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Abstract The purpose of this paper is to study the 2-D problem of generalized thermoelastic medium with voids
under the effect of gravity within the framework of the Green-Lindsay, Lord-Shulman and classical coupled
theories. The normal mode analysis is used in our problem. Numerical results with comparisons between
theories are illustrated graphically. Comparisons are made between the three theories in the presence and
absence of gravity and also with and without voids.
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1. Introduction

The effect of mechanical and thermal distribution of an elastic body is studied within the framework of the
theory of thermoelasticity. The generalized theory of thermoelasticity is one of the modified versions of
classical uncoupled and coupled theory of thermoelasticity that has been developed in order to remove the
paradox of physical impossible phenomena of infinite velocity of thermal signals in the classical coupled
thermoelasticity theory stated by Biot [1]. The coupled CD theory of thermo-elasticity was extended by
including the thermal relaxation times into the constitutive equation by Lord and Shulman [2] and Green and
Lindsay [3]. These theories eliminate the paradox of an infinite velocity of the heat propagation and were
termed the generalization theories of thermoelasticity, there are the following differences between the two
theories:

i. The Lord-Shulman L-S theory involves one relaxation time of the thermo-elastic z,, while the Green and

Lindsay G-L theory takes into account two relaxation times zg, vy .

ii. Inthe L-S theory, the energy equation involves the first and second derivatives of the strain with respect
to time, whereas the corresponding equation in the G-L theory needs only the first derivative of this strain
with respect to time.

iii. In the linear case, according to the approach of the G-L theory, the heat cannot propagate with a finite
speed unless the stresses depend on the temperature, velocity, whereas according to the L-S theory, the heat
can propagate with a finite speed even though the stresses are independent of the temperature, velocity.

iv. The two theories are structurally different from one another, and one cannot be obtained as a particular
case of the other.

Theory of linear elastic materials with voids is an important development of the classical theory of elasticity;
this theory deals with materials which have a distribution of small voids, where the volume of void is included
among the kinematics variables and investigate various types of geological and biological materials since the
classical theory of elasticity is not sufficient. The theory reduces to the classical theory in the limiting case of
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the volume of void tending to zero. Cowin and Nunziato [4] developed a theory of linear elastic materials with
voids to study mathematically the mechanical behavior of porous solids. Puri and Cowin [5] studied the
behavior of plane waves in a linear elastic material with voids. lesan [6] developed the linear theory of
thermoelastic materials with voids. Dhaliwal and Wang [7] developed a heat flux dependent theory of
thermoelasticity with voids. Ciarletta and Scarpetta [8] discussed some results on thermoelasticity of dielectric
materials with voids. Othman et al. [9] studied a 2-D problem of a rotating thermoelastic solid with voids under
thermal loading due to laser pulse and initial stress type Ill. Othman and Edeeb [10, 11] investigated the 2-D
problem of a rotating thermoelastic solid with voids, thermal loading due to laser pulse and two-temperature
under three theories. The effect of gravity on the wave propagation in an elastic solid medium was first
considered by Bromwich [12] treating the force of gravity as a type of body force. Othman et al. [13] studied the
effect of gravity on the generalized thermoelastic medium with temperature dependent properties for different
theories. Ailawalia, and Narah [14] studied the effect of rotation in generalized thermoelastic solid under the
influence of gravity with an overlying infinite thermoelastic fluid.

In the present work, we have formulated the generalized thermoelastic medium with voids for three theories
under the influence of gravity and solve for the components of displacement, stresses, temperature distribution.
The normal mode method was used to obtain the exact expression for the considered variables. Comparisons are
carried out between the considered variables as calculated from the generalized thermoelastic pours medium
based on the L-S, G-L and CD theories in the absence and presence of gravity. In addition, a comparison made
between the three theories with and without voids.

2. Formulation of the Problem and Basic Equations
We consider a homogeneous isotropic elastic body with voids in a half-space z >0 under the effect of a
constant gravitational field of acceleration g. We are interested in plane strain in the xz —plane with

displacement components Uy, Uz such that u; =uy(x,z,t), Uz =uz(x,z,t).

