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Resumen
En este trabajo construimos la maquina sumadora estocdstica en la base 2 considerando la matriz de
truncamiento Sy, asociada al operador S y estudiamos los valores propios de la matriz S, actuando
en [*°(N).
Palabras claves. Estocédstico, maquina sumadora, valores propios
Abstract
In this work we build the stochastic adding machine in base 2 considering the truncation matriz
Sn associated to the operator S and we study the eigenvalues of the matriz S, acting in [°°(N).
Keywords. Stochastic, adding machine, eigenvalues

1. Introduction. Given a natural number N we can write it, in a unique way, by using the
greedy algorithm as N = ngg) gi(N)2!, where (g;);>0 are the digits of N in base 2 taking the
values 0 or 1. There exists an algorithm (adding machine) that computes the digits of N + 1. We
summarize this process in terms of a system of evolving equation, introducing an auxiliary variable

“carry 17, ¢;(N), for each digit £;(N), in the following way:
Put c.1(N+1)=1and

gi(N 4+ 1) = (ei(N) + ci—1 (N + 1))mod(2)

El(N) =+ Ci_l(N —+ ].)

Cz(N—Fl): B

where i > 0 and [2] is the integer part of z € R™.

P. R. Killeen and T. J. Taylor [9] built a stochastic adding machine considering an independent,
identically distributed family of random variables {e;(n) : ¢ > 0,n € N} parameterized by the
natural numbers ¢ and n. This family take the value 0 with probability 1 — p and the value 1
with probability p. Given a natural number N we consider the sequences (¢;(IN + 1));>¢ and
(¢;(N +1))i>_1 defined por ¢, (N +1) =1 and for all i >0

gi(N 4+ 1) = (£(N) + e;(N)e, (N + 1))mod(2)
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ei(N) +ei(N)e;_ (N +1)
2

(N +1) =

Hence, a number > 7% ¢;(N)2’ transitions to a number ;% ;(N + 1)2°. In a equivalent
way, we obtain a Markov process 1(N) with state space N by doing ¥(N) = j'zog gi(N)2°.

Killeen and Taylor [9] study the spectrum of the transition operator S acting in [°°(N). They
prove that the spectrum O (S) of S is connected to the Julia set of the quadratic map f: C — C
defined by f(2) = (2 — (1 —p))*/p*.

In particular, an integer with binary representation €,, ...£,011...11 transitions to the integer

——
k
€n---Ek1100...00 with probability p**! and an integer with binary representation e,, ..., 11...11
k k

transitions to &, ...£,000...00 with probability p*(1 — p).

k

In this paper, we consider the truncation matrix S,, associated to the operator S, where
(Sn)i; = Sij for all 0 < 7,5 < n and we study the set of eigenvalues, 0(S,). In particular, we
prove:

Theorem 3: Let E = (| J,—,0(S2))’, where A’ denotes the set of accumulation points of A.
Then, the set E satisfies:

1) f0 < p <1, then 8J.(f) C E.

2) If 0 <p < 1/2, then E = dJ.(f).

3) If 1/2 <p < 1, then E C J.(f).

Theorem 4: The spectrum of the transition operator S acting in [*°(Z) is equal to the point

2
spectrum of S and it is equal to the Julia set of the quadratic function f(z) = (#) .

The first section is devoted to define the stochastic adding machine in base 2 by using the
idea of transductors and in the next section we prove some results by considering the truncation
matrix, S, of the operator S associated to the stochastic adding machine.

2. Transductor and Stochastic Adding Machine. It is know that the addition of 1 in
base 2 is given by a finite transductor on A* x A*, where A = {0, 1} is a finite alphabet and A* is
the set of finite words on A. The idea of the adding machine by using tranductors was introduced
by Messaoudi-Smania [11]. This tranductor is composed by two states, an initial state, I, and a
terminal one, T. The initial state is connected to itself by one arrow labeled by (1/0). There is
also one arrow going from the initial state to the terminal one. This arrow is labeled by (0/1).
The terminal state is connected to itself by one arrow labeled by (z/x).

Let assume N = ¢g,...g9. To find the digits of N + 1 let consider the finite path ¢ =

(pk+13 ak/bkvpk) s (p27 al/blvpl)(plvao/bovp())a where pi € {Ia T}7p0 = Iapk+1 = Ta Ay bl € A",

0/1
T I
\/ \/
x/x 1/0

Figure 1: Transductor of the adding machine in base 2

Furthermore ...0...0a;...a9=...0...0e,...€0.

