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Abstract. The great number of theoretical and experimental investigations indicate that it is 
necessary to consider plastic deformation of metals as a process which proceeds in certain time interval. 
However, in such approaches, contradictive points of view emerge concerning investigation of wave 
processes in materials which possess peculiar properties. In order to describe different mechanical effects, 
new models of plastic medium are being improved. The phenomenon of emergence of a tooth yield in the 
strain diagram belongs to such properties of materials. In this article, investigation of propagation of 
elastic-tough-plastic wave is conducted in a semi-infinite rod; it is conducted on the basis of the 
electromechanical model of ideal elastic-plastic material with yield delay. The dynamic criterion of 
plasticity, which is stated by the author is used here. The solving of the problem is conducted according 
to the statement where constant force is abruptly exerted on a bult of an unloaded rod. the main solution 
is obtained in stresses, both for elastic and plastic domains of the rod. It is established that characteristic 
curves which separate an elastic domain from a plastic one and vice versa are frontal lines of weak 
rupture. On the basis of calculations, fields of stresses? strains, rates of displacements of cross-sections of 
the rod in a plastic domain are determined. for a fixed instant of time, graphs of changes of stresses and 
displacements of points on the whole segment of a disturbed rod are plotted. The obtained results have 
been verified as to exactness of satisfaction to the boundary condition. 

 

Introduction 
 

There exist many scientific works which are dedicated to study of propagation of elastic-plastic waves in 
rectilinear rods. The number of published works about wave propagation in materials which posses the property 
of yield delay is considerably less. Later on, the interest in such investigations decreased. the emergence of 
published articles about improvement of models which describe the phenomenon of yield delay became random 
events [7]. In the author’s opinion, a false assertion about instantaneous jump-like transition from overstressed 
state into plastic state is put into works in which problems of wave processes in materials are considered. In 
overwhelming majority of cases, problems of butt impact in a rod are stated as those in which its terminal cross-
sections gains constant speed. A certain stress whose value is greater than the static limit of yield corresponds to 
this speed. In all the cross-sections of a rod for which the time of yield delay is up the stress abruptly decreases 
to the static yield strength. Such assertion of the model [4] causes doubt and rejection, because the stress which 
emerges at an end of a rod due to the action of the striker does not vanish. It is not elastic unloading of 
corresponding cross-sections of a rod, but their transition into plastic state that leads to the rate of displacement 
of the points of the plastic domain that proceeds. 

Let us try to describe the peculiarities of wave propagation in materials with yield delay with a help of 
electromechanical model of elastic-tough-plastic medium [8]. To solve the stated problem, it is expedient to 
choose a uniformly distributed constant force which is abruptly exerted on the plane of a rod butt as a disturber. 

 

Main assumption, statement of problem, and equation of motion in elastic domain 
 

Let us consider the process of elastic-plastic state propagation in a semi-infinite rod of ideally plastic 
material which has the property of yield delay. The solution of the stated problem is to be conducted in 
Lagrangean coordinate system. Let us put the origin of . x, y, z Cartesian coordinate system at a butt of the 
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rod. The axis of the rod is taken for x-axis, the y, z axes are put in the plane of the butt. The following main 
assumptions are to be based on. 

1) In an arbitrary cross-section of a rod the stress-strain state is homogeneous, and it is determined 
from the boundary conditions. 

2) It is taken into account that relative that relative deformation strains are small. 
3) The influence of forces of inertia from transversal deformation of a rod are to be neglected. 
4) The density of a rod does not change during the process of deformation. 
Let the investigated rod be at rest till the time instant t = 0 and have constant F0 area of its cross-section. 

Then, at t > 0, a constant compressive force P, which is uniformly distributed over its surface, is exerted at the 
beginning x = 0 of the rod. It is assumed that this force causes compressive stress xxσ  at the butt of the rod, this 
stress being greater than the yield point stress yσ  in static load. The delay time τ during which a straight elastic 
wave propagates along the axis of the rod corresponds to this stress. To determine the stress and deformation in 
the domain of elastic wave, the differential equation of motion of continuum and Hook’s law are used. In the 
framework of theory of rods, the following system of equations is obtained: 
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where xxσ , xxε  are the components of tensors of stresses and deformations along the x-axis; ρ  is the 
density of the rod; E is the Young’s modulus of the material of the rod. 

