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IPYIIIIBI CUMMETPUU YPABHEHHWU NNEHJIEBE *
Homenko J1.C.!, Habun U.A.2

' Kamuarckuil rocynapcTseHHbIil yHUBepcUTeT UMeHu Butyca Bepunra, 683032,

r. [lerponaBnosck-Kamuarckuii, yn. [lorpanuunas, 4

2 VIHCTUTYT KOcMO(MH3MUECKHX HCC/IeN0BAHUH 1 pacripocTpaHenus paarosoan JBO PAH,
684034, Kamuarckuii kpa#i, c. [laparyHnka, yi1. Mupnas, 7

B nannoit pabore nas 50 Hesnuueidineix OJ1Y BTOporo mopsiaka, o6/anarliux CBOH-
crBoM [leHneBe, HaliieHBl OIHONApAaMeTPUYECKHEe TPYMIbl CUMMETPHH U B HEKOTOPBIX
cay4asix mocTpoeHbl obiiue peleHus. CTaTbsi MOXKET CJYKHUTb CIIPABOUHBIM MaTepH-
aJioM [/ MaTeMaTHKOB, HHTEPECYIOLUINXCS HeJUHEHHBIMH YPaBHEHUSIMH.

Karouesoie caosa: odugpgepenyuaroroe ypasnenue, ocobvle mouku, c80UCMB0
[lennese, epynno. cummempuu
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SYMMETRY GROUPS FOR PAINLEVE EQUATIONS
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In this study, one-parametric symmetry groups were found for 50 canonical equations
with Painleve property, and, in special cases, general solutions were obtained. The
result can be used as reference for specialists in the theory of nonlinear differential
equations.
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BeepeHue

HuddepenuuanbHoe ypaBHeHHe oOJ/anaer coiictBoM [lensese, ecnn ero obuee pe-
IeHHe Ha KOMIJIECKHOH TJIOCKOCTH (MM Ha PHMaHOBOH MOBEPXHOCTH, €CJH pelleHHe
MHOTO3HauHO) He MMeeT MOJNBHXKHBIX (T.e. 3aBUCAIIMX OT Haya/bHBIX JNAHHBIX) CyIle-
CTBEHHO 0co0bIX ToueK. CorsnacHo Teopeme Murrtar-Jleddaepa, QyHKIIUS KOMIJIEKCHOTO
TlepeMeHHOT0 MOJHOCTbIO OTIPeNe/IIeTCsl CBOMMU OCOOBIMU TOUKAMH, MOTOMY aHaJHU3 0CO-
OeHHOCTeH HeJMHEHHOro ypaBHEHHUS Ha KOMIIJIEKCHOM JOMeHe MOXHO pacCMaTpPUBaTh Kak
OJIMH U3 CrocoboB ero peleHus. B cBolo ouepenb, ec/au HeNHHEHHOH ypaBHeHHe 00/1a1aeT
cBoiicTBoM [lensieBe, TO ¢ GoJibliell BEpOSTHOCTBIO MOXKHO PaCCUHUTHIBATH HA TO, YTO TEM
WJIM UHBIM CIIOCOOOM 3TO YpaBHEHHE MOXKeT ObITb IIPOMHTErPHPOBAHO.

B nauane XX B. II. [lenneBe u ero yuenukamu ([1, 2, |4]) 6bina pemena 3amaya o
Beiiesienur OJ1Y BToporo mopsiika (B c/aydae MepBOro Mopsiika BCe TPHUBHAJBbHO), 00-
Japawnimux cBoicTBoM [leHsneBe. Beero 6o HaiineHo 50 ypaBHeHHH, mpuueM 6 M3 HUX
OKa3a/JHCb HEUHTEerpupyeMbIMH B IPUBBIUHOM CMBICJE, HO 00pasyloOLIMMH HOBBIH KJacc
(YHKLMH, HEBBIPAa3HMBIX Yepe3 M3BeCTHble — T.H. TPaHCLeHJeHTH [leHeBe.

9. Aiinc B coeil Kuure [1] npuBonut Bce 50 ypaBHeHuit. B HacTosiell paboTe MMeHHO
[JIsi HUX OBLIM HabneHbl MHQUHHTE3UMaJbHble o6pasyiouire &,1 onHOMapaMeTpHUYecKoH
rpynnsl JIu G cummerpuit [3]

v=_E(x,y)vi+n(x,y)v,

rie expv =G ¥ [J15 HEKOTOPBIX MOCTPOEHBI 0011Ke pelleHus. BoluncaeHns Mpou3BOIUNNC
B nakete Maple. CuMMeTpru HalileHBl ¢ OMOLIbIO ToanporpaMmel aiasi Maple [5].

