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Abstract In this work, we prove that if 

ar

G

 
is a prime with qd  )

G
mod(

ar
 for some integer number q , 

where 

ar

G
q 1 . Then ar  is a divisor of 

d

aN , where 
Zd ( positive integer), 

d

aN  is the number of 

solutions for the Frobenius equation axd   in group G of order m , and
 ar  is a cardinality of aC  

(conjugacy class of a ) in G . Moreover, in this research we prove that if all elements of the solutions set are 

conjugate to c  for some Gc , then 
d

aN  divides m . Next, we show that, if

 ar

G
d  (mod 

ar

G
). Then

 

d

aN  is a multiple of G . 

Keywords finite groups, Frobenius equation, permutations, conjugate classes, greatest common divisor. 

1. Introduction 

If there exist elements mbbb ,...,, 21  in a finite group G  such that for every 
m

iij bb 1}{  , the conjugacy class 

of jb  in G  is 
m

iib 1}{  , then for each positive integer d ,
 
the collection of equations 

m

ii

d bx 1}{   in G  is 

called Frobenius equation  in G  and denoted by j

d bx   for some 
m

iij bb 1}{  . Let 
d

aN
 
be the number of 

solutions for the Frobenius equation  axd   in G . In this paper, we consider the relations between order 

finite group G  and  
d

aN
 
for some equations in finite group G . We will express relation linking G

 
with the 

number of the solutions 
d

aN
 
of an equation that depend only on the conjugation for all elements in solution and 

not on all cardinality of the classes in the solution. The number of solutions for the Frobenius equation  axd   
in finite group has been studied by many mathematicians. A fundamental result of Frobenius states that in a 

finite group G  the number of solutions for the equation )
G

mod(
ar

. Then
 

d

aN  is a multiple of G . exd  , 

where d  divides G , is divisible by d . Here e  denotes the identity of group G . Moreover, by using this 

notation the simplest of Fresenius result states that if d  divides G , then d  divides 
d

eN  (see [3]). Moreover, 

the Frobenius Theorem was greatly generalized by Hall [5], who proved that if d  is a positive integer, and aC  
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is a conjugacy class of a  has cardinality ar   in group G , then 
d

aN  is a multiple of ),gcd( Grd a . That 

means it is not necessarily
d

aN  divides G . But in this paper the case of 
d

aN  divides G  is determined. Also, 

in [10] Mann and Martinez proved that for any natural number 1, nm , there exists a number 10  k  such 

that if G  is an m generated finite group and k
G

N d

e  , then GN d

e 
 
(i.e.,

 
exd    for an arbitrary

Gx ). The inequality 


















2
)(

p

n

p

n
NOrd p

ep  is also shown by ([9] , [4]), where 
p

eN  is the number 

of solutions for the equation ex p   in nSG  (symmetric group on n  letters), p  is a prime number and 

 t  denotes the greatest integer t . 


















2
)(

p

n

p

n
NOrd p

ep provided that 0n  mod 
2p

 
(see [6]). 

In this paper we prove that if 

ar

G

 
is a prime number and qd  )

G
mod(

ar
 for some q , where 

ar

G
q 1 , 

then 
d

aN  is a multiple of ar . Further, in this research we prove that if all elements of the solutions set are 

conjugate to c  for some Gc , then 
d

aN  divides G . Moreover, in this paper the converse of this theorem is 

not necessarily true in general is explained. Next, we show that, if 

ar

G
d  )

G
mod(

ar
. Then

 

d

aN  is a 

multiple of G . Finally, the current work is supported by a number of examples.  

 

2. Preliminaries 

In the current work we will support this paper by a number of examples, when nn SAG  . Moreover, 

where their elements are studied in past work see [14-16] and they are useful because symmetric groups nS  and 

Alternating groups nA  are so important in finite groups field, because (Every finite group G is isomorphic to a 

subgroup of the symmetric group nS  for some 1n ) (see [2]). Moreover, we know that (Every symmetric 

group nS  is isomorphic to a subgroup of the alternating group )2nA . That means, if
 
G  is a finite group of 

order n . Then G  is isomorphic to a subgroup of the alternating group 2nA .Therefore, we need to introduce 

some important facts about symmetric and alternating groups. 

 

Definition 2.1 [17].  

 A partition  is a sequence of nonnegative integers 
 
with  and . The 

length 
 
and size 

 
of  are defined as }0|{)(  iNiMaxl 

 
and . We set 

 Ⱶ }|{ npartition  
 
for . An element of Ⱶ  is called a partition of ,n

 
and i  are 

the parts of  . 

 

Definition 2.2 [17]. 

Let . We define 
 
to be the number of cycles of length  of . 

 

 

 ,...),( 21  ...21  





1i

i

)(l   





1i

i 

n Nn  n

nS )(
)()(


n

m

n

mm ccc  m 
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Remarks: 2.3 

(1) Let nS , we only write the non-zero components of a partition. Therefore, is a 

partition of n  where  is the number of disjoint cycle factors, including the 1 cycle of       (see [17]). 

