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Abstract In this paper, we introduce and investigate a subclass of analytic and bi-univalent functions in the unit

disk in the complex plane. Here, we find upper bound estimate for the Fekete-Szegd functional ‘ag —,uazz‘ of

the functions belonging to this class. Moreover, upper bound estimates for the initial coefficients |a,2| and |a3|

of the functions belonging to this class are obtained. Some interesting corollaries of the results obtained here are
also discussed.

Keywords Bi-univalent functions, Analytic functions, Coefficient bound, Fekete-Szego problem
2010 Mathematics Subject Classification: 30C45, 30C55

1. Introduction
Let’s A be the class of the functions in the form

o0

f(z)=z+a,2%+a,2°+-=2+) a,2", (1.1)

n
n=2

which are analytic in the open unitdisk U = {z € C: |z| < 1}.
It is well-known that a function f:C — C is said to be univalent if the following condition is satisfied:

2,=2,if f(z)="1(z,) or T(2)=f(z,)ifz #2,.
We denote by S the subclass of A consisting of univalent functions in U . Some of the important and well-

investigated subclasses of S include the class S*(a) of starlike functions of order & and the class C(«) of
convex functions of order & (a S [0,1)) .
By definition

« (i
S (a):{f eS:Re{Zf((ZZ))J>a,ZeU}, a €[0,1)

and
C(a)—{f S.Re(1+ Q) j>a,z U}, a e[0,1).

The above mentioned function classes have been recently investigated rather extensively in [14, 22, 28, 27] and
the references therein.

It is well-known that (see, for example, [7]) every function f € S has an inverse f ! which is defined by
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fY(f(z)=zzeU, f(f*W)=w,we D:{w:|w|<r0(f)},r0(f)2% ,

where f (W) =w—a,w* +(2a% —a,)W’ — (535 —5a,a, +a,)W' +--,we D
A function f € A is said to be bi-univalent in U ifboth f and f ™ are univalent. Letus = denote the

class of bi-univalent functions in U given (1.1).
Examples of functions in the class X are

Z 1 1+z
, In . In .
1-z 1-z 1-z

However, the familiar Koebe function is not a member of X . Other common examples of functions in A
such as

2z -7°
2 1-2°

are also not members of X .
Earlier, Brannan and Taha [2] introduced certain subclasses of bi-univalent function class %, namely bi-

starlike function of order « denoted S;(c) and bi-convex function of order « denoted C.(cx)

corresponding to the function classes S*(a) and C(a) , respectively. Thus, following Brannan and Taha [2],

afunction f eX is in the classes S; () and C,(a), respectively, if each of the following conditions are

Re[Zf’(Z)j>a,Z eU, Re(Zg'(W)j>a,We D
f(2) g(w)

satisfied:

and

! !
Re(1+m] >a,zeU, Re(1+Zg—(W)j >a,weD.
f(2) g(w)

For a brief history and interesting examples of functions which are in the class X, together with various other
properties of this bi-univalent function class, one can refer the work of Srivastava et al. [24] and references
therein. In [24], Srivastava et al. reviewed the study of coefficient problems for bi-univalent functions. Also,
various subclasses of bi-univalent function class were introduced and non-sharp estimates on the first two
coefficients in the Taylor-Maclaurin series expansion (1.1) were found in several recent investigations (see, for
example, [1, 3-5, 9, 10, 12, 16, 18, 21, 23, 25-27, 29, 30].

An analytic function f is subordinate to an analytic function ¢, written f(z) < ¢(z), provided there is

an analytic function u:U —U with u(0)=0and |u(z)|<1 satisfying  f(2) =@(u(z)) (see, for

example, [14]).
Ma and Minda [15] unified various subclasses of starlike and convex functions for which either of the

zf'(2) Or1+zf”(z)
f(2) f'(2)

considered an analytic function ¢ with positive real part in U , with ¢#(0) =1, ¢'(0) >0 and ¢ maps U

quantity is subordinate to a more superordinate function. For this purpose, they

onto a region starlike with respect to 1 and symmetric with respect to the real axis. The class of Ma-Minda
starlike and Ma-Minda convex functions consists of functions f € A satisfying the subordination
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zf'(2) zf"(2)
Q) < ¢(z) and 1+ 2)

C(9).