’ ’
Hence N +1=¢, ...¢,, where

S 0bg . bp=...0...0¢,...¢
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EXAMPLE 1. If N =11 = 10115 then N corresponds to the path
(T,1/1,T)(T,0/1,1)(1,1/0,1)(1,1/0,1).

Hence N +1 = 11005 = 12.
If N =13 = 11015 then N corresponds to the path

(T,1/1,7)(T,1/1,T)(T,0/1,1)(1,1/0,1).

Then, N + 1 = 11105 = 14.

2.1. Stochastic Adding Machine in Base 2. It is possible to generalize this description
to construct a probabilistic transductor 7,, 0 < p < 1, of the stochastic adding machine in base 2
(see [11]) as showed in the figure 2.1.

(/. 1-p) (1/0,p)
v (Lp) |/\’
T [ I
\] T (00,1-p)
(x/x, 1)

FIGURE 2.1. Transductor of the stochastic adding machine in base 2

EXAMPLE 2. If N =11 = 10115, then N in the transductor of adding machine, N corresponds
to the path,

(T,1/1,T)(T,0/1,1)(1,1/0,1)(I,1/0,I).

In the stochastic adding machine we have the following paths:

(a) (T,(1/1,1),T)(T,(0/0,1),T)(T,(1/1,1),T)(T,(1/1,1—p),I). In this case N = 1011 tran-
sitions to 1011 with probability 1 — p.

(b) (T,(1/1,1),T)(T,(0/0,1), T)(T,(1/1,1 —p), I)(I,(1/0,p),I). In this case N = 1011 tran-
sitions to 1010 = 10 with probability p(1 — p).

(c) (T,(1/1,1),T)(T,(0/0,1 —p),I)(I,(1/0,p),I)(I,(1/0,p),I). In this case N = 1011 tran-
sitions to 1000 = 8 with probability p*(1 — p).

(d) (T,(1/1,1),T)(T,(0/1,p), I)(1,(1/0,p), I)(I,(1/0,p),I). In this case N = 1011 transi-
tions to 1100 = 12 with probability p>.

By using the transductor 7, we have the following result.

PROPOSITION 1. Let N be a non-negative integer, then the following results are satisfied.
i. N transitions to N with probability 1 — p.
it. If N =c¢k...e10,k > 1 (even case), then N transitions to N + 1 with probability p.
iti. If N =¢...e,01...1,s > 1,k >t>s+1 (odd case), then N transitions to N +1 =

€k ...510...0 with probability p**t' and N transitions to N—2"+1 =¢,...€,01...10...0,

1 < m < s with probability p™(1 — p).
Demonstration:
(i) If N =¢j...£10 then N corresponds to the path (in the adding machine in base 2)
(T,er/ek, T)...(Tye1/e1, T)(T,0/1,1).

In the stochastic adding machine in base 2 N corresponds to the following paths:
(A) (T, (ex/ek, 1), T) ... (T, (e1/€1,1), T)(T,(0/0,1 — p), I). In this case N transitions to
N with probability 1 — p.
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(B) (T, (ex/ek, 1), T)...(T,(e2/€2,1), T)(T,(0/1,p),I). Hence N transitions to N + 1
with probability p.
(ii) f N =¢f...e01...1, then N corresponds to the path
——

(T,er/er,T)...(T,er /ey, T)(T,0/1,1) (I,1/0,1)...(1,1/0,I). In the stochastic adding

S
machine in base 2, N corresponds to the paths.

(A) (T7 (€k/€k, 1)a T) cee (T7 (gt/gta 1)7 T)(Tv (0/07 1)a T)
(T,1/1,1),T)...(T,(1/1,1 — p), I). In this case N transitions to N with probability

S

1—np.
(B) (T, (ex/er,1),T) ... (T, (et/er, 1), T)(T, (1/0,p), )
(1,(0/1,p),I)...(I,(0/1,p),I). In this case N transitions to N + 1 with probability
s+1 s

(©) (T, (ék/skv]-)aT)"'(Tv (e¢/er, 1), T)(T, (0/0,1),T)
(T, (1/1,1),T)...(T,(1/1,1), T)(T', (1/1,1 = p), I)

m—1

(I,(1/0,p),I)...(I,(1/0,p), I). In this case N transitions to

m

N-2"+1=¢;...601...10...0

s—m m

with probability p™ (1 — p).