The solution of the equations system (1) is known, but traditionally it is written in displacements. In 
our case, for investigation of the state of rod in plastic domain, it is by far simpler to write the equation of 
dynamic behavior of material is stressed. Therefore, we reduce the equations system (1) to thet of 
differential equations for the stress xxσ  for the elastic domain as well. 

Let us differentiate the motion equation of the system (1) with respect to x, and the Hook’s law twice 
with respect to time; we obtain: 

,
2

2

2

2

xt
u

x
xx

∂∂

∂
ρ=

∂

σ∂             
2

2

2

2

t
E

t
xxxx

∂

ε∂
=

∂

σ∂ . (2) 

Taking into account the fact that 
x
u

xx ∂
∂

=ε , excluding the strain xxε  from the equations system (2), 

we have: 
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The equation (3) indicates that the speed of propagation of the normal stresses xxσ  wave in the rod 
is equal to c. The general solution of the equation (3) in Dalambert’s form is the following: 
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where ∗∗∗ σσ xxxx ,  are arbitrary functions which are determined from initial conditions and from boundary 
conditions, which are written like this: 
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Here dσ  is the actual compressive stress at the butt of the rod. It is determined in this way: 

F
Pd =σ , where F is the cross-section area of the rod after deformation. Besides, let us introduce a 
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conditional stress on the butt of the rod for the elastic domain 
0F

Pe
y =σ . 

It is known that the displacement of points of rod in elastic domain is determined by the quadrature: 

( ) ( ) .,1, dxtx
E

txu
x

ct
xx∫σ=  (6) 

Since the displacement is continuous, from the expression (4), at the wave front ,ctx =  we have the 
equality: 

( ) ( )[ ] .0,0201
>=σ+σ ∗∗∗ tt

E xxxx  (7) 

This equality is held true for arbitrary values of the argument of the function .0: >+σ ∗∗
c
xtxx  thus, 

during the mentioned time t, the function ∗∗σxx  is constant. Having included this constant into the arbitrary 

function ,∗σ xx  we obtain: 
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To determinate this function, the boundary conditions (5) are used: 
( ) ( ) .,,0 d

xxxx ttxx σ−=σ=σ= ∗  (9) 
The relations (9) hold true for arbitrary positive argument. This means that: 

( ) .,,
c
xttx d

xx ≥σ−=σ  (10) 

Using (6) for determination of the displacement ( )txu , , we obtain: 
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Correspondingly, for the velocities xV  of the points of the rod in elastic domain we have: 
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The deduced relations (11), (12) are analogical to those obtained in [9], where the dynamic equation 
of motion is written in displacements. On the basis of introduced assumptions, the obtained results satisfy 
the condition of compatibility of deformations. 

In the plane x, t (Fig. 1), we have the following situation. Below the front of the main wave ,ctx =  
the domain of rest is situated. A jump of the stress xxσ , strains xxε , velocity of particles to the values 
which are determined on the basis of the solution of the equation (3) takes place at the front. During the 
delay time τ , from the end of the rod, only elastic wave, which transmits the stress dσ  which is set at the 
end of the rod, is propagating. As all cross-sections of the rod before deformation were in equal states, the 
delay times for them are equal. This means that in the coordinates x, t the material of the rod will be in 
elastic state inside the strip which is determined from the inequality:  

( ) .ctxtc ≤≤τ−  (13) 
The upper boundary of the strip is a boundary of transition of the rod from elastic state to plastic 

one. In the curve, the continuity with respect to stresses and deformations remains, and their rates have 
discontinuities. Therefore, this curve can be considered as the front of a wave of weak discontinuity, which 
displaces at the velocity of the wave (Fig. 1). Behind this front, the material is in plastic state. To determine 
the parameters of motion of the medium in plastic domain, let us write the equation dynamic behavior of 
the material which possess the property of yield delay. 
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Fig. 1. Distribution of state domains of rod in the plane x, t 

 

Determinative equations of state and dynamic behavior of material of rod in plastic domain 
 

In [1; 9] it is assumed that in investigation of the process of one-dimentional stress wave propagation in 
rods, the motion of the particles in the direction perpendicular to the x-axis is to be neglected. However, axial 
deformation is always accompanied by change of cross-section area of a rod. Therefore, instead of actual stress, 
it is convenient to use so-called conventional stress. The conventional stress is defined as the ration of the force 
which acts in the cross-section of the rod to the initial area of the cross-section. Later-on, the conventional stress 
will be called simply stress, excepted the cases when it is necessary to determine actual stress. 