An analytic function f €S is said to be bi- starlike of Ma-Minda type or bi- convex of Ma-Minda type if

< ¢(z), respectively. These classes denoted, respectively, by S*((iﬁ) and

both f and f* are, respectively, Ma-Minda starlike or Ma-Minda convex functions. These classes are

denoted, respectively, by S (¢) and C,(¢). In the sequel, it is assumed that ¢ is an analytic function with

positive real partin U , satisfying ¢(0) =1, ¢'(0) >0 and ¢(U) is starlike with respect to 1 and symmetric
with respect to the real axis. Such a function has a series expansion of the following form:

#(z) =1+bz+b,z* +b,2° +---, b >0. (1.2)

One of the important tools in the theory of analytic functions is the functional H,(1) = a, —a22 which is

known as the Fekete-Szeg6 functional and one usually considers the further generalized functional a, — ,ua22 ,

where 1 is some real number (see [8]). Estimating for the upper bound of ‘as —,ua,zz‘ is known as the Fekete-

Szegd problem. In 1969, Keogh and Merkes [13] solved the Fekete-Szegd problem for the class starlike and
convex functions. Someone can see the Fekete-Szeg6 problem for the classes of starlike functions of order «
and convex functions of order ¢ at special cases in the paper of Orhan et al. [19]. On the other hand, recently,
Caglar and Aslan (see [5]) have obtained Fekete-Szegd inequality for a subclass of bi-univalent functions. Also,
Zaprawa (see [32, 33]) have studied on Fekete-Szeg6 problem for some subclasses of bi-univalent functions. In
special cases, he studied the Fekete-Szegd problem for the subclasses bi-starlike functions of order ¢ and bi-
convex functions of order ¢ .
Motivated by the aforementioned works, we define a new subclass of bi-univalent functions X as follows.

Definition 1.1. A function f € X given by (1.1) is said to be in the class M (¢, 5), >0, where ¢ is an

analytic function given by (1.2), if the following conditions are satisfied:

' B " - ' B " 1-p

(&J (1+w] < 4(2), €U, (ZQ’—(W)] (1+Z@"—("")] < (W), weD,
f(2) f'(2) g(w) g'(w)
where g = .
Remark 1.1. Choose 3 =1 in Definition 1.1, we have M (¢,1) = S; (¢) ; that is,
2@ (2) <¢(2),zeU and 2g'(w) < ¢(w),we D
f(2) g(w)

ifand only if f €S (¢), where g=f".

Remark 1.2. Choose £ =0 in Definition 1.1, we have M, (¢,0) =C, () ; that is,

1+w-<¢(2),ZEU and 1+M-<¢(W),WED
f(2) g(w)

ifand only if f € K. (g), where g=f".

Remark 1.3. These classes S (¢) and C,(#) was investigated by Ma and Minda [15].
To prove our main results, we need require the following lemmas.
Lemma 1.1. (See, for example, [20]) If p € P, then the estimates | pn| <2,n=12,3,... are sharp, where P

is the family of all functions P , analytic in U for which p(0) =1 and Re( p(Z)) >0(zeU),and
=
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p(z) =1+ pz+p,2°+-+,2€U. (1.3)
Lemma 1.2. (See, for example, [11]) If the function P € P is given by the series (1.2), then

2p, = pf +(4-p)x,
4p, = pf +2(4-p7) px—(4-p?) po* +2(4- p7 ) (1= )2
for some X and z with |X|S1 and |Z|S1.

The object of the present paper is to find the upper bound estimate for the Fekete-Szegd functional
‘ag—/,zazz‘ for the class My (9, f), ﬂe[O,l] and upper bound estimates for the initial coefficients

|a2| and |a3| of the functions belonging to this class .

In the introduction and preliminaries section of the paper, we provide the necessary information to prove
our main results. In the second section we give the main result. Ere, the special cases of the results obtained in
presented paper have been examined and compared with known results. In the third section, we give concluding
remarks.

2. The Fekete-Szegd problem for the class M (¢, )

In this section, we prove the following theorem on upper bound of the Fekete-Szegé functional for the functions
belonging to the class M (¢, ).

Theorem 2.1. Let the function f (z) given by (1.1) be in the class M, (@, ), S € [0,1], where ¢ is an
analytic function given by (1.2) and ueC. Then,

by

M, if |l—,u|e[0,,uo),

la, — w83 | <
2-p)?
(2-8)
ap, (3-28)

Proof. Let us f € My (8, ), ﬁe[O,l] and g =T ¢ is an analytic function given by (1.2). Then, in

where 1, =

view of Definition 1.1, there are analytic functions u:U —U, v:D—>D with u(0)=0=v(0),
|u(z)| <1, |V(W)| <1 and satisfying

N RN o) Y "))’
(zf (z)j (1+ zf (Z)J _ 4(u(2)) and (Wg (W)j (1+Mj =g(v(W)). (2.1)

f(2) f'(2) g(w) g'(w)

