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Abstract In this work, we prove that if — is a prime with d = ¢ (mod ~—) for some integer number q,
r r

a a
G
where 1< < U Then T, is a divisor of N: , where d € Z" ( positive integer), Ng is the number of
r

a

solutions for the Frobenius equation x*=a in group G of order m, and I, is a cardinality of Ca

(conjugacy class of @) in G . Moreover, in this research we prove that if all elements of the solutions set are

G G
conjugate to C for some C € G, then N divides M. Next, we show that, if d = U(mod u) Then
ra ra

N is a multiple of |G|.

a
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1. Introduction

If there exist elements b;,0,,..., 0, in afinite group G such that for every b, e{b;}",, the conjugacy class

m
of b; in G is {b}",, then for each positive integer d, the collection of equations {x* =b,}", in G is
called Frobenius equation in G and denoted by X* = bj for some bj e{b},. Let N: be the number of
solutions for the Frobenius equation x* =a in G. In this paper, we consider the relations between order
finite group G and N: for some equations in finite group G . We will express relation linking |G| with the
number of the solutions N: of an equation that depend only on the conjugation for all elements in solution and

not on all cardinality of the classes in the solution. The number of solutions for the Frobenius equation x! =a
in finite group has been studied by many mathematicians. A fundamental result of Frobenius states that in a

IG|
.

a

finite group G the number of solutions for the equation (mod ~—) . Then N is a multiple of |G| xt=e,

where d divides |G| is divisible by O . Here € denotes the identity of group G . Moreover, by using this
notation the simplest of Fresenius result states that if d divides|G| , then d divides NS (see [3]). Moreover,

the Frobenius Theorem was greatly generalized by Hall [5], who proved that if d is a positive integer, and Ca
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is a conjugacy class of @ has cardinality I, ingroup G, then N is a multiple of gcd(d I’a,|G|). That
means it is not necessarily N: divides |G| . But in this paper the case of N: divides |G| is determined. Also,

in [10] Mann and Martinez proved that for any natural number m,n > 1, there exists a number 0 < k <1 such

d

N
that if G is an M —generated finite group and — > K, then N: = |G| (ie., X =e for an arbitrary

6]

n n
X € G). The inequality Ord (N») > L—J —L— is also shown by ([9] , [4]), where N is the number

p| | p*]

of solutions for the equation X =¢e in G = Sn (symmetric group on n letters), P is a prime number and

n n
I_tj denotes the greatest integer <t . Ol’dp(Nep) =|—|—| —5 |provided that N=0 mod p? (see [6]).
L P
- o i ...
n this paper we prove that if — is a prime number and d =g (mod —) for some (, where 1< ¢ <—,
ra ra a

then N: is a multiple of I, . Further, in this research we prove that if all elements of the solutions set are

conjugate to C for some C € G, then N: divides |G| Moreover, in this paper the converse of this theorem is

G G

not necessarily true in general is explained. Next, we show that, if d= U (mod u) Then N: is a
r
a a

multiple of |G| . Finally, the current work is supported by a number of examples.

2. Preliminaries
In the current work we will support this paper by a number of examples, when G = A, < S, . Moreover,

where their elements are studied in past work see [14-16] and they are useful because symmetric groups S, and
Alternating groups A, are so important in finite groups field, because (Every finite group G is isomorphic to a
subgroup of the symmetric group S, for some n > 1) (see [2]). Moreover, we know that (Every symmetric
group S, is isomorphic to a subgroup of the alternating group An+2). That means, if G is a finite group of
order N. Then G is isomorphic to a subgroup of the alternating group A, ., .Therefore, we need to introduce
some important facts about symmetric and alternating groups.

Definition 2.1 [17].

A partition ¢« is a sequence of nonnegative integers (&, ,,...) with o >, >... and Zai <o0. The
=

length |(cr) and size |a| of o are defined as |(ar) = Max{i € N | &; # 0} and |a| = Zai .We set &
=)

F n={« partition | |0(| =n} for N € N. An element of & F N is called a partition of N, and «; are

the parts of .

Definition 2.2 [17].
Let feS,. Wedefine ¢, =c,™ =c, ™ (B) tobethe number of cycles of length M of /3.