Let us consider a domain of the rod which have been transferred into plastic state. For the domain, the 
equations system (11) holds true; and let us assume that the deformations consist of elastic and plastic parts, i.e.  

p
ij

e
ijij ε+ε=ε . (14) 

The material of the rod will be in plastic state for that domain of the variables x,t till the following 
condition holds true 

,
3
2 2

s
d
ji

d
ji SS σ>  (15) 

where d
jiS  are the components of the deviator of actual stresses.  

On the basis of ideas of the work [8], the tensor p
jiε&  of velocity of plastic deformation is related to 

the tensor of stresses by the following dynamic condition of plasticity of material in yielding state 
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where ∗
ijij SS ,  are the components of the deviator of stresses in the plastic domain and at the boundary of 

transition from elastic to plastic domain, respectively; ijσ is the component of the tensor of stresses; 
e
ij

e
ij e&& ,ε are the components of the tensor and the deviator, respectively, of velocities of elastic 
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deformations; µ  is the coefficient of the toughness; k  and n  are the constants of the material; ijδ  is 
Kronecker’s symbol. 

According to the associative law of yield, the components p
ijε&  are determined by the equations [1]: 
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σ∂
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φ=ε&  (17) 

where φ  is the scalar multiplier; f  is the plastic potential, which in the given case is determined by the 
fumction (16). 

Taking into account plastic incompressibility of the material, having substituted (16) into (17), we 
obtain: 
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Having solved the equation (18), we have: 
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After excluding p
ijε&  from (16) and (19), we obtain: 
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Substituting (20) into (19), we write: 
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In the case of one-axial tension-compression, when ,0≠σxx  for the components of jis , we have: 
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Analogically we write for the components of e
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where ν is Poisson coefficient. 

Now, we determine e
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e
ij ee && : 
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Having substituted (22) and (23) into (21), we obtain: 
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Taking into account the relation (14) and Hook’s law, for rates of deformations and stresses in one-
axial tension-compression we write: 
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where xv  is the velocity of the particles in plastic domain of the rod along the x-axis. 
In the considered problem, all the parameters of motion depend on the x-coordinate and the time t; 

therefore, taking into account (25), the determinative equations (24) of the state of the rod in plastic 
domain are reduced to the following form: 
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Here, the following substitution is made ( ) .11
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To derive the equation which describes dynamic behavior of the material of the rod in plastic 
domain, we differentiate the relation (26) with respect to t, and the equation (1) of motion with respect to x; 
hence we obtain: 
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Having excluded the displacement u from the system of equations (27), we obtain: 
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It is sought for differential equation which determine the parameters of the part of the rod 
which has turned into plastic state after the yield delay by the time τ. Analysis indicates that the 
equation (28) belongs to elliptic type equations; therefore, a local extension of the domain of 
variables x, t into initial data is always possible. Let us remind once more that the stress in the 
equation (28) belong to conventional stresses. To find the solution of the equation (28), we 
introduce the following independent variables: 
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We present the general solution of (28) in this form:  
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where xxxx 21 , σσ are arbitrary functions. 
Now we find partial derivatives with respect to the new variables: 
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Having substituted the determined derivatives into the initial equation (28), and taking into account 
that 2,E cρ=  we have: 
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At the front of transition from elastic state into plastic one, when ( ),τ−= tcx  the equality 
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yxx =σ=σ ,  must be satisfied, therefore, from (30) we write: 
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However, here it is necessary that the equality ( ) constzxx =σ 22  be satisfied. Having included this 
constant into the arbitrary function ( )11 zxxσ  and having made the substitution of the designation 

,1 c
xtzz −τ−==  we obtain: 