Let us define the functions p(z) and q(w) by
1+u(z) > N 1+v(w) d N
)= =1+ z",zeU and g(W) =———= =1+ w',weD.
p(2) =0 Zl‘,p eU and q(w) ) Zl)q e
It follows that
72)-1 1 2 3
u(z) =%=E{plz+{p2 _%}2 J{ps_ P, P, +%}3+”} (2.2)

s
=
5
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and

S O R

Using (2.2) and (2.3) in (1.2), we can easily write

¢(u<z»=1+%z{5(pz——l

2
b, p pz ) b,p; 0
+{E[p3 PP, + lj 221[p2_71}+%}23+---
and
o) =1+ 2 qu qu+ bqu}
(2.5)
b 2\ b
+|:%(q3 0.0, + Ci:j qu(qz qu 3?(:'1:|W3+"'
Also, using (2.4) and (2.5) in (2.1) and equating the coefficients, we get
(2-Pa, = blzpl , (2.6)
2(3-25) +1[( 22 _34-3p)laz=2[p P b 27
a+-[ (-2 -3(4-3p) o =2 p,—2- |+ 0L, @D
and
—(Z—ﬂ)af%, (2:8)
2
—2B-2p)a, += (,6’ ~118+16)a %(qz—%}r%bzqf, 2.9)
From (2.6) and (2.8), we have
a, = blpl — _blql 1 (2.10)
22-p) 2(2-p)
it follows that
P, =—0,. (2.11)

By subtracting from (2.7) to (2.9) and next considering (2.10) and (2.11), we can easily obtain

L b(p-g) _ bpt | bi(p, -
=t a2s) Ae-p) 8- Zﬂ) @12

From (2.12) and (2.10), we find that

_ a2= 1— bl(pZ 213
B~y =(1- ) + g zm (2.13)
Since P, =—(,, according to Lemma 1.1,
_n2
P~ =" (x~ ) (214)

=/
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for some X,y with |X|Sl, |y|£1 and P, 6[0,2].
In this case, since P, € [O, 2] , We may assume without any restriction that t € [O, 2] , where t = | p1|.

Substituting the expression (2.14) in (2.13) and using triangle inequality, taking |X| =¢, |y| =1, we can
easily obtain that
| — 3} | < d, (0) + d, (1) (E+7) = F (£,7), (2.15)

where

’t? 4-t?
dl(t)=|1—ﬂ|ﬁzo and dﬂ):%zo_

From (2.15), we can write
‘as —,uazz‘ < max{max{F (&m):(Em)el:te]o, 2]} , (2.16)
where 2 = {(§,n) € R%: &,1 € [0,1]}.
It is clear that
max {F (£,7):(£m) e Q} =F(L1)=d,(t) +2d,(t) =c, (4, B, )t* +¢, (4, B).

where
2

cl(qs,ﬂ,ﬂ)-ﬁ;)zﬂl—m—ﬁs—%}c2<¢,ﬂ) :

T 4(3-28)°
Let us define the function G: R — R as follows

G(t)=c, (4 B, u)t* +c,(4, B), te[0,2]. (2.17)

Differentiating both sides of (2.17), we have

G'(t)=2c,(¢. 8. u)t.

2_ 2
It is clear that G'(t) <O if |1—y| € O,i . Thus, the function G(t) is a strictly decreasing
4b, (3-2p)
. (2-5)
function if [1— 0, , Wh =
unction i | y|e[ 1), where £1, 4b1(3—2,8)
Therefore,
max G(t):t|0,2|t =G(0)=2d,(0) = by . 2.18
(60:t<[02]) =60~ 20,0 = 722 219)
Also, G'(t) > 0; that i, the function G(t) is an increasing function for |1—,u| Y
Therefore,
1_ 2
max {G(t):t €[0,2]} =G(2) =d,(2) :%. (2.19)
Thus, from (2.15)-(2.19), we obtain that
b .
, if [1- 0, ,
, 2(3_2ﬁ) | ,Ll|€[ /LIO)
‘aS _luaZ ‘ S blz

(Z—ﬂ)z |1_'u|’ if |1_ﬂ|€[ﬂ01+w),

7

)
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2
(2-5)

4b, (3 -2 )

Thus, the proof of Theorem 2.1 is completed.

In the special cases from Theorem 2.1, we arrive at the following results.

where L, =

Corollary 2.1. Let the function f(z) given by (1.1) be in the class S; (@) , where ¢ is an analytic function
given by (1.2) and u € C . Then,

it if |1 { 1j
= —,u|e 0,— |,
o< {° "

|1—,u|b12, if |1—,u|e{a,+oo].