Case 1:

The basic governing equations of a linear thermoelastic medium with voids under the effect of gravity based on
the L-S, G-L and CD theories are

The stress-strain relation written as:

0
Ojj :[/lekk +b¢_ﬂ(1+UE)T]5i +luelj; 1)
1
€ij :E(ui,j_'_uj,i)’ 2)
The dynamical equations of an elastic medium are given by
oe oT du o’
ﬂv2u1+(z+u)—+b - B(1+ —)V— pg—2=p—+, (3)
OX OX ot
de a¢ Gl ou, 0%,
2uqs + (A + —+b 1+ —V—— —=p—,
Vg + (4 +p) -p( W re P @)
The equation of voids is
o 0 0%

V2p—be —Ep—amgh — l+o—) =py—, 5
aV'g e§¢woat+m(+vat) Px 2 ©)
The heat conduction equation,

K VT =pCg (1+7, g)f +BTo(L+ng7g g)é +mT,(+ng7y g) $. (6)

Where, o; are the components of stress tensor, €;; are the components of strain, 4, x are the Lame' constants,

i
B=0CA+2u)a; such that o is the coefficient of thermal expansion, & is the Kronecker delta,
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a,b,& ay,m, y are the material constants due to the presence of voids, p is the density, Cg is the specific
heat at constant strain, n, is a parameter, 7y, v are the thermal relaxation times, K is the thermal
conductivity, T, is the reference temperature is chosen so that |(T —TO)/T0|<1 @ is the change in the

volume fraction field.
For a two dimensional problem in xz-plane, Eg. (1) can be written as:

ou; ou 0 ou; ou .
=[AU(=2+=2)+bg— BA+0—)T]S; + u(—=+—72), i,j=13. 7
0ij [( aZ) ¢—pB( at)] ij FHG J 0]
For the purpose of numerical evaluation, we introduce dimensions variables
* ' , % ;L O'ij * T I .
x'z)= 2 (x,2), W].ug) = 2@ u,), 05 =—0j, ¢':a’l_2)5¢l T'=— t =at, g=-39_,
Co G H C; To Ciy

A+2 « c?
/U, o = /)C}E 1
Using the above dimensions quantities, Eqgs. (3)-(6) become

U=awv, 9= ci=

o 0,07  , 9 o%u,
Vu, +A —+A -A 1+u—— =A; —, 8
1T 25 a( ) Ay —= x 5 o2 (©)
oe 5, o.,aT ou d%u
VU3+A15+A2 6¢ A3(1 U—)——A4§1:A56t—23, (9)
F3) Fej o2
V2¢—A6e—A7¢—A8§¢+A9(1+UE)T = A atf' (10)
VAT — Ay (L+ Nz )5"j (A+z £)£+82(1+ N 3)5—‘*. (11)
2
where, A1:/1+’ul Azzbc—*lz’ A3:&, A4_ngl ) A5:ﬁ, Aa—b—Z, A;= gciz
H Y20y 4 H H H a aw,
w,c? mT 2 mc? K
A8 0 1 Ag 0/1/, A]_O — pcll, A]_l — 1*2 , 51 a)_l_ 82 — ﬂ .
am o a ey pefC e
We define displacement potentials R and Q which relate to displacement components
usand Ujas,
LR, QR Q 12
ox oz oz oOXx
e =V?R, QMo _Mzy o2 (13)
oz oX
Using Eq. (13) in Egs. (8)-(11), we obtain:
(S,V2-A i)R—A iQ+A p—A (1+03)T =0 (14)
1 5 ot 2 4 ox 2 3 ot 1
o ) o°
A,—R +(V°-A;—)Q =0, 15
s RHVI-AS 2500 (15)
—AVPR +(V2—-A, -A 9 _a i)¢+A (1+uﬁ)T =0 (16)
6 7 8 5t 10 o2 9 ot )
2
a — VR —Ay; (1+ng7, —) ¢+glv2r —(A+7 ﬁ)al. 17

