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Abstract. Positive definitions made it possible to prove new theorems on well-known objects
of analysis: numerical sequences and series. The estimates of the quantity of all primes and the
largest of them are obtained. With lineal function f(x) =kx+b at 0<k<1 we define
Alternative extension of the real numbers set.

Annomayus. Tlo3UTHBHBIE OIpeleseHUs] MO3BOJIMIN JOKa3aTh HOBbIE TEOPEMBI O XOPOILIO
U3BECTHBIX OOBEKTaX AaHaJW3a: YUCIIOBBIX IOCJIEN0BATENIBHOCTAX U psaax. [lomydeHbl olieHKH
KOJIMYECTBAa BCEX MPOCTHIX 4ucesll M Habosbiiero U3 HUX. C NOMOILIbI JUHEHHOW (YHKUUU
orpezeneHo AJIbTEpPHATUBHOE PaCIIMPEHNE MHOKECTBA JEMCTBUTEIbHBIX YHCE.
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Knrouegvie cnosa. C—mapa, e-pacXxoguMOCTh U W-CXOIUMOCTh, akcuoma 8 EBknmaa,
O0EeCKOHEYHO OOJIBbIINE YHCIa, IPOCThIE YHCIA, TOTMbI, AJBTEpPHATUBHOE PACIIMPEHHE MHOXKECTBA
I[GI\/’ICTBI/ITCJ'IBHI)IX YUCCII.

We use well known mathematical texts and follow to Paul Cohen’s forecast about
continuum-hypothesis (CH) [1: IV.13]: “A point of view which the author feels may eventually
come to be accepted is that CH is obviously false”. As well as following [2, Chapter 1], we consider
the functional series ), u(x, t) to be meaningless if it diverges for all values of the parameter t.

1. Let (4,B), S(A,B) and B(A4, B) be the set of injections, surjection and bijections f: A —
B , respectively. Then as it well known
B(A,B) =In(A,B) N S(4,B) .
It is obvious that C c A and ¢ € In(A4,B) hold ¢ . € B(C,D) at D = ¢(C), by default.
A term one-to-one correspondence has some everyday nuance and can be easily verified either for
finite sets or in the case of some specification by any formula. We will not use this term for a more
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correct understanding of our texts by readers.

Let R =R U {400} be extended real numbers set. Properties of infinity (o), surprising and not
clear from the point of view of all final, were incentive motive of our research. Really, properties of
infinity in the analysis:a + 00 = 00,a X 00 = 00,00 + 00 = 00,00 X 0 = 00,00% = co and others are
not intelligible in the finite arithmetic. Moreover, the equalities as Y (1) = Y(n)™! deprive
concept of infinity of any definiteness and structure that increases a risk of any mistakes occurrence
in proofs of statements about the infinite. In the beginning of XVII century G. Galilei has opened as
if quantities of natural numbers and their squares are equal. On this basis he approved, that
«...properties of equality, and also greater and smaller size have no place there where it is a
question of infinity, and they are employ only to finite quantities» [3, p. 140—146].

2. We define new alternative concept using positive properties of subject matter. Let E £ A U
B S N,¥ 2 {(m,k)} c (4, B) be the set of neighboring in E pairs of elements m € A and k € B.
Definition 1. The pair (m, k) of natural variables meA, keB is said to be C—pair, if there exists
such number C that every pair (m, k) € W holds the inequality
|[m-k|<C.
Definition 2.The number sequence (a) is named e-divergent one if there are such two infinite
subsequences A, B ¢ N,An B = @, which hold:

3(6 > 0,n*(6)eN): V(m, k) € ¥ c (A,B),m, k > n*(8) |a, — ax|= 8.

Definition 3. The number sequence (a) is said to be w-convergent if the following condition
holds Ve > 03n(e) € N: (Vn = n(e)|aps1s — anl < é).

3. Using new notions we prove alternative Theorems which contradict some traditional
dogmas [4]. At the first we prove [5, (6.2.7)]

Theorem 1. @(N) = N = lim,cy(@(n):n) = 1.
With Theorem 1 we prove [5, Th. 6.2.3; 6, Th. 6.2.5] following

Theorem 2. There does not exist any bijection between set N of natural numbers and its own
subset A.