YpaBHeHus [eHnese
p63y.HbTaTbI [IPUBEAEHDBI B CJAE€AYIOUIEM BHUIE:

<ypaBHeHHE>
<pelieHre> (B HEKOTOPBIX CJyUasix)
<THN ypaBHeHHUs> (nsis TpaHcueHAeHTOB [leH/eBe)
<rpynmna cUMMeTpH#>

[IpencraBuM HekoTOpble BCTpeyarolyecs creluabHble (yHKIIMU:

* WeierstrassP(.) — P-dpynkuus Beiiepupacca;

* JacobiSN(.) — snnuntuueckasi pyHKuus dko6u (obpalleHre MIUNTUIECKOTO UHTErpa-
na);

* hypergeom(.) — 060011eHHass rUnepreoMeTprdeckasi HyHKLHUS.

)

@ W(X) =0
w(x)=_Clx+_C2

0
[ =(-C3+C)x+Cs,1m :C4X+C1W+C2(a—xW)+C6]
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2)
dZ
@w(x) = 6w(x)?
w(x) = WeierstrassP(x+_C1, 0, _C2)
[E = —%xCl +C,n=C1w]
3)
2
57 w(x) = 6w(x)? + %
w(x) = WeierstrassP(x+_C1, —1, _C2)
[§=C1,n=0]
4)
2
% w(x) = 6w(x)?+x
[[_Painleve, 1st|]
[§=0,1=0]
5)
2
S w(x) = 2 (5wl W)+ a0) (e wiw) + (a0 w()
[§=0,1=0]
6)
d d 3 2
& W) = 8w () (w(1) w0 +a(0) (e w(0) +w(x)?)
[é =0,1=0]
7)
d2
Ww(x) =2w(x)?
w(x) = _C2JacobiSN((xI+_CI1)_C2,1)
[ =—xC1+Co,n=C1w]
8)

d? 3
22 W) =2wl)7 + Bw(x) +y

/W(X) 1
V_Cl+_a*+B_a?+27_a

w(x) 1
/ — da—x—_C2=0
V_Cl+ _a*+B_a®+2y_a

K:Clanzo]

da—x—_C2=0,

9
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9)
——w(x) =2w(x)® +xw(x) +y
[[_Painleve, 2nd)|]

[é =0,n= 0]
10
) d? d d
2 W) =~ (oowlx) +w(x)® —12q(x) w(x) + 12(7-q())
[§=0,1=0]
1)
d* (HwH)?
220 =50
w(x) =1 _c2
£ =(=C+Ci)x+C3,n =Ciw]
12)
d? (%W(x))z 3 2 o
Ww(x) = +ow(x)” 4+ Bw(x) +Y+W
[g = (1, n= O]
13)
d’ (HwH)? 4 3 2
ﬁw(x) = () +awx)"+2Bw(x)’ —2yw(x) — 6 + Kw(x)
[5 =C;,n= O]
14)
d—zw(x) e ulCo) i ALLC) + aw(x)’+P +yw(x) +
dx? w(x x w(x)
[[_Painleve, 3rd]|
[é =0,n= O]
15)
Lt = Bt o 1)+ o2 (e + )
dx? w(x) w(x)
[§=0,1=0]
) d> (L w(x))? r(x) d d
w0 = B o) + 0 (5 a) w2 - (i)
[é =0,n= O]
17)
d_zw(x) _ (w)’ + W) +r(x) w(x)? — w(x) ;xzz r(x) ()
dx? w(x) w(x) r(x) r(x)?
[é =0,n= O]
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18)

: 4 w(x))? 4 q(x)) (L wi(x 2
) = L GRAODE D) 42— gy o+ (S a(o)
[é =0,n= 0]
19)
=D ()
dx? B mw(x)
wis) = (_sz’:_cz)m
[E=(—Cy+C))x+C3,n=C1 W]
20)
2 4 w(x))?
%W(x) = % (dxw(i))) +4w(x)?
w(x) 1 J -0 w(x) 1 ; 0
| e te =0 [ - e e 2=
(£ = —%C1x+cz, n=Cywl
21)
& L (G w)?
12 (x) = 5 dw(x) +4w(x)? +2w(x)
[ =C1,n=0]
29)
& w)
EW(X) =5 dw(x) +4w(x)? +2xw(x)
23)
2 4 w(x))?
% (x) = % ("xw(i))) +3w(x)?
[E = —%CpH—Cz, n=Cw|
24)
d? 3 (L w(x))?
WW(X) = Z % -1
[E = %ClX‘i‘CQ, n=Ciw
25)
23 (Ew)
ﬁw(x) 4 dw(x) +3w(x)? +aw(x) + B
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26)