Corollary 2.2. Let the function f (z) given by (1.1) be in the class C, (#), where ¢ is an analytic function

%, if |1—,u|e{0,£}
L-poy 1
— if |1—,u|e £,+oo .

The following theorem is direct result of Theorem 2.1.
Theorem 2.2. Let the function f () given by (1.1) be in the class My (¢, ), B € [0,1] . Then,

given by (1.2) and u € C . Then,

|, — paj| <

L, if Q<M,
| <8 ana Ja | 287 4(3-25)
T2p e (e-p)

———, ifbh>—.

(2-p)° 4(3-2p)

Moreover
2 b,
‘aS az‘sz(s—zﬁ)'

Proof. Letus f e My (¢, 0), B e [O,l] and g = f ", ¢ is an analytic function given by (1.2). Then, from
(2.10) the first estimate of theorem is clear. The second and third estimates is direct result of Theorem 2.1 for
41 =0 and z =1, respectively .

In the special cases from Theorem 2.2, we arrive at the following results.

Corollary 2.3. Let the function f(z) given by (1.1) be in the class S;(¢), where ¢ is an analytic function
given by (1.2). Then,

E if b1<1
2’ 4’
|a2|£bl and |a3|< 1
blz, if blzz

e
To—
{.;\ =
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Moreover

‘as—aj‘g%.

Corollary 2.4. Let the function f (z) given by (1.1) be in the class C, (@), where ¢ is an analytic function
given by (1.2). Then,

b . 1
=, if b <=,

g < ana Jagf<1 X
2 b? 1

= if b >

4 3

3. Concluding remarks

If the function ¢(z), aforementioned in study, is given by
#(2) = TZZ =1+(a—b)z-b(a—b)z* +b*(a—b)z®+--- (-1<b<a<l), (3.1
+bz

then b, = (a—b), b, =-b(a—b) and b, =b*(a—b).
Taking a =1—2¢, b=—-1 in (3.1), we have

1+(1-2a)z

#(z) =202

Hence, b =b, =b, =2(1-¢).
Choosing ¢(2z) of the form (3.1) and (3.2) in Theorem 2.1, we can readily deduce the following results,
respectively.

=1+2(l-a)z+2(0-a)2* + 20— )2’ +--- (0<a<l). 32

1+az
Corollary 3.1. Let the function f(z) given by (1.1) be in the class Mz[l b ,ﬂ],
+ Dz

-1<b<a<1,0< <1 and ucecC.Then,
a-b

o T T
a; —ud, | s 2

1—ul(a-Db .

%, it [1—pf € [, +0),
(2-8)

where 1, =

4(a-b)(3-28)
Corollary 3.2. Let the function f(z) given by (1.1) be in the class M (]'_’_(i_—ZOZ)Z,ﬂJ =M (e, p),
A

0<a<1,0<f<1anduceC. Then,

S
)

)

£
)
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l-a
f 1-
e el
a, —ua
2 4|1—,u|(l—a) if |1—,u|e[,u +oo)
@-py o
2
where t, = (Z_ﬁ)

8(1—05)(3—2,8)
Also, taking =0 in (3.2), we get

¢(z)=1+—2=1+22+222+223+~- : 3.3)
—7
Hence, b, =b, =b,=2.

Choosing ¢(z) of the form (3.3) in Theorem 2.1, we arrive at the following corollary.

1+z
Corollary 3.3. Let the function f (z) given by (1.1) be in the class M (1—,ﬂ) 0<pB<1andpucecC.
Then,

1 .
R
“HHG|=
4L
(Z—ﬂ)zilf |1—,u|e[,u0,+oo),
2_ 2
where ﬂo:%.

Choosing ¢(z) of the form (3.1) and (3.2) in Theorem 2.2, we can readily deduce the following results,
respectively.

«(1l+az
Corollary 3.4. Let the function f (z) given by (1.1) be in the class S ( j , —1<b<a<l.Then,

1+ bz
b 370 itachan,
la)| <22 and | |_|2C~2F)
Z—ﬂ |a3|_ (a—b)2
20 it azbe+h,
(2-p)
2_ 2
where boz(i,
4(3-2p)
Moreover
|a3—a2|<a—_b,
217 2(3-2p)
Corollary 3.5. Let the function f(z) given by (1.1) be in the cIassS;*(lJr(i—Za)zJ
A

= S;(a), 0<a<1.Then,

S
)

0

)
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170  if g<ioq,
2(1-a) 3-2p
|a,| < and |a,|< )
2-p 4(1-a)
- if a>1-a,
(2-5)
2
where 0{0=M.
8(3-2p)
Moreover
la, —a3|< 1ma
217 3-28
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