( ) ( ) ( ) ., 1 





 −τ−σ=σ=σ=σ

c
xtzzxt xxxxxxxx  (34) 

The presentation of the solution of the equation (28) in the form (30) enables us to reduce the partial 
differential equation (28) to an ordinary differential equation in the variables ., zxxσ  Thus, from (32) we 
obtain: 
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To find its solution, we write the initial conditions: 
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Investigation of process of disturbance propagation in plastic domain of rod 
 

As in the front of the interface of elastic and plastic domains the stress e
yσ  is known, the necessity, 

for the certain reasons, to determine ( )0xxσ&  arises. For this purpose, we write in actual stresses the 
equation (26) of plastic state at the boundary of the domains where 0=z : 
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To determine d
xxσ&  from the equation (37), we express xxε&  in terms of the stress d

xxσ  and of the 

rates of d
xxσ& . In the course of deformation of the rod’s domain which turns from elastic into plastic state, 

its cross-section area changes from the initial 0F  in non-stressed state to F  in the state which corresponds 

to the stress d
xxσ . Taking into account incompressibility of plastic deformation, we write the volumetric 

deformation of the rod in the following form: 
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Whence, assuming for convenience the stress and strain to be absolute values, we change the 
corresponding signs for the opposite ones; then we write: 
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Besides, according to the introduced assumptions, homogeneous stress state takes place all over the 
cross-section area of the rod. Therefore, for the transversal strain yyε , the following equality is true: 
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Equating the right sides of the equations (39) and (40), we write: 
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After the substitution of(42) into (37), we obtain: 
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From this equation, setting the actual stress d
xxσ , which acts in the cross-section of the rod at 0=z , 

we obtain ( )0d
xxσ& . To conduct the corresponding numerical calculations, the relation between actual and 

conventional stresses in the domain (13) is established. It is the domain of the rod which is in elastic state. 
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All our calculations will be conducted for these constants of material which were used in the work [8]. The 
actual stress at the interface of elastic and plastic domains of the rod, which is equal to the initial stress applied to 
the bult, we assume to be equal to .1055,3 8 Padd
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By means of solving this equation for the chosen stress ,1055,3 8 Pad
xx ⋅=σ  we determine ( )0d
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After substitution of corresponding values of all the constants of the material, the equation (35) 
assumes the form: 

.01017,1
2

2

212
1

6 =






 σ
−

σ









 σ
⋅

zd
d

zd

d
zd

d xxxxxx  (47) 

Its solution is presented in the form of graph of ( ),zxxσ  which is shown in Fig. 2. to get the general 
idea of change of stress in a rod with the front of a wave of transition into plastic state (the wave moves at 

a speed of 
s
mEc 5100=

ρ
= ) we make the following substitution: .

c
xtz −τ−→  

 

 
Fig. 2. Graphic presentation of solution of dynamic behavior of rod in plastic domain 

 
Investigations indicate [10] that the time of yield delay in the case of abruptly applied constant stress 

is approximately equal to the time during which the stress is achieved in constant rate load; i.e. the time 
during which the material is in “overloaded” state will be determined in the following way: 

.
xx

s
d

σ
σ−σ

=τ
&

 (48) 

On the other hand, proceeding from the conditions of plasticity (16) of one-axional tension, the 
yielding of material begins when the following equality is satisfied [8]: 

( ) .1
4

42 nxxn
s

s
d

E
k








 σ
ν+

σ
=σ−σ

&
 (49) 

Excluding the rate of stress change from the equations (48) and (49), we obtain: 

( )

( ) 144

2 1
−

σ−σσ

ν+
=τ

n
s

dn
s

n

E

k . (50) 

Having substituted the values of the corresponding constants and of the stress dσ  into (50), we have 
.10453,1 4 s−⋅=τ  

Having carried out the corresponding substitution in the solution of the equation (47) namely, 

( ) ,





 −τ−σ→σ

c
xtz xxxx , we obtain the field of stresses of the rod in the plastic domain which is shown 

in Fig. 3. The calculations are made for the following domain of the variables x, t: 
[ ] [ ] ( ) ( ) .62,0,3300,0,24,1, τ−≤≤τ−−∈τ+τ∈ tcxtcxt  (51) 
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To determine the other parameters of the state of the rod in the plastic domain, we write the 
determinative equation (26) in the following form: 