2
DR
r_~\ . . H H

”“'@'* Journal of Scientific and Engineering Research

122



Mahmood S Journal of Scientific and Engineering Research, 2016, 3(5):121-127

Remarks: 2.3
(1) Let B €S, we only write the non-zero components of a partition. Therefore, o = (al, Ay, ac(m) isa

partition of N where C(/3) is the number of disjoint cycle factors, including the 1—cycle of 5 (see [17]).
(2 If peC, then C“= C”(f)the conjugacy class of £ in S, and the cardinality of each C*=
C“ () can be found as follows:

Ca

n! - .
=~ with Z,, =[Ir" (c)and c, =c,(B) =Ki:a; =r} (see 1.
() L

@) Iffe A, S, then A(f3) the conjugacy class of S in A, and either C* = A(S)orC* splits into
two classes C“*of A, where A()=C* or A(B)=C* (see [8]).

Theorem: 2.4 [11]
Let A(fB) be the conjugacy class of B inA,, 14>ng¢0 & (N+1) ¢, and B e[n]H , where
60 ={0,1,2,5,6,10,14}and [n] is a class conjugacy of S_.If p and ( are different prime numbers such that

ged(p,n) =1 and ged(q,n) =1, then the solutions of X™ € A(S) in A, are:

(1) [n]” if P = (B " or ¥),where ¥ isconjugate to L.
() [n]" if P4 =(pB or y),where y isconjugateto [.

Lemma: 2.5 [13] Let L={me N |m=q (mod5) forsome q=1,4} . If d is a positive integer such
that gcd(d,5) =1 and B = (b,,b,,b;,b,,b,) €[5]of S, , then the solutions of X! € A(B)in A, are
1. A(p).if delL.

# #
2. A(B).if deL where = (b,,b,bg,b,.b,).

Theorem: 2.6 [12]
Let A(f) be the conjugacy class of £ in A . If pis a prime number and does not dividea,

LelaTNHE, where [a"]isaclass of S_, then the solutions of X € A(f3) are:
1-[a"] if @<r < p)and (ais odd or (a and r) are even).
2 [a"1.[(pa).a" ~ P1(pa)2,2" ..., [(pa)™, 2" ]
if [((a and p) are odd) or (p is odd and (a and r) are even)] and[mp<r<(m+1)p].
-2 —4 —
s-[a"].[(pa)%,a" ~“PLL(pa)* 2" T*P1 . [(pa)™, 2" ]
if [(ais odd and pis even) or (a, p and r are even)] and [
(mp<r<(m+21)p) land mis even.
+[a" 1. [(p)%.a" " 2P1 [(pa)*, 2" *PY,... [(pa)M D 2"~ (M DP
If[(ais odd and pis even) or (a,p and r are even)]and [(Mp<r <(M+21)p)and m is odd].
- [(pa) .a"~ P1I(pa)%.a" *P1....[(pa) 2" "™
if [(aand p)are evenand r is odd)]and [(Mp<r <(M+1)p) and mis odd].
e [(pa).a” ~ P1i(pa)® 2" 3P [(pa) ™D " (MR

if [(aand p)are even and r is odd)]and [(Mp<r <(m+1)p)and M is even].
7- Does not exist if [ (a IS even and (p and r) are odd)].

g3
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3. Ability on Dividing and Multiplication
In this section we will investigate the ability on dividing and multiplication which are considered between order

finite group G and the cardinality r, in G with N: for some equations in group G under closed

conditions.
Theorem 3.1
iy Lol _ & <q< 8
Let G be afinite group, if ~— is a prime number and d = ¢ (mod ~—) for some (, where 1< <—.
ra ra ra

Then N = hr, for some h>1.

Proof:
Let G be a finite group of order K and N: the number of solutions for the equation X® =a in G.

Moreover, the conjugacy class C, inG for any b e G has order dividing K. But |Cb| =1, that means

k k
— e N —{0}, for any b € G. Suppose that o p is prime number and d =q (mod p)for some (,

a a

where 1< < p. Therefore, there is an integer number t suchthat d =tp+q,for 1< g < p. However,
1<q< p.Thisimplies tp +q = gpforany g € Z . Thus gcd(d, p) =1 (since P is prime number and
d=gp for any geZ), then ged(dr,, pr,)=r,. But N is a multiple of ged(dr,, k), thus
N¢ =hr, for h>1.