(2) If , then = the conjugacy class of   in nS and the cardinality of each = 

 
can be found as follows: 

 

with 

 

and  (see [1]). 

(3) If nn SA  , then )(A  the conjugacy class of   in nA  and either )( AC  or
C    splits into 

two classes 
C of nA  where 

  CA )( or 
  CA )(  (see [8]).    

 

Theorem: 2.4 [11] 

Let  be the conjugacy class of  in ,   )1(&14 nn , and
 

, where 

}14,10,6,5,2,1,0{ and
 
is a class conjugacy of . If p  and 

 
are different prime numbers such that 

 and , then the solutions of )(Ax pq   in  are: 

(1)  if  or ) , where  is conjugate to . 

(2)  if  or ) , where  is conjugate to . 

 

Lemma: 2.5 [13] Let 4}1,qsomefor 5) mod(|{  qmNmL . If d  is a positive integer such 

that 
 

1)5,gcd( d
 
and ),,,,( 54321 bbbbb ]5[ of 5S , then the solutions of )(Axd  in 5A

 
are  

1. )(A , if  Ld .  

2. )(
#

A , if  Ld , where ).,,,,( 42531

#

bbbbb  

 

Theorem: 2.6 [12] 

Let )(A  be the conjugacy class of   in nA . If p is a prime number and does not divide a ,

Cr Ha ][ , where ][ ra is a class of nS , then the solutions of px )(A are: 

1- ][ ra  if )1( pr  and aa (or odd is( and )even are)r . 

2- ][ ra ,
22[( ), ],[( ) , ],...,[( ) , ]

r p r p r mpmpa a pa a pa a
  

 

 if  [ a(( and or)oddare)p odd is( p  and a( and )even are)r ]  and [ pmrmp )1(  ]. 

3- ][ ra ,
2 42 4[( ) , ],[( ) , ],...,[( ) , ]

r p r p r mpmpa a pa a pa a
  

 

if   [ odd is(a  and pap ,(or)even is and )even arer ]  and                                                                [

))1(( pmrmp  ] and even ism . 

4- ][ ra ,
2 4 ( 1) ( 1)2 4[( ) , ],[( ) , ],...,[( ) , ]

r p r p m r m p
pa a pa a pa a

    
 

If [ odd is(a  and pap ,(or)even is and )even arer ] and [ ))1(( pmrmp  and odd ism ].                                                      

5- 
33[( ) , ],[( ) , ],...,[( ) , ]

r p r p r mpmpa a pa a pa a
  

 

if   [ a(  and even are)p and )odd isr ] and [ ))1(( pmrmp  and odd ism ]. 

6- 
3 ( 1) ( 1)3[( ), ],[( ) , ],...,[( ) , ]

r p r p m r m p
pa a pa a pa a

    
 

if   [ a(  and even are)p and )odd isr ] and [ ))1(( pmrmp  and even ism ]. 

7- Does not exist if [ even is(a and p(  and )oddare)r ]. 

),...,,( )(21  c

)(c
 C C )(C C

)(C

)(

!





z

n
C  )!(

1

)( r

n

r

r
c

crz 


 }:{)(
)(

ricc i

n

rr  

)(A  nA Hn ][

][n
nS q

1),gcd( np 1),gcd( nq nA

][n 1(   pq   1
][n  (pq   
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3. Ability on Dividing and Multiplication  

In this section we will investigate the ability on dividing and multiplication which are considered between order 

finite group G and the cardinality ar   in G  with  
d

aN
 
for some equations in group G  under closed 

conditions. 

Theorem 3.1 

Let G  be a finite group, if 

ar

G

 
is a prime number and qd  )

G
mod(

ar
 for some q , where 

ar

G
q 1 . 

Then a

d

a hrN   for some .1h  

 

Proof: 

Let G  be a finite group of order k  and 
d

aN
 
the number of solutions for the equation  axd   in G . 

Moreover, the conjugacy class bC in G for any Gb  has order dividing k . But bb rC  , that means 

}0{N
r

k

a

, for any Gb . Suppose that p
r

k

a

 is prime number and p)mod(qd  for some q , 

where pq 1 . Therefore, there is an integer number t  such that qtpd  , for pq 1 .  However, 

pq 1 . This implies gpqtp  for any Zg . Thus 1),gcd( pd  (since p  is prime number and 

gpd   for any Zg ), then aaa rprdr ),gcd( . But 
d

aN  is a multiple of ),gcd( krd a , thus 

a

d

a hrN   for 1h . 

Theorem 3.2 

Let }|{ a

d CxGxS  be a solution set to the equation axd   in finite group G . If there exists 

Gc  conjugate to all elements in S , then 
d

aN  | G . 