( ) .1 2

µ
σ

−σ
µ
Φ

−σ+
µ

σ
=ε snxxxx

xx
xx E

&&&  (52) 
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Fig. 3. Field of stresses in plastic domain 

 

After the substitution of all the chosen constants of the material into (52), we obtain: 

( ) .7917,1117,010762,41033,8 12
1129 −σ−σ⋅+σ⋅=ε −−

xxxxxxxx &&&  (53) 

The field of rates of strains 





 −τ−ε

c
xtxx&  is determined with a help of the equation (53), into which 

the obtained on the basis of (47) solution of ( )zxxσ  and the determined rate of the stresses xxσ&  are to be 
substituted. After calculations and the corresponding change, we obtain the general chart of strain rates, it 
is shown in Fig. 4. The calculation confirms the expected results that at the front of transition from elastic 

to plastic domain the jump of strain rate from 0 to the value of ( )
sxx
1589452,00 =ε&  takes place. 

It is necessary to note that at the interface between elastic and plastic domains the continuity with 
respect to strain, velocity of parts of the rod and their displacement remain. Therefore, from the equation 
(11), in the line ( )τ−= tcx  (Fig. 1), we determine absolute value of the compressive strain: 

( ) ( ) .00169,0,0 =
σ

=
∂

∂
−=ε

Ex
txu d

xx  (54) 

Correspondingly, for velocities of points in elastic domain, from the equation (12) we have: 

.62,80 s
mc

E
V

d
x =

σ
=  (55) 

Displacements u0 of points of the rod at the interface of the domains we determine from the formulae 
(6) and (10) in the following way: 

( ) .102534,1 3
0 mc

E
dx

E
u tc

ct

dd
−τ− ⋅=τ

σ
=

σ
−= ∫  (56) 
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The distribution of the velocities xv  of points of the rod in plastic domain is determined by means of 
the use of the solution of (53) and the second relation of (25). Taking into account the established law of 
signs, introducing the variable z, we write: 

( ) ( )∫
−τ− ε+= c

xt
xxxx dzzcVtxv 00 ., &  (57) 
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Fig. 4. Field of strain rates in plastic domain 

 

After integration of (57), we obtain the field of velocities of points of the rod in plastic domain (Fig. 5). 
 

 
Fig. 5. Distribution of velocities of particles of rod in plastic domain 

 

The general picture of distribution of points of the rod in plastic domain we obtain from the 
following relation: 

( ) ∫
−τ−+= c

xt
x zdvutxu 00, . (58) 

The results of calculation for the domain of the variables x, t (51) are shown in Fig. 6. 
The field of deformations of the rod is obtained through differentiation of the relation (58) with 

respect to x. Note that the deformation of particles of the rod can be presented in the following form: 

( ) .1
dz
du

c
zxx =ε  (59) 
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Fig. 6. Distribution of displacements of points of rod behind the front  

of delimitation between elastic and plastic domains 
 

After corresponding operations and calculations, we find the distribution of strains of particles of the 
rod in plastic domain (Fig. 7). 

 

 
Fig. 7. Field of strain of rod in plastic domain 

 

In the domain of plastic disturbance, the parameters of state, which are determined on the basis of 
the solution of the equation (47), are given in Fig. 2 – Fig. 7. However, the obtained results are true only in 
the case when the condition (15) of plasticity is satisfied, i.e. the inequality s

d
xx σ>σ  is observed. Let us 

determine the domain of the variables x, t, for which the solution of the equation (47) satisfies the 
condition (15). It is convenient to conduct this analysis with the use of the variable z. 

Let us make a transition from the conventional stress xxσ  which acts at the butt of the rod, which is 

obtained from the solution of the equation (47), to the actual stress d
xxσ . For this purpose, we substitute the 

conventional stress into the relation (39). Together with the equation (40) and the transformed equation 
(39), we write: 

( ) .12,212 −
σ

σ
=εν−

σ
−ε=ε d

xx

e
y

yy
xx

xxyy E
 (60) 
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Having excluded yyε2  from (60), we have: 

( )
.