Then we divide all injective mappings ¢: N — N onto six not crossed classes.

In common case we prove Euclidian 8th Axiom as [6, Th. 3.8]

Theorem 3. BcA={V¢: A - B3(a,q) € (4,4):a # q&p(a) = p(q)}.

Theorem 3 has brief form: B € A = -(A~B), which confirms the Paul Cohen’s forecast:
some false hypothesis had implicated an incorrect Problem (Continuum Hypothesis); thus we prove
following statement which contrary this dogma:

Theorem 4. The infinite sets are divided into classes of equivalence as well as the finite sets to
within of one element.

Ignoring Theorem 4 often leads to either incorrect formulations or false statements. We give
the simplest, but the traditional passage with divergent series as an illustration to what has been said
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Examplel.s21-1+1-1+ =2s=1-(1-14+1-1+4+:) =
s=1-(s) =2s=1/2. 1)
Really we have
Sp21—-1+1-1+-+-Dfls=1-1-14+1—-1+-+ (-1 =
Sk =1—(sk-1) = sk #1/2 =452 s, #1/2.
By analogy with (1) there is

Example 2: Let sp(x) 2 1+ x + -+ x*=1+x(1 + x + - + x*™1). Then
Sk(X) =1+ x(sp_1 () £ xF) =1 4+ x5, (x) —x*t1 =, s(x) 2 s, (x) #1/(1 —x), at
|x| = 1.

4. Now we need following statements:

Theorem 5.There exist a set of unlimited with finite number Cauchy sequence (a), everyone of
them converges to corresponding infinity large number (ILN (a)), [6, Th. 7.1.3])

Theorem 6.Unlimited differentiated in the oo function f: R — R converges to corresponding
ILN Q(f) if and only if f'(c0) = 0. [6, Th. 7.2.1])

Theorem 7. Any permutation of alternative series addends does not change its convergence.
[6, Th. 8.2.1])

Example 3. With Theorem 6 we have proved [7, P. 229-230] the convergence of three
sequences: {In(n)}, {sin(lnn)}, {cos(lnn)}: (Inw) 2 Q,, {sin(@y) £ a}, cos(py) £ b at
®o 2 modys,(Qe) and ab # 0. Thus, lim(ctg(Inn)) = ctg(p,) = b/a.

Example 4. Now following [8, formulae (1)] we consider
V 2 lim (sinp(n + 1) /sin(n @)). (2)

Let n = Int, then t = e™. Then we have V= cos(¢) + sing (cos(@,)/sin(@,)).

A brief solution of this problem is presented in the note [8]. The interested reader will find a
great many details and the history of the investigation of continued fractions and their applications
in a thorough monograph [9].

5. Now let P be the set of all prime numbers py, k € T © N. Let farther P(X)2 {py: pr < x >
1}. Now let m(x) £ |P(x)| by [10], then lim,_, m(x) = |P|, what is generally accepted. That is
obvious that the graph y = m(x) of function (x) has a consecutive form and the function (x) is
a step-function with Vk m(px,1) — m(p,) = 1. Let g(x) be a differentiable function which has
following complementary properties: Vk € m g(py) = m(py). A limiting equality lim g'(x) =0
holds

Theorem 8. There exists the ILN Q(m) which defined the |P| as the quantity of all Prime
Numbers.
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Consequence of Theorem 8. There exists the max ILN ()£ lim,,c,.(p,)-

A finely by Theorem 7-8 we prove that Hardy-Littlewood’s Hypothesis [10: 1.2.4] has the
positive decision.

6. Now we can use lineal function f(x) =kx+b at 0 <k <1 for extension of the real
numbers set. Let f,.., De largest value of function f(x) at k=1 fex = f(X)k=1 2 w. By
analogy we will define w, £ fiax = f(X)k=¢- Using traditional symbols we can write w, £ oo,
0<a<l1l,w; £ oo

It is obvious there exist some a for every ILN= w(a).

We conclude this article with the assertion that every infinite element can be defined in
modern technology only from accuracy to a constant addend.

7. Note in small print. Sometimes a traditional mathematical thinking happens in the
captivity either of a formula or any dogma.
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