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Abstract. In the context of increasing competition in the banking market, increasing
regulatory requirements for transparency and sound risk—creation on this basis of adequate risk
provisions in the banking sector is of paramount importance. In this paper, firstly it is proposed to
use for estimating credit risks the exact maximum likelihood estimators (MLE) of the structure of
stratified population for any sizes of the credit portfolio. These exact MLE could be applied to
estimate Basel-Il risk parameter PD (Probability of Default), and could be used to optimize
provisions for covering expected losses of consumer credit portfolio.

In usual banking practice for estimating risk parameter PD the frequencies (rates) of default
credits of the whole consumer portfolio or of sub—portfolios of the whole consumer portfolio are
usually using. But the statistical characteristics of these estimates, such as unbiased property,
consistency, efficiency, exact and asymptotic distributions, usually are unknown. The new
statistical estimations have derived for characteristics used in vintage analysis of consumer credit
portfolio. These estimations for delinquency rates with different DPD (Days Past Due) are the exact
maximum likelihood estimators (MLE) of the structure of stratified population for any sizes of the
credit portfolio. These exact MLE could be applied to estimate Basel-11 risk parameter PD
(Probability of Default), and could be used to optimize provisions for covering expected losses of
consumer credit portfolio. Making the adequate provisions to credit risks in the crisis conditions is
the problem which needs to estimate risks with satisfactory accuracy.

Annomayus. B ycnoBHUsSX pocTa KOHKYPEHIIMM HAa pPhIHKE OaHKOBCKUX YCIYT, MOBBIIICHUS
TpeOOBaHUI PEryIHPYIOLIMX OPTaHOB IO MPO3pauHOMY U 0OOCHOBAaHHOMY YUYETY PUCKOB, CO3[aHHE
Ha OTOH OCHOBE aJeKBaTHBIX pHUCKaM pe3epBOB B OAHKOBCKOM CEKTOpe MpHoOpeTaeT
NepBOCTENIEHHOE 3HaYeHHe. B jaHHOW cTaThe BIIEpBbIE MpEJIaraeTcsl UCIOIb30BaTh NMPH OLIEHKE
KPEIUTHBIX PUCKOB TMOPTQENs pPO3HHYHBIX KPEIUTOB HOBBIE TOYHBIE CTATUCTHUYECKUE OIICHKU
MakcuMaibHoro mpasaomnonoduss (MLE) onenuBanust BepostHoctu nedonra PD (Probability of
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Default), mapamerpa pucka, OIpeIeJIeHHOr0 B peKOMeHIalusx basenbckoro komurera mO
O0ankoBckomy Hamzopy (Basel II). B oObuHON 0OaHKOBCKOW mpakTHKe Juisi oneHuBaHus PD
UCTOJB3YIOTCS OIIGHKM Ha OCHOBE YacTOT (IoJieil) nedOoNTHBIX KPEOUTOB BO BCeM HOpTderne
PO3HUYHBIX KPEIUTOB WM B cyO-TopTdensx ocHoBHoro moprdens. [Ipu stom cratuctuueckue
CBOWCTBA 3THX OLIEHOK, TAKHE KaK HECMEIIEHHOCTb, COCTOSTEIbHOCTD, Y3(PPEKTUBHOCTD, TOYHBIE U
ACHMITOTUYECKUE PACIpPENeNICHHs U Ap., Jalle Bcero Hem3BecTHbl. Co3aHue aleKBaTHBIX PHCKaM
PE3EpBOB B YCIOBHAX KpU3HCa — 3a/1a4a, TPeOyIolas CTATUCTHYECKUX OILICHOK MapaMeTpOB PHUCKa
C HW3BECTHOM TOYHOCTBIO, OOJAJalOUIMX ONTUMAaJIbHBIMU CBOMCTBaMH. CoO3/1aHHE YpEe3MEPHBIX
PE3epBOB BeJET K COKPAIICHUIO aKTUBHOTO KallMTala U COKPAIICHUIO MPUOBUIH, HEJOCTATOYHOCTD
PE3epBOB HECET IMOBBIIICHHBIH PUCK OaHKpOTCTBA. B Hacrosmiel craThbe BIEpBBIC IpeIaraercs
UCTOJB30BAaTh B KJIACCHYECKOM aHaiu3e MOpTQens MOTPEOUTENbCKOrO KPEIUTOBAHUS HOBBIE
TOYHBIE CTaTUCTUYECKUE OICHKM MakcHMMayibHOro mnpaspononodous (MLE) mns onenuBaHus
BepositHOCTH edonta PD (Probability of Default), cogeprkareiicst B pekomenganusx bazenbckoro
KOMHTETa MO OaHKOBCKOMY Haa3opy. Vcronp3oBaHHME MpeajiaraeMblX B CTaThe OIIGHOK PHCKa
OTKPBIBACT BO3MOKHOCTH HOJYUCHUSA aACKBATHBIX OLICHOK PUCKAa U PE3CPBOB, COOTBCTCTBYHOIINUX
3THUM YPOBHSIM PHUCKa.

Keywords: statistical estimation, exact maximum likelihood estimator, Bazel 1l, Bank for
International Settlements, BIS, Banque des réglements internationaux, BRI, Basel Accords,
recommendations on banking laws and regulations, Basel Committee on Banking Supervision,
Probability of Default, consumer credit portfolio.

Knrouegvie cnosa:  craTucTMUeCKO€  OIICHUBAHHUE, TOYHBIE  OIEHKH, MaKCHUMaJIbHOE
npaBaononodue, bazens-1l, bank MexayHapoAHBIX pacdeToB, baszenbckoe —coraiieHue,
pEeKOMEHAIM 10 OAaHKOBCKOMY 3aKOHOJATEIhCTBY M MpaBwiaM, ba3enbCKUi KOMHUTET TIO
0aHKOBCKOMY Ha/I30py, BEPOATHOCTH J1e(h0IITa, MOTPEOUTENbCKUI KPeIUTHBIN MOPTHEb.