The components of stress tensor are
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—Alz[aul au3]+2aul + Ayap— Ay, T, (18)
oz OoX
ou au ou

Alz - 63] +2 3+A13¢ AT, (19)

aul Oug
= + —=. 20
T xz oz ox (20)
bc?
Where Alzzi, Ay =——, Al4=&(l+ua)), S; =1+A,.
u M " x H

3. Normal Mode Analysis
The solution of the considered physical variable decomposed in terms of normal modes as the following form

{R.Q.4T.0;Hx.zt) ={R*,0". ¢ .T" o }2) expli(wt +cx)]. (21)
Where R*,Q", ¢ ,T", 0y are the amplitudes of the functions R,Q, #,T,o;;, @ is the complex time constant,

i :ﬂf—l and C isthe wave number in the X -direction.
Using (21) in Egs. (14)-(17), we obtain

(D?=S,)R" —SQ"+S,4 —ST =0, (22)

SR +(D*-S,)Q" =0, (23)

—Ag(D? —c?)R™ +(D? =Sg) ¢ +So7" =0, (24)

S1(D* —c?)R™ =S¢ +(D* -S1,) T =0. (25)
s 2 : .

Where, S, = 3107~ As , S3= A . Sy =&, Ss =M, Sg =icA,, S;=c’—As0’,
Sl S1 S1 Sl

) . ) . & (i 0+ny1y0°) g +im- roa)z

Sg=C+A; +iAgw—Apo”, Sg =Ag(L+ivw), Sy=————,S; =~ Spp = —

é 51 &

Eliminating Q7 ¢* and 7" between Egs. (22)-(25), we get the following ordinary differential equation of the
eighth order which satisfied with R™:
[D®-B,D°+B,D* -B,D?+B,]IR (2) = 0. (26)
Where B; =S;,+Sg+S;+S, —AgS, —S5540,
B, =SgS1, +S¢S1; +57515 +5,5 +5,51, +5,85 +5,57 +553 —AcS 4515 —AgS 462 +5,50510

—A6S 487 —AcS5S11 ~S6S10¢” ~S5SgS10 ~S5S7S1,
By =5,5g515 +5750S1; +5,5515 +5,80S11 +5,57515 +5,575g +5556S15 +555655 +AcS 415106 % +S4S¢51,¢ >

—A6S4S7S12 —A6S 45767 +5,5756810 ~AeS5S11C” ~S5S5S10C T ~AsSsS7811 ~S557510¢” ~S55755S 10,
By =5,5786512 +5,5789511 +5356551, +S38659511 —AeS 457516 % +5,875¢S10¢°

~AsS5S7511C° —S5S7S5S1C 7.
In a similar manner, we get

[D®-B,D°+B,D*-B,D* +B,{R" (9.Q"(2).¢ @7 ")} =0. @7)
Equation (27) factored as
[(D* —k{)(D? —kZ)(D*-k$)(D* -k KR 2.0 @), ¢ 2).T (@}=0. (28)

Where knz(n =1,2,3,4) are the roots of the Eq. (27), D= di
z

The solution of Eq. (27) bound as z — oo, is given by:
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4
R =3 Me*n?, (29)
n=1
* ut —k,z
Q :zHlnMne " ’ (30)
n=1
* a —knz
¢ ZZHZnMne " ’ (31)
n=1
* 4 k
T =Y HyM e (32)
n=1
Where, M, (n=1,2,3 4) are constants.
To obtain the components of the displacement vector, from (29) and (33) in (12)
4
uy = > H M e, (33)
n=1
& k
*_ —knz
u:>’_Z:|_|5nMne ", (34)
n=1
From Eqgs. (31)-(34) in (18)-(20) to obtain the components of the stresses
4
G:x = ZHGnM ne_knz ) (35)
n=1
u k
* —knz
Oz _ZH7nMne ", (36)
n=1
z k
oo —knz
Oy; — ZHSnM ne : (37)
n=1
Where H,, = —Sg Hy = —[= AsSs (ks —¢*) +Sq (ks =S, _S3H1n], Hy = ky =S5 -SgH1, +SaHa ,
(kg -S7) [S5 (ks —Sg) +5,S,] Ss