211 ν−
σ

−ε+

σ
=σ

E
xx

xx

e
yd

xx  (61) 

After the substitution of the solutions for ( )zxxσ  from (47) and ( )zxxε  from (59) into (61), we 
obtain the law of change of actual stress at the butt of the rod (Fig. 8). 
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3.5 108

 
Fig. 8. Law of change of actual stresses in butt cross-section of rod 

 

To determine the value of the variable ezz =  at which the transition of the material of the rod from 
plastic into elastic state takes place, we make the substitution s

d
xx σ=σ  in the formula (61). Calculations 

indicate that this takes place when .1037,1 sze =  Since all cross-sections of the rod change their state from 

plastic to elastic at the same value of ez , the interface of these domains in th plane of the coordinates x, t is 
determined by the following equation: 

( ).eztcx −τ−=  (62) 
The straight line (62) in Fig. 1 is represented by the dated line. In all points over the line (62), the 

material is in elastic state with constant values of parameters. Note that, unlike in the established point of 
view [3–6], the line (62) is not a wave front of elastic unloading, it is a boundary of transition from plastic 
into elastic state. The domain of plastic deformations is determined from the following inequality: 

( ) ( ) .τ−≤≤−τ− tcxztc e  (63) 
On the basis of the obtained results, graphs of change of stress and strain of points of the rod are 

plotted for the time instant stzt e 304,11 =∆+τ+=  (Fig. 1). Here, it is assumed that .2,0 st =∆  Let us 
designate the coordinate of the cross-section of the rod which is at the boundary of transition from elastic 
to plastic domain by 1x . Then: 

( ) .66491 mtzcx e =∆+=  (64) 
Having substituted the time instant 1t  into the equation (62), we obtain the coordinate 2x  of the 

cross-section at the boundary of transition of the part of the rod from plastic into elastic state: 
.10202 mtcx =∆=  (65) 

For this cross-section, on the basis of the solution of the equation (47), we obtain: 
( ) ( )

( ) ( ) .6533,0,,3332,

,35,1843,,1083,335,

2121

21
6

21

=ε=

=⋅=σ

xts
mxtv

mxtuPaxt

xxx

xx  (66) 

In the domain of the rod where 2xx ≤ , a zone of constant values of parameters emerges; these 
parameters are equal to the following values: 

( ) ( ) ( ) ( ) ( ) ( ) .,,,,,,,, 212121 xtxtxtvxtvxtxt xxxxxxxxxx ε=ε=σ=σ  



Yaroslav Andrusyk 

 

64 

For simple reasons, the shifts of points of the rod at the time instant 1t , in the segment [ ]2,0 xx ∈ , 
can be presented in the form ( ) ( ) ( ) ( ),,,, 212211 xtxxxtuxtuu xxε−+==  which in terms of numbers leads 
to the following equation: 

( ) .6533,0102035,1843 ⋅−−= xu  (67) 
On the basis of the carried out analysis and calculations for all the domains, graphs of stresses and 

displacements of particles of the rod are ploted for the time instant 1tt = ; they qre shown in Fig. 9 and Fig. 10, 
respectively. 

 

 
Fig. 9. Distribution of stresses in rod for time instant 1tt =  

 

In fig. 9, for ,1xx =  the elastic domain of the rod behind the front of the main wave of the length 
mcx 7415,0=τ⋅=∆  is delimited by heavy dotted line (Fig. 1). 

 

 
Fig. 10. Distribution of displacements in rod for time instant 1tt =  

 

Estimation of obtained results concerning exactness of boundary condition satisfaction 
 

All investigations of dynamic behavior of a rod of material which possesses the phenomenon of 
yield delay are based on the solution of the equation (47). However, from this equation, conventional stress 
is determined. The transition from the obtained conditional stress to actual one is given by the relation (61). 
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Let us make a comparison between the actual stress d
xxσ  at the bult of the rod and the true stress ,di

xxσ  
which arises from the boundary condition. 