By using the proposition 1, we build the transition graph,

P’a-p)

FIGURE 2.2. Transition graph of the stochastic adding machine in base 2

OBSERVATION 1. We can note that the transition graph is self-similar, since it is made up of
blocks repeating themselves in a periodic way.

The transition operator S, associated to the transition graph is given by:
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1-p p 0 0 0 0 0 0 0 0 0 0 0 0..
p(l-p) 1-p  p? 0 0 0 0 0 0 0 0 0 0 0..
0 0 1-p p 0 0 0 0 0 0 0 0 0 0..
pz(l—p) 0 p(l-p) 1-p p° 0 0 0 0 0 0 0 0 0
0 0 0 0 1-p p 0 0 0 0 0 0 0 0..
0 0 0 0 p(l-p) 1-p p? 0 0 0 0 0 0 0..
0 0 0 0 0 1-p ) 0 0 0 0 0 0..
S, =| »*a-» 0 0 0 p*(1-p) 0 pl-p) 1-p p 0 0 0 0 0..
0 0 0 0 0 0 0 0 1-p p 0 0 0 0..
0 0 0 0 0 0 0 0 pl-p) 1-p  p° 0 0 0..
0 0 0 0 0 0 0 0 0 0 1-p p 0 0..
0 0 0 0 0 0 0 0 pX(1-p) 0 p(l-p) 1-p p? 0..
0 0 0 0 0 0 0 0 0 0 0 0 1-p P

0 0 0 0 0 0 0 0 0 0 0 0 pl-p) 1-p...

OBSERVATION 2.
1. We can verify that the sum of coefficients of every line (resp. every column) of Sy, is equal
to 1. Then, the transition matriz, Sp, is a doubly stochastic matriz.

1—p D

(1-p) 1-p > that repeats itself infinitely in

2. We can note that exists a matriz A = ( »

the diagonal region.

3. Since Sy, is a stochastic matriz, then S,(I>°) C I*°. In effect, if v = (v;) € I°, then
[Syvloo = SuDiery 1Sy01] = subery |50 St | < [0]oc:

4. If p =1, then the matriz S, is defined by

Sijzl, j=1+1
Sij=0, j#i+1

Lo x1

Hence we have S | T1 = | *2 |. In this case, the matriz S, corresponds to the shift

operator. If p # 1 we can consider the operator S, as a stochastic perturbation of the shift
operator.

THEOREM 1. (Abdalaoui-Messaoudi [1]) The spectrum of S in 1°°(N) is equal to the filled Julia
(11— 2
set of the quadratic function f(z) = (W) , that is,

0, =1{2€C,(f"(2))n>0 is bounded}

where f" = fofo...of, VneN.
—_—

n times

OBSERVATION 3. Consider the transition operator S = (S, — (1 — p)I)/p. Then S has a
period 2 and the operator S2 is decomposed in two transition graphs, one of them acting on even
natural number and the other one acting on odd natural number and every graph is isomorphic to
the transition graph of Sp.

THEOREM 2. (Abdalaoui-Messaoudi [1]) The operator S, is defined in the classical Banach
space, Co(N) and 19(N),q > 1. In particular particular, the spectrum of the operator S, acting in
Co(N) (resp. 19(N), ¢ > 1) is equal to the continuum spectrum of S, and equal to the filled Julia set
of f,Jo(f). OnI}(N), the point spectrum of S, is empty, the residual spectrum contains a dense
and countable subset of the Julia set, 0J(f). The continuum spectrum is equal to J.(f)\O »(S5).
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p(l-p)

p*(l-p) ' p*(l-p)
FIGURE 2.3. Transition graph of the stochastic adding machine on even natural numbers

1p 1p 1p 1p l-p 1p l-p 1p

p(l-p)

PA(L-p) ' pA(L-p)

FIGURE 2.4. Transition graph of the stochastic adding machine on odd natural numbers

3. Results. Let consider a natural integer number n and denote S,, the matrix n x n, where
(Sn)ij = Sij, VO<id,j<n
Sp is the truncation matrix of S. 0(S,,) denotes the set of the eigenvalues of S,,.

DEFINITION 1. Let n € N and A € C be. We define the sequence of complex numbers
(q”(A))nZO given by

1-p-2A 1, (1
p

G =———5 {q2n = —qon-1 — 1>,Vn21
p p

THEOREM 3. Let E = (Up—,0 (Sar))'. Then E satisfies the following:
i. If0<p<1, then 8J.(f) C E.

ii. If0 < p < 1/2, then E = 8J,(f).

iii. If 1/2 <p <1, then E C J.(f).