Hu =ic—kyHy, . Hgy =—(ky+icHy,), Hey =Ap(icH ,, —koHs,) +2icH 4 +AjgH o, — Ay Hg,,
H7n :Alz(iCH4n _anSn)_anHSn +A13H2n _A14H3nl H8n = (_an4n +iCHSn)-

4. Boundary Conditions

In this section, we need to consider the boundary conditions at z =0, in order to determine the constants

M, (n=1234).

(1) The mechanical boundary condition

_ i( ot +cx)
Oz — _Rl.e ,

oy, =0,

)

p (38)

(2) The thermal boundary condition that the surface of the half-space is subjected to

T=p ei(a)t+cx)
=P, i

(39)

Where the magnitude of the applied force in the half-space is P, and P, is the applied constant temperature to

the boundary.

Using the expressions of the variables into the above boundary conditions (38), (39), we obtain

4
ZH7nMn :_Pl!
n=1

4
ZHBnMnZO,
n=1

(40)

(41)
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4
> —kyHpM, =0, (42)
n=1
4
> HypM =P, (43)
=1

Invoking boundary conditions (40)-(43) at the surface z = 0 of the plate, we obtain a system of four equations.
After applying the inverse of matrix method, we get the values of the four constants M, (n=1,2,3,4).

Case 2:
The solution of wave propagation of a generalized thermoelastic medium without voids under the effect of

gravity is: by putting a,b,&,ay,m, ¥ equal to zero, then the basic governing Egs. (1) and (3)-(6) of a linear
thermoelastic medium without voids under the effect of gravity can be written as:

oe o, aT ou o%u
Vi, +(L+u)—=—BA+v—)V—+pg—3= 1 44
u Viug +( ﬂ)ax B( at) ox PEo TP 2 (44)
e o\ T ou, o
Viug+(h+u)—-Plro)V—-pg—L=p—2, 45
I 3(#)az B( at)az PES TP (45)
o.,oT o, oe
KV2T =pCe (1+TO§)E+'BTO(1+’10TO E)E’ (46)
ou; ou 0 ou; oau .
Gij :[1(§1+8—Z3)—ﬂ(1+05)715u +u 8_Zl+a_x3)’ I,]=13. (47)
The dimensions of Egs. (44)-(46) have the form
2 oe o, oT ouz  _ d%u,
\% U1+E16—X—E2(1+UE)8—X+E3 ox —E4 a’[z , (48)
de o, 0T ou d%u
VU +E, ——E,(l+v—)——-E;—~=E, —2, 49
3 157 2( Uat)éz 3 ok Aatz (49)
o,0T 0, oe
&VT =(l+70—)—+&,(1+Nyry —) — . 50
3 (1+7 at) o a( 0% 6t) e (50)
2 2 *
Where E1=l+'u, EZZ&, Eszﬂ, E4=ﬁ, & = Kgol , g4=£_
H H H M peice pee
Using Eqg. (13) in Egs. (48)-(50), we obtain:
& d d
FV?-E, —)R -E,—Q —E,(1+v—)T =0, 51
(F 4 8t2) 35 2( 6’[) (51)
o ) 02
E;—R+(V°'-E,—)Q =0, 52
38)( 4 atz ( )
& s 2 o, oT
—&—VR+5VT -(1+7y—)— =0. 53
3 atz 4 0 at at ( )
The components of stress tensor are
ou; au ou .
O o =E5[axl + 623]+2 axl ~Eg(@+iva)T, (54)
ou ou au .
G, =E5[6X1 + 31+ 2 623 —EsQ+iva)T, (55)
ou, Oug
. 56
ox [t + 2] (56)
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Where E. =2, E;=Z%0+ivw), F=1+E,
Y7