Having made the substitution di
xx

d
xx σ→σ  in the equation (41), we write it in the following form: 

( ) ( ) ( ) .121 2 e
y

di
xxxx

di
xxE

σ+σε+−σ
ν−  (68) 

Here, xxε  is the strain at the bult of the rod, which is obtained from the solution of (59). From the 

equation (68), we determine ,di
xxσ  we have:  

( ) ( ) ( ) .21
4

11
212

2
















ν−

σ
−ε+−ε+

ν−
=σ

E
E

e
y

xxxx
di
xx  (69) 

After substituting the values of the constants of the material and parameters into (68), we obtain: 

( ) .101,210384,311 1132 ⋅



 ⋅−ε+−ε+=σ −

xxxx
di
xx  (70) 

With a help of the criterion 
di
xx

d
xx

σ

σ
=χ , let us estimate the extent to which the actual stress at the bult 

of the rod coincides with the true stress which is determined from (70). On the basis of the carried out 
calculations, graph of the dependence of χ on the variable z is ploted; it is shown in Fig. 11. 

 

 
Fig. 11. Graph of estimation of coincidence of stress with true stress 

 

As can be seen from Fig. 11, the boundary conditions at the butt of the rod are satisfied with high 
accuracy; this is within the established in the problem statements assumptions. 

In the investigation of dynamic behavior of the elastic-plastic rod, we deliberately reject the 
traditional [11] dimensionless form of variable parameters recording in the stated determinative equations. 
Substitution of corresponding values of materials constants enables us to visually show peculiar 
distinctions of results, which are obtained within the framework of plastic medium. 

 

Conclusions 
 

The carried out investigation of propagation of elastic-tough-plastic waves in a rod whose material 
possesses the property of yield delay disproves the false assertion of instantaneous jump-like transition 
from overstressed elastic state to plastic state. It is established that the characteristic curves which delimit 
elastic domain from plastic one and separate plastic domain from elastic one are lines of the front of the 
wave of weak discontinuity. For the plastic domain of the variables x, t, fields of stresses, strains, rates of 
strains, velocities of particles, and displacements are obtained. A graphic picture of distribution of stresses 
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and displacements is drawn for a fixed instant of time. Investigations of dynamic behavior of the rod on the 
basis of the electromechanical model have indicated certain peculiarities in propagation of disturbance. It is 
established that the differential equations of the state of the rod in plastic domain are of elliptic type. the 
obtained results satisfy the boundary conditions with high accuracy. 

 

References 
 

[1] Новацкий В. Н. Волновые задачи теории пластичности. – М. : Мир, 1978. – 307 с. 
[2] Качанов Л. М. Основы теории пластичности. – М. : Наука, 1969. – 420 с. 
[3] Ломакин Е. В. Распространение упругопластических волн в материале с запаздыванием текучести // 

Изв. АН СССР. МТТ. – 1970. – № 5. – С. 152–160. 
[4] Работнов Ю. Н. Модель упруго – пластической среды с запаздыванием текучести // ПМТФ. – 1968. – 

№ 3 – С. 45–54. 
[5] Бураго Н. Г., Кукуджанов В. Н. Распространение волн в материале с запаздыванием текучести // 

Материалы V Всесоюзного симпозиума. – АЛМА-АТА : Наука Казахской ССР, 1973. – С. 101–107. 
[6] Котляревский В. А. Упруго-вязко-пластические волны в материале с запаздыванием текучести // 

ПМТФ. – 1962. – № 3. 
[7] Груздков А. А., Петров Ю. В., Смирнов В. И. Инвариантная форма критерия динамической 

текучести металлов // Физика твердого тела. – 2002. – т. 44. – Вып. 11. – С. 1987–1989. 
[8] Андрусик Я. Ф. Ще раз про зуб плинності та формулювання динамічної умови пластичності // 

Вісник Нац. ун-ту “Львівська політехніка”. Серія “Фізико-математичні науки”. – 2014. – № 804. – С. 120–126. 
[9] Сагомонян А. Я. Волны напряжения в сплошных средах. – М. : Изд-во Моск. ун-та, 1985. – 416 с. 
[10] Работнов Ю. Н. Механика деформируемого твердого тела. – М. : Наука, 1979. – 744 с. 
[11] Bleich H. H., Nelson I., Plane waves is an elastic-plastic half-space due to combined surface pressure and 

shear, J. Appl. Mech., March. – 1966. 