£ ) ()P 4o maPw | m(ha) wi?
B (m+2)2 m+2

27)

28)

30)

31)

w(x) 2 w(x) 2
/ — d_a—x—_CZzO,/ da—x—_C2=0
V6_a3+2 Cl_a V6_a3+2 Cl_a

1
&= —§C1X+C2, n=Cw

12
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32)
2 iW X 2 2
Swi) =y I A dan + 28w 5 L
w(x) 2
/ — da—x—_C2=0,
V6_ad+160_a3+16B _a>+4y2+4_Cl_a
/W(x) 2 da—x— C2=0
V6_ad+160_a3+16B _a>+4y2+4_Cl_a
E=Cin=0]
33) )
2 4 wix 2 2
%w(x) = % (dxw(fc))) +%w(x)2 +4xw(x)> +2(x* — a) w(x) — % %
[é = 07 n= 0]
34) , )
d? 1 (L w(x)) 1 1
2 (x) = 5 dw(x) +4w(x)2+w(x) o — 3w
E=Ci,n=0)
35) ) ,
2 4 w(x
;?w(x) = % <dxw(5c))) +4ow(x)? —xw(x)— % sz)
[E=0,1=0]
36)
2 4 w(x))? r(x
L) = 2 B~ 2a00— 200 (L w) + 2wt + P wio+
Ir(x 2
a0 1)+ 3P W) + 2q(0) () =35 r0) =
[é =0, n= 0]
37) 2
R R o [ ()
w(x) = tanh(_i]x + _%2)2
£ = —Cix+Co,n =0
38) 2
T2V = (5 i =) (5 P ) () — D) w1+
Bww-1) v 5
R o e oy Sl e g 2

v - - 2 2 2 4
1/(—2B+4Pf_a+2y_a—8_a+4_aa—2y_a" -2 _a"—60_a" +20_a*+

13



Homenko M1.C., Mabun M. A.

ISSN 2079-6641
3 2 (1/2) ()
4 Cl_d—-2_Cl_d+_Cl_a)"V"Nd_a—x—_c2=0, / -

~1/((—2B+4B_a+2y_a—6_a+4_aa—2y_a* 2B _a*—6a_a*+20_a*+
+ Cl a2 Cl_d*+_Cl_a)"V/Nd a—x—_C2=0

E=Cin=0]

) d? 1 1 d s Lw(x)

ﬁw(x) B (E w(x) * w(x) — 1)(EW(X)) x *
B
(w(x) — 1 (w(x) o+ ——)
5 w(x) n yv&;(x) N 5w(:v)<§cw(—x)l+ 1)
[[_Painleve, 5th]|
[E=0,1=0]
40)
& I I d 2(q(x) wix) +1(x)) (£ w(x))
@W(x):(i w(x) +w(x)—l)(5cw(x))2+ w(x)—1 ‘ *
1 t(x)2 d d
3 (00(8) = D2 (505 w(8) = S5+ 240 =10 = (G-0(8) ~ (Gr() wl)
[é =0,n= 0]
41) 2
T2V =3 i+ =) (e
3 (—signum(w(x) 1)) w(x)1Y hypergeom([3, 2], 3], w(x)
signum(w(x) — 1)(2/3) —Clem 2=0
& =—-Cix+C,n=0]
¥ d? 2.1 1 d d
v =3 (i v =) G WO+ (G W) (e wla) + 53—
o = Ja) = 5~ s+
3r(x)? 3s(x)?
() (w(x) — 1) (3q<x>2w<x>+ S T S e
3 (r(2) — 3 r0) (<(2) +5(6) — ()

w() +
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43)
d? 31 1 d

EW(X) = Z (W(X) + w(x) 1 ) (EWOC))Z

4 (—signum(w(x) ~ 1)) w(x) /4 hypergeom([5. 2], [}, w())