Using (21) in Egs. (51)-(53), we obtain

(D?-F,)R" —FQ" -F,7" =0, ®7
* 2 *
RR™+(D?-F) Q" =0, (58)
E,(D?—c?)R™ +(D* —Ex)T =0, (59)
2_p 2 i i
where, F,= RSB g I g BEHO) e e R e B
Fl Fl I:1
. 2 2 . 2
_54(|a)—n0’[0a) ) 830 +|0)+Toa)
F7 - 1 F8 =
&3 €3

Eliminating Q" and T “ between Egs. (57)-(59), we get the following ordinary differential equation of sixth
order which satisfied with R”
[D® —1,D* +1,D? —1,]R™ (2) = 0. (60)
Where Iy =R +Fs +F, —F,F;, 1, =F,F; +F,F; + F,F, + F3F; — F,F,F, —F,Fc?,
2

In a similar manner, we get

[D°-1,D* +1,0* - 1;KR" (,.Q" (2,7 '@} =0. (61)
Equation (61) factored as
[(D* —k{)(D? —kZ)(D* -kHKR 2.Q°(2).7 (@)} =0. (62)

Where k2(n=1,2,3) are the roots of the Eq. (61).
The solution of Eq. (61) bound as z — oo, is given by:

3
* —k
R ZZMne n? (63)
=1
3L M et
Q _Z InVin ' (64)
n=1
3
* —k
T :ZLZnMne nz, (65)
=1

where M, (n=1,2,3) are some constants.
To obtain the components of the displacement vector, from (63) and (64) in (12)

3
* —k,z
ul - Z‘iL3nM ne ", (66)
* 3 -knz
U= > LgpM e~ %, (67)
n=1

From Eqgs. (63)-(65) in (54)-(56) to obtain the components of the stress vector

=
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3
O = D LsnM &1, (68)
n=1
* 3 —-knz
O = ZHGnMne n J (69)
n=1
* 3 —knz
Oy; = Z‘,H7nMne A (70)
n=1
2 2 . .
Where Lln:(k;—FSF)' LG:%’ L3n :|C+kn|_1n, L4n :—(kn-l-ICl—ln),
n "6 n Y8
L5n :Es(iCL3n_knL4n)+2iCL3n_E6L2n, H6n :E5 CL (_lgi_ n_ k L n_E)L4

L7n = (_ kn L3n + iCL4n ).

5. Boundary Conditions
In this section, we need to consider the boundary conditions at z =0, in order to determine the constants

M, (n=123).
(1) The mechanical boundary conditions

0 =_Plei(wt-'-CX), O xz =0, (71)
(2) The thermal boundary condition that the surface of the half-space subjected to

— i (at
T = Py’ (+ex), (72)

Where P, is the magnitude of the applied force in of the half-space and P, is the applied constant temperature

to the boundary.
Using the expressions of the variables into the above boundary conditions (71), (72), we obtain

3
ZLGnan_Pli (73)
n=1

3
Z LM, =0, (74)
=1

3
S LM, =P, (75)
n=1

Invoking boundary conditions (73)-(75) at the surface z = 0 of the plate, we obtain a system of three equations.
After applying the inverse of matrix method, we can get the values of the three constants M, (n=1,2,3).

6. Numerical results and discussion
In order to illustrate the obtained theoretical results in the preceding section, following Dhaliwal and Singh [15]
the magnesium material chosen for purposes of numerical evaluations. The constants of the problem taken as

2=214x10" N /.m?, 4=3278x10" N /m?, K =1.7x10W /mdeg, o; =1.78x10°N /m?, T, = 298K ,

p=174x10° Kg /m? C. =1.04x10% J /Kg deg, /= 2.68x10°N /m?deg, a; =3.58x10" /s.
The voids parameters are
7=1753x10""m?,  £=1475x10"°N /m?, b =1.13849x10"°N /m?, a=3.688x10°N,

m =2x10°N /m?deg, @, =0.0787x10°N /m°%s.
The comparisons carried out for

2
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x =05 t=003 ¢c=02 w=¢4+H¢g, &=-0.6,4=- p=01L p,=2, 7,=005s, v=05s,
0<z <7