Proof: 

For each Gb , there is a conjugacy class bC  of  b  in G  has cardinality ar . Let Ss , we have s  

conjugate to c  in G ( cs
G
 ) cCs cCS  . Moreover, let cCt , we have ct

G
 

d

G

d ct  . 

However, 
d

G

d sc  and as
G

d

 , for any Ss  at
G

d St SCc  . Hence cCS  , 

therefore c

d

a rN  . In another direction, the cardinality of each conjugacy class of finite group G divides its 

order (see [7]). Then 
d

aN  | G . 

Example: 3.3  

Let 22d  and )3745261(),,,,,,( 7654321  aaaaaaaa  in 7AG  . Find 
d

aN
 
and discuss 

ability to divide order group G .   

 

Solution: 

By (Theorem 2.4) we have the solution set is )}({}]7[{ aAS  
, and 360

72

)!7(



d

aN . Let 

7Aac  , we have
 

 ]7[)(aAc . Hence c  conjugate to all elements in S  and  360d

aN
 
divides 


2

)!7(
7A 2520 .  
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Example: 3.4  

Let 17d  and )52431(),,,,( 54321  aaaaaa  in 5AG  . Find 
d

aN
 
and discuss ability to divide 

order group G .   

Solution: 

By (Lemma 2.5) we have the solution set is )}({}]5[{
#

aAS  
, where

)43125(),,,,( 42531

#

 aaaaaa  and

 

12
52

)!5(



d

aN , where
 

),45321({)43125( A
 

),54231(),34521(),32451( ),35241( ),42531( ),52341(),23541(),53421(

),24351(),43251( )}25431( . Let 5

#

Aac  , we have 
 ]5[)(

#

aAc . Hence c  conjugate 

to all elements in  S  and  12d

aN
 
divides 60

2

)!5(
5 A . 

 

Example: 3.5  

Find 
d

aN
 
and discuss ability to divide order group G .   

(1) If 3d  and )58()67()31()24(a  in 8AG  . 

(2) If 5d  and )546()213(a  in 6AG  . 

Solution: 

1) By (Theorem 2.6) we have the solution set is ]}6,2[],2[{ 4S , and 3465
62

)!8(

)!4(2

)!8(
4







d

aN . 

Here we note that there is not exist any element in group 8A  conjugate with all elements in the classes ]2[ 4
and 

]6,2[  simultaneously, because all elements in class ]2[ 4
 have structure different of all elements in class ]6,2[ . 

Moreover, 3465d

aN does not divides 20160
2

)!8(
8 A .

  

2) By (Theorem 2.6) we have the solution set is ]}3[{ 2S , and 40
)!2(3

)!6(
2




d

aN . Let 6Aac  , 

we have ]3[)( 2 aAc . Hence c  conjugate to all elements in S  and  40d

aN
 

divides  

.360
2

)!6(
6 A

 

Remark: 3.6 

The converse of theorem (3.2) is not necessarily true in general. 

 

Example: 3.7 

Let 3d  and )1(a  in 3AG  . Find 
d

aN
 
and discuss ability to divide order group G .   

 

Solution: 

By (Theorem 2.6) we have the solution set is }]3[,]3[],1{[ 3 S , and 3
3

)!3(
1 d

aN . Here we have 

3d

aN  divides .3
2

)!3(
3 A

 

However, there is no element in 3A conjugate to all elements in S . 

Therefore, the converse of theorem (1.1) is not necessarily true in general. 

 

 

 

Theorem: 3.8 
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Let G  be a finite group, if 

ar

G
d  )

G
mod(

ar
. Then GhN d

a   for some .1h  

 

 

Proof: 

Let  q
r

G

a

  for some }0{Nq  and 

ar

G
d  )

G
mod(

ar
. Therefore, there is an integer number t  such 

that )1(  tqd .  However, )),1(gcd(),gcd( aaa qrtqrGdr  = aqr . But 
d

aN  is a multiple of 

),gcd( Grd a , thus GhhqrN a

d

a   for 1h . 

 

4. Conclusion and Discussions  

The general purpose of this research was to investigate the relations between order finite group G  and the 

cardinality ar   in G  with  
d

aN
 
for some equations in group G  under new conditions. Moreover, the 

theorems, presented in this paper, is quite basic in study ability on dividing and multiplication which are 

considered between each pair of these terms 
d

aN , ar  and G . This paper is an attempt to establish underlying 

results which hopefully will help others to answer some or all of these questions: 

 

1) If there exist at least two elements are not conjugate in finite group G , but each of them is conjugate 

to some elements of the solutions set. Now, what is the ability on dividing and multiplication which can 

be considered between each pair of these terms
d

aN , ar   and G ? 

2)  Let axd   be an equation in group G with 1G , and it satisfies one of these theorems [(3.1), 

(3,2), (3.8)]. Is there any Isomorphism ):( nAGf  , satisfy the same theorem for equation 

)()( afxf d   in alternating group nA  for some 1n ?  
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