Theorem 3.2

Let S={xeG|x® eC,}be a solution set to the equation X* =a in finite group G . If there exists
€ € G conjugate to all elements in S, then Ng | |G|

Proof:

For each b € G, there is a conjugacy class C, of b in G has cardinality I',. Let S€ S, we have S

conjugate to C in G (Sx~C)=>5€C, =S cC,. Moreover, let t €C_, we have t ~C =1t%~c?
G G G

However, C" ~s%and s’ ~a, for any seS=t"'ra=1teS=C,cS. Hence S=C_,
G G G

therefore N: =TI, . In another direction, the cardinality of each conjugacy class of finite group G divides its
order (see [7]). Then N: | |G|

Example: 3.3

Let d =22 and a=(a,,a,,a,,8,,8;,8,,a,)=(1625473) in G=A,. Find N and discuss
ability to divide order group G .

Solution:
I
By (Theorem 2.4) we have the solution set is S ={[7]'}={A(@)}, and N’ 2%2360. Let
X
c=aec A, wehave ¢ e A(@)=[7]". Hence C conjugate to all elementsin S and N¢ =360 divides

A= 2= 2520,
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Example: 3.4
Let d =17 and a=(a,,8,,a,,8,,8;) = (134 25) inG=A,. Find N{ and discuss ability to divide

order group G .
Solution:

#
By (Lemma 25) we have the solution set is S={[5] }={A(@)}, where
# I
a=(a,,a,,a,,a,,8,)=(52134) and N/ =%=12, where A(52134)={(12354),
X
(15423),(12543),(13245),(14253),(13524),(12435),(14532),(14325),

# #
(15234),15342), (13452)}. Let c=ae A, wehave C e A(a) =[5] . Hence C conjugate

|
toallelementsin S and NJ =12 divides | A _ O 60.

2
Example: 3.5

Find N: and discuss ability to divide order group G .
(1) fd=3anda=(4 2)(L3)(76)(85) in G=A,.

2 1fd=5and a=(312)(645)in G=A,.
Solution:

® | ® 365
2 x(4)! 2x6 |

Here we note that there is not exist any element in group A, conjugate with all elements in the classes [24] and

1) By (Theorem 2.6) we have the solution setis S ={[2*],[2,6]}, and N;’ =

[2,6] simultaneously, because all elements in class [24] have structure different of all elements in class[2,6].

[
Moreover, N = 3465 does not divides |A| = % =20160.

6)!

2) By (Theorem 2.6) we have the solution setis S ={[3?]}, and N¢ = 32(—)(2)' =40. et c=ace A,
X H

we haveC e A(a) =[3%]. Hence C conjugate to all elements in S and NZ =40 divides

I
|A| = ®)r_ 360.
2
Remark: 3.6

The converse of theorem (3.2) is not necessarily true in general.
Example: 3.7
Let d =3 and a=(1) in G = A,. Find N: and discuss ability to divide order group G .

Solution:

3)!

By (Theorem 2.6) we have the solution setis S ={[1*],[3]",[3] }.and N¢ =1+ 3 - 3. Here we have

3)!
N: =3 divides |A3| =%=3. However, there is no element in A, conjugate to all elements in S .

Therefore, the converse of theorem (1.1) is not necessarily true in general.

Theorem: 3.8

2
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G G
Let G be afinite group, if d = U (mod u) .Then N{ = h|G| for some h>1.
ra ra
Proof:
ol _ _lel .18 -
Let =( forsome 0 € N —{0} and d =— (mod *—) . Therefore, there is an integer number t such
ra ra a

that d =q(t+1). However, gcd(dra,|G|) =ged(qr, (t+1),gr,) =qr,. But N is a multiple of
ged(d r,,[G]), thus N =hqr, =h|G]| for h>1.

4. Conclusion and Discussions

The general purpose of this research was to investigate the relations between order finite group G and the
cardinality I, in G with N: for some equations in group G under new conditions. Moreover, the
theorems, presented in this paper, is quite basic in study ability on dividing and multiplication which are
considered between each pair of these terms N: , I, and |G| . This paper is an attempt to establish underlying

results which hopefully will help others to answer some or all of these questions:

1) If there exist at least two elements are not conjugate in finite group G, but each of them is conjugate
to some elements of the solutions set. Now, what is the ability on dividing and multiplication which can

be considered between each pair of these terms N : , I, and |G| ?

2) Let X" =a be an equation in group G with |G| >1, and it satisfies one of these theorems [(3.1),
(3,2), (3.8)]. Is there any Isomorphism(f Gz An) satisfy the same theorem for equation
f(x)¢ = f(a) in alternating group A, for some N > 17
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