To prove Theorem 3 we need some results.

PROPOSITION 2. Let k € N, then 0 (Sor) = {X € C, gox (X)) = 0}, where (¢n)n>1 15 the sequence
defined above.

Demonstration: Let A\ € 0 (Sq:), then there exists v = (v;)g<j<or_1 € C2° \ {0} such that
(Sor — AI)v = 0. It is possible to prove that, v; = ¢;vg, for all 1 < i < 2F — 1 and furthermore,

2k 2
Z pok 1,V + (1 —p—A)vgr_y = 0. (1)
i=0

On the other hand, let consider the system
(I=p—XNwo+pw; =0
p(1 = plwo + (1 —p — Nwi + p*ws =0

2b—2
Z Par—1,iWi + (1 = p — A)war 1 + par_y orwor =0
=0

where wg = vg.

Thus, we have, w; = v; = q;vp,V 1 < i < 2k—1 ¢ Wok = ok Wo = Gk Q.
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Hence,
2k _2 2k _2
0= po_10i—(1=p—Nvge_1 = Y por_gwi — (1= p— Nwae_1
i=0 i=0
_ _ _ k41
= —P2k_12kWok = —Pok_1 2kqokVy = P G2kV0-

Hece, gor = 0. Therefore 0 (Sox) C {A € C, gox(A) = 0}.
On the other hand, from gox(A) = 0 we have (1) is true. Hence we are done. O

LEMMA 1.

E={z€C,3 (wy,)i>o C C,wy,, 2- 2 differents such that lim w,, = z and f" (w,,) = 0}.
- 71— 00

Demonstration: Let A € C, then f(\) = ¢?(\). Hence
TN =d3.(\), VneN (2)
Let z € E, then there is a sequence (wy,);>0 C U:;“{O’(SQ&) such that lim; ,o, w,, = z. For
every i € N there exists n; — 1 € N such that
ggni—1(wn,) = 0.
Hence by (2) we have f™i(w,,) = 0.
The other inclusion is clear. O

PrOPOSITION 3. The following results are true:

i. 1€ dJ.(f).

i. 1€ E.
iii. f(F)CE.

w. f~Y(E)CE.
Demonstration:
2
i. We have f(1) = =1and |f(1)| = |];(1 —(1-p))|=2>1. Thenlisa
repulsive fixed point of f and thus 1 € 9J.(f).
ii. Let consider the sequence w,, defined by

wy=1—pwr=1=-p+py/1—pw,=1-p+pJ/wn_1, ¥n>2.

Claim: (wy,),>0 is convergent and lim,,_, wy, = 1. Moreover, f™(w,) =0, V n € N*.

1-(1-p)\°
p

In fact: (wp)n>0 is a increasing sequence and w, < 1, Vn € N*. Let L € R such that
limw, = L. We have L = 1 — p 4+ pv/L, hence f(L) = L. The fixed points of f are 1 and
(1 —p)2. Since (1 —p)?2 <1—p<w, then, L=1.

2
On the other hand, we have f(w;) = (171’%17”)) = 0. Assume that f"(w,_1) = 0.

We have, f(w,) = wy,_1, for all n € N* and by Lemma 1 we deduce 1 € E.

ili. Let z € E, then there is a sequence (wy, )n>0 converging to z and such that f™(wy,) = 0.
Since f is continuous, LIEI flwn,) = f(2).
Let w;”_l = f(wp,), then w;”_l converges to f(z) and furthermore, f"i_l(w;”_l) =
f (wp,) =0. Thus, f(z) € E.

iv. Let z € f~1(E), then f(z) € E. Hence there exists a sequence w,,, converging to f(z) and

such that f™(w,,) = 0. Since
o[z p))2
o= (=00
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then there are x,,,,y,, € C such that f~1(w,,) = {zn,, yn, } and therefore

We have,

Fn) — () = (S”) . (W) _

_ <xmpz> (zn +zp2(1 p)>

converges to zero whenever i goes to +oo.

On the other hand,
Tp; = E£p\/Wn, + (1 —p),

Yn;, = FP/Wn, + (1 —p).