The computations were carried out at t =0.03. The numerical technique, outlined above, was used for the
distribution of the real part of the displacement u,, the stresses o,,, oy, and the change in the volume fraction
field ¢ with the distance z , for the problem under consideration. All the considered variables depend not only
on the variables t,z and X, but also on the thermal relaxation times 7, and v. The results are shown in Figs.
1-6. The graphs show the six curves predicted by three different theories of thermoelasticity (CD, L-S, and G-
L). In these figures, the solid lines represent the solution in the CD theory, the dashed lines represent the
solution with the G-L theory, and the dashed-dotted lines represent the solution with the L-S theory. Here, all
the variables are taken in non-dimensional forms and we consider four cases:

(1) Equations of the CD theory, when ng =0, 75 =0=0.

(2) Lord and Shulman L-S theory when ng =1, v=0, 7, >0,

(3) Green and Lindsay G-L theory when ng =0, v> 7, >0.

(4) The three theories in the absence of a gravity field from the above mentioned by taking g = 0.

Figs. 1-3 show comparisons among the considered variables in the absence and presence of the gravity effect
(g =0, g =9.8).

Fig. 1 shows that the distribution of the vertical displacement u; always begins from a positive value with
gravity, in the context of the three theories CD, L-S, and G-L, it decreases in the range 0<z <1.5,then
increases in the range 4 <z <7, while increases in the range 1.5<z <4. However without gravity it begins
from zero, and increases in the range 0 <z <1.5,then, decreases in the range 1.5<z <3.5. Fig. 2 depicts the
distribution of the change in the volume fraction field with and without ¢ gravity under the three theories. The
values of @ with gravity are decreasing in the range 0 <z <1.8, then increasing in the range 1.8 <z <4.5.
The values of ¢ without gravity is greater than that with gravity in the range 0 <z <1.8, while the vice versa
in the range 1.8 <z < 6. Fig. 3 shows that the distribution of the stress component o,,, begins from zero in the
context of the three theories, and satisfies the boundary conditions at z =0. The values of o,,, with gravity

are greater than that without gravity.
Figs. 4-6 show the comparisons among the considered variables in the absence and presence of voids in the case

of material with gravity. Fig. 4 exhibits that the distribution of the vertical displacement u;begins from positive

values in the presence and absence of voids. In the context of the three theories, we notice that the values of U,
with voids are greater than that without voids in the range 0<z <1.5, while the vice versa in the range

15<z <55, then converges to zero. Fig. 5 determines the distribution of stress component o in the

2
context the three theories in the presence and absence of voids. It explained that the distribution of o,

increases with the increase of the values of voids in the range 0 <z < 2, then decreases with the increase of the
void in the range 2<z <6. Fig. 6 demonstrates that the distribution of the stress component o,,, in the
context of the three theories begins from zero and satisfies the boundary conditions at z =0 with and without
voids. It is noticed that the value of o,, with voids is greater than that without voids in the range 0<z <3.7,
and the vice versa inthe range 3.7<z <7.

7. Conclusion

By comparing the figures that were obtained for the three thermoelastic theories, important phenomena are
observed:

1. The values of all physical quantities converge to zero with increasing distance z, and all functions are

continuous.
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2. The normal mode analysis technique has been used is applied to a wide range of problems in
thermodynamics and thermoelasticity.

3. All the physical quantities satisfy the boundary conditions.

4. The gravity has a significant effect on the variation of the considered physical quantities, since they make
great changes in the behavior of the functions, also the same observation of the absence and presence of the
voids in the thermoelastic solid.

14

12

10

Figure 3: The displacement of the stress tensor ¢,, against z with and without gravity
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