1. Risk parameters in Basel 11 Internal Rating Based (IRB) Approach
Basel 1l process has greatly increased the sophistication and profile of credit risk
measurement within financial institutions. In accordance with Basel Il requirements (see source 1)
banks must calculate reserves for possible credit portfolio losses by the following formula (1):

Reserves = EAD * PD * LGD @

where

EAD — the Exposure at Default, debt that should be to repay by credit obligation;

PD — Probability of Default;

LGD (Loss Given at default) — rate of non—payment of funds by credit when default occurs.

Under Basel Il (see source 2, p. 30), a default event on a debt obligation is said to have
occurred if:

— it is unlikely that the obligor will be able to repay its debt to the bank without giving up any
pledged collateral

— the obligor is more than 90 days past due on a material credit obligation

There are challenges still exist in the development of credit models with these risk parametres,
and particularly in the calculation of probability of default (PD).

The probability of default (PD) is an estimate of the likelihood that the default event will
occur. It applies to a particular assessment horizon, usually one year. To get the PD estimate with
good characteristics, different methods of segmentation and pooling of the credit portfolio have
been used to get homogenious data for calculation of PD. Vintage analysis of the consumer credit
portfolio is one of the methods of segmentation and pooling of the credit portfolio, but one of the
most important.
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2. Vintage analysis of the consumer credit portfolio

The term “vintage” had taken directly from the world of wine. For many years wine experts
have been creating vintage tables, from which one can read a note determining the quality of a
given wine from a particular year. Based on vintage table, it could be to know, whether a given
wine should be stored longer in order to get the optimum taste, or if it should be drunk, or what is
worse — if it should have been drunk much earlier. It is easy to notice analogy between the variable
quality of the wine from a given year and variable in time quality of credit portfolio built by the
bank in a given year. It turns out that loan production performed in a given time can be successfully
described with the use of vintage tables.

The primary aim of vintage analysis is the presentation of the credit risk development of a
given portfolio in order to enable tracking its trend of development and its further anticipation.
Vintage analysis allows obtaining valuable information for:

— comparison of risk level in particular months/quarters/years,

—analysis of the influence of particular characteristic's value on the credit risk,

— analysis of the influence of the internal risk policy changes on the portfolio risk,

— forecasting the risk level in the future,

— current monitoring of the portfolio risk level.

Therefore, vintage analysis is one of the basic analyses used for measuring a risk in the
process of managing it. Vintage analysis could be considered in two variants: valuable variant,
when risk indicators are based on the current account rests of granted loans, and quantitative
variant, when values of outstanding capital are replaced with numbers of granted loans. In this
paper, we will consider usage of quantitative variant of vintage analysis, the usage of the valuable
variant will be consider in a forthcoming article.

3. Vintage representation of credit portfolio

3.1. Notations

We will use of the following notations.

7 — the current time moment (in practice the last day of the calendar month is chosen usually,
but the quarter or the year last day could be chosen);

Let 0<¢t; < <t; <-- <ty are the given calendar date, here the month’s last days are
considered.

Indicator of risk IR; based on the following grouping (j=0,1,2,3...,15) of the number of days
of delays (DAYS PAST DUE=DPD):

0.0 days

1. from 1 up to 30 days;

2. from 31 up to 60 days;

3. from 61 up to 90 days;

4. from 91 up to 120 days;

11. from 301 up to 330 days;

12. from 331 up to 365 days;

13. above 365 days.

For a full reflection of the risk level, the next two values of the risk feature are also used:

14. “Repaid loans”— Number of loans with fully repaid principal.

15. “Defaults (lost loans)” — Number of loans that have not been repaid completely.

Risk Classes RC; — sets of loans with the same IR;, j=0,1,2,3...,15

V; is the vintage = set of loans, opened during time period [t;_,t;],i = 1, ..., M.

V;(7) is a set of loans from vintage V;, which dates of closing of the credit agreement are
laterthant,i =1, ..., M.

T is the credit term (in months), T=6, 12, 18, 24, ... ,180.

V;(T) = V;(t;, T) is a subvintage loans of V;, with the same credit term T.

V;(z,T) is a subvintage loans of V;, with the same credit term T at the moment .
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It is clear that

Vi(T) N V](T) =0Q,i ij,Vi(T) = @, lfT < ti,i =1,..,M.

CP(t) = UM, V(%) is a credit portfolio (CP) at moment .

Also, forany T

Vi, T)nVi(x,T) =0,i #j,V,(z.,T) = 0,if t<t,i=1,.., M.

V(o) = U i(x, T).

CP(t,T) = UM, V,(z,T) is a credit subportfolio CP(, T) with credit term T at moment .
K;;(z, T) — number of granted loans in V;(z, T) with risk indicator j,

K;(t,T) = K(V;(t,T)) — number of granted loans in V;(z, T),

Kio (7, T)+ Ki1 (7, T) +...+Kiz (7, T)=Ki (7, T)

Kij (t) — number of granted loans in V;(z) with risk indicator j, K;; (t) = X7 K; (7,T)
Ki= K(V;) — number of granted loans in V;, Ki =K (7)+ Kii4 (7)+ Kis (7)

N;j(t) = K;j(z) / K;(t) — rate of loans in V;(z) with risk indicator j

3.2. Vintage Table
Figure shows an example of a vintage table VT(z, T) containing K;;(z, T) number of loans of

vintage V;(z, T) with risk indicator j, i=1,2, ... , M, j=0,