, No. 3, August 2017

Note that (V,,)" =— ; |, where D' is the determinant of V' , that is
D'\ -0, (o))

D' = (0! f (ol - (o)

So we have the conditional variance of Z is

1 (0'7)2 -c' [ o!
Varl7 | 4,7 =V, -V 'V, V'V =(') (o' o' )—| ' @ 2
Zlar]=V, o V)V =(e0) ( 2 ”)Dd —O',jr (0':)2 o

Substitute equations in (A-2) and O'ZI =(a-bY"o?,

0'2 =n(a - bY’)(yl' - yl' )GZQ /(n+ 1)/12', as well as yl', yQ', :Ul', :172', /10', ,ul', /12' , We can obtain

Varlz | §,7] = 0’0’ /(67 +(n+1)o?)
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