signum(w(x) —1)(3/4) —Clm 2=0
[é =—Cix+Cy, 1 :O]
44)
2
0 =3 (g ) (G WO () (90 1) (s 7= + 27 () 1)
[6 =C,n= O]
45)
d? 3.1 1 d ) B(x) C(x d
B(x)? C(x)? H(x) K(x)
+M”m“*4ﬂﬂmyawﬂ_”+wmf_muywy+w@+w@—ﬂ
[5 =0,n= 0]
46)
3
> (G HE) (14 55— (7 w()
%Z‘”_%w@+w@;4ﬂéwwy_ 1&)2 *
wix) (wli) — 4[32(2w(x)—1)_3 %H(x) B
et = ( HOP 4 HGO ()~ 12
CHE 3(HHE) 9 (GHE)?
w(x) H(x) 2 H(x)? (w(x) — 1)
[£=0,1=0]
47)
3
2 (HHE) (4 5 5—5) (G W)
20 =3 o) e e
2 D?2w(x)—1
() (W)~ 1) <( =)
9 (#HW?  HE 3(GHE) 9 (GHE)?
4 H(x)?2 (w(x)—1)2  w(x) H(x) 2 H(x)2 (w(x)—1)
[é =0,n= O]
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48)
2 X
2V = G o+ g —s) (G v+ AGIWE) 4B+ o) (G wi)+
() (W)~ D AW+
3C(x)? H(x) K(x) H(x)
) T T -1 T W) 3w =3
[é =0,n= 0]
49)
d? 1,1 1 1 d
22" = 5 G T e T e e @ et
Y o €
—|—W(X) (W(X) - 1) (W(X) - OC) ([5 + W(x)2 + (W(x) _ 1)2 + (w(x) _ 06)2)

w(x)
/ 1/(2B_a*—2B_a*—2B_da+2B_a*a—2y_a*+2y_a+2y_aa—2ya—

—2e_a’*+2e_a—28_d*+28_aa+_Cl_a*—_Cl_a*—_Cl_d*o+_CIl_ao)V/?d_a—

—x—_C2=0,
w(x)
/ ~1/(2B_a*-2B_d*-2B_da+2B_d*a—2y_a*+2y_a+2y_aa—

—2yo—2€e_a*+2e_a—28_a*+28_aa+_Cl_a*—_Cl_da*—_Cl_d*a+

+ Cl_ao)VNd_a—x—_C2=0

[§=C1,n=0]
50)
d? 11 1 1 d 1 1 1 d
P i LT e e e el G i e e el

T =12 (W) )2
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3akno4yeHue

B pesysbrate pa6otsl ass 50 HesmuelHbIX OJ1Y BTOpOro nopsiaka, 06/anarUx CBOH-
cTBOM [leHsieBe, MosiydyeHbl reoMeTpUUeCKHe TPYMNIbl cUMMeTpuil. MIHTepecHbIM (akToM
ABJISETCS HAJNUYHEe MOAbKO MPUBUALbHOL OLHONAPAMETPUYECKOM IPyNIbl CHMMETPHUH Yy
Bcex 6 TpaHcueHneHToB [lensneBe. Kpome HHX, Hy/JeBbIMH CUMMeTpPUSMU 00JafaAlOT BCe
Te ypaBHEHHS, MpaBble YACTH KOTOPBIX AOCTATOYHO CJOXKHO YCTPOEHBI WU MNepeMeHHas X
BXOJIMT He3aBUCUMBIM 00pa3oM. Mexny TeMm, Kak U3BeCTHO, CHMMETPHUH TECHO CBSI3aHBI C
3akoHaMu coxpaHeHus (Teopema Herep, [3]]). Takxke cyuiectByet runotesa [4], corsmactHo
KOTOpO# TpaHCUeHAeHTHl [leHsieBe SIBJASIOTCS pelyKUHUsIMH (B HEKOTOPOM CMBICJE) BCeX
ypaBHeHHWH HeJHeHHOH MaTeMaTHyecKo# (M3UKU. TpuBHa/bHAas rpynmna CUMMETpUil B
HallleM cJiyyae MOXKeT CJYKHUTb MOATBepKIeHUeM 3TOH rumoTesnl. Toraa, ecjad rumnoresa
BEpHa, TO TpaHCUeHAeHTH [leHseBe 00pasyoT (pyHAaMeHTa/bHBIH KJacC 0OBEKTOB, Hal
KOTOPBIM MOXKeT OBITh BBICTpPOEHa COBpeMeHHas HeJuHelHas Teopus. [loka uto Bompoc
0CTaeTCsl OTKPBITHIM.
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