Available online www.jsaer.com

Journal of Scientific and Engineering Research, 2016, 3(3):398-400

i : N ISSN: 2394-2630

a.ﬂ'%\ Research Article CODEN(USA): JSERBR

Two new modular relations for the Géllnitz-Gordon functions
Jing Jin
School of Mathematics, Nanjing Normal University, Taizhou College, Jiangsu,

Abstract In this note, we derive two new modular relations for the Gollnitz-Gordon functions. Our proofs only
rely on the Jacobi triple product identity.
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Introduction
Throughout this paper, we let |q| <1 and for nonnegative integer n , we use the standard notation

n-1 0

(2q), =[1(1-ad'). (aq), =]](1-ad)

and
(a,a,...8,:0), =(a;0), (a;0), (a,;a),-
The GolInitz-Gordon functions are defined by

e (-0q%) 1
_ g™ — 1.1
5() g(qz;qz)nq (a.0'070°) -
and
e (-ai0?) 1
_ n qnte2n _ _ 1.2
T(q) g(qz;qz)n q ( 3’q4’q5;qs)x ( )

S(g) and T(q) are known as the Gollnitz-Gordon functions, see [1, 2]. Huang [3] and Chen and Huang [4]
derived 21 modular relations involving only S(q) and T(q). Baruah, Bora and Saikia [5] found new proofs of
modular relations for S(q) and T(q) established by Chen and Huang [3].

The well-known Jacobi triple product identity [6] is

n

i (=) Z"q@ =(z.q/z,g;q),. (1.3)

Euler's Pentagonal number theorem is given by
f (_q) _ z (_l)n qn(3n—1)/2 _ (q,q)w,
which is a special case of (1.3). For convenience, denote f (—q”) by f, for positive n.
In this note, we derive two new modular relations for the Géllnitz-Gordon functions, which can be

stated as follows.
Theorem 1.1 Let S(g) and T(q) be defined by (1.1) and (1.2), respectively. We have

£2f f f
S(0°)S(a)-a'T (a')T (@) =22 (1.4)
1'3%4 "24
3 3 f2f4f62f24
S(q )T(q)+qS(q)T(q )=72 ) (1.5)
f1f3f8f12
=
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Proof of Theorem 1.1

In this section, we give an elementary proof of Theorem 1.1. Our proof only relies on the Jacobi triple product
identity (1.3). We first establish two lemmas.

Lemma 2.1 We have

f,=f,5(-9*)—af,T(-9*), (2.1)
1 f2 N % , -
11 (- )*quaT(‘q )- (22)
Proof. We have
f1=(q;q)@=i(q,q3,q4;q“)x=% 3 (-1)"g*" by (1.3)
4 4 n=—0

_ 2 Z 2“ 22n) 2n 2 z 2"+1 22n+1 -2n-1
— 2 8n?-2n 2 8n2+6n
=2 A Y e

f4 n=—x0 f4 n=-ow0

which yields (2.1) by (1.3). For (2.1), replacing g by -g, we see that

f3
f12f4 = £,5(-9)+of,T(-q°),

which is nothing but (2.2).
Lemma 2.2 We have

Ty fafefiofh gt fy fis (2.3)

fl f22 f8 f12 f48 f22 flG f24
Proof. We have
f 1 (q,qqq) f,f, & o
== 2.3 = = fgfe Z q3 ’ by (13)
L (a959®) f(d%g%g?) £
_ f4 fe - 3(2ny? 3(2n+1)* ~2(2n+1)
- fzZ f H:Zw :z: : )
_ f4 fe i q12n 4n Z q12n +8n
f22 le N=—w f f12 n=

which yields (2.3) by (1.3).
We now turn to prove Theorem 1.1.
Proof of Theorem 1.1.1t follows from (2.1), (2.2) and (2.3) that

E:fi;u(s(_qe)_q}r (~a"))(s(-a)+aT (-a))
:fﬁ}u(s(_qs)s(_qz)_qAT(_qe)T (~a°)+a(s(-a*)T (~a")-a's (-a")T (o))

— f4 f6 f16 fZi + f6 ffi2 f48 X
f22 f8 le f48 f22 f16 f24
Equating even and odd parts of both sides of (2.4), we have

S(-a%)s(-a*)-a'T(-q°)T(-a*) =

(2.4)

f2 f6 f16 fZi
f4 fB fé f48

6 2 2 2 6 f2 fe fsz fAB
S(=a°)T(-0") - as (=0°)T (~0°) = 5
f4 le le f24
which implies (1.4) and (1.5) by replacing g by -g. This completes the proof.

In fact, we can use the same method to prove more modular relations for S(q) and T(q). For example,

from (2.1) and the following identity

f f — f2 f82 flg _ f44 f6 fZi (25)
e f42 fol f6 fz fB2 flg ’
we can derive the following identities which were established by Chen and Huang [4]
fif, f
S(a°)s (o) + T (o°)T(a) =~ 2.6)
l
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S(a®)T(a)—as(a)T(a°)=-222. (2.7
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