Hence

Tn; = Yn; = i2p\/wm — +2p V f(Z) (3)

Assume that for every subsequence (n;) of (n;) we have neither (z,) or (y,’) converge to
z. Then L '

limxn; =—2+2(1-p) and limyn; =—2+2(1-p) (4)

Hence,
limz,  —y, =0 (5)

Case 1. If f(z) # 0, then by (3) and (5) we deduce that there exists a subsequence (n;);>0
such that limz,, = z or limy,, = z.

Assume that .1i£rn Tpn, = z, then ft1(z,.) = f"(w,,) = 0. Hence z € E and therefore
1—+00

f~YE)CE.

Case 2. If f(z) =0, then z =1 —p. (6)
Since f(z) € E, then there exists a subsequence w,, converging to 0 and such that
[ (wy,) = 0. Moreover, f~Y(wy,) = {Zn,, Yn, } and f(zn,) = w,, — 0.

From (4) and (6), we obtain limz,,, = z and limy,, = =.
Putting z,, = 37;u+17 we have lim x;”_H = z such that f”"*l(x;liﬂ) = f"(wy,) = 0 and

therefore z € E.

LEMMA 2. 0 € J.(f) if and only if p > 1/2.
Demonstration: Assume 1/2 < p < 1, then

O<f(0)_(]19—1>2<1,

0< £2(0)= (f(o)‘“‘p)) <1

p

Carrying on with this procedure, we deduce 0 < f™(0) < 1, for all n € N. Hence the sequence
(f™(0))n>1 is bounded and therefore 0 € J.(f).

Let suppose p < 1/2, then f(0) > 1. Since 0(S) = J.(f) € D(0,1), then f(0) ¢ J.(f) and
therefore 0 ¢ J.(f). O
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PROPOSITION 4. If p < 1/2, then E(J.(f) C 0J.(f).
Demonstration:
Claim: Vn € N*, 0 (S2n) (" Je(f) = 0.

In effect, assume by absurd that there is an integer number n € N and a complex number
z € J.(f) such that f™(2) = 0. Since 0 & J.(f), f™""(2) = f™(0) goes to infinity when m
increase. But since z € J.(f), (/™" (2))m>0 is bounded, we have a contradiction. Thus, the claim
is true.

Hence,

O (Son) N J(f) = 0. (7)

1C3

To prove the proposition we have to show that there is no element z € E [ J.(f) such that
z € int(J.(f)). In fact, if there is such an element z, then there exists a subsequence (w,,) of 2 to
2 different elements of | J7~ ;0 (S2») such that limw,, = z and f"(w,,) = 0.

Furthermore, since z € int(J.(f)), there is r > 0 such that B(z,r) C J.(f). Hence, since
limw,, = z, there is a natural integer number N such that for all i > N, w,, € B(z,7) C J.(f).
This is a contradiction with (7). Then we are done. O

Demonstration of Theorem 3
i. From items 4i. and 4v. of proposition 0.3, we have f~"{1} C E, for al n € N. Hence
T fm{1} € E = E, because the set of accumulation points is closed. Since 1 € J.(f),
we obtain by item iii. of Theorem 1.3.1 [12], 8J.(f) = Us—, f~"{1} C E.
ii. Assume p < 1/2. Let prove that E C 9J.(f).
Let z € E and suppose that z ¢ 9J.(f). Then, by proposition 0.4, we have z & J.(f).
Therefore nll)rilw |f"(2)| = +o0.

On the other hand, since z € E, there exists a sequence of complex numbers (wy,,);>o con-
verging to z and such that f™ (w,,) =0, for all i € N.

Since z ¢ 0J.(f), then the sequence of functions (f"),>1 is normal in z. Then there is a

subsequence (n;) of (n;) such that f™ converges uniformly to a bounded analytic function g
or g = 400 in some disk B(z,r) with center z € C and radius r > 0. That is,

Ve >0,3 N €N, ViZN,VxEB(z,r)7\f";(x)—g(x)| <e.

In particular, if 2 = w,, then g(w, ) converges to 0. But since limw,, = z and g is a

continuous function, then g(z) = 0. " Thus g is bounded. But this can be truth because
lim |f™(z)| = +o00. Hence z € 0J.(f) cause |f" (z)| — .
71— 00

ili. Assume that p > 1/2, then 0 € J.(f). Hence, for all integer n € N, 0(San) C J..(f).

Hence,

Therefore,

OBSERVATION 4. For p =1 we have E = {0} and forp=0,F = {1}.
Conjecture. We conjecture that for p > 1/2, there exists z € J.(f) \ 8J.(f) such that z € E.

Pictures of F for 1/2 <p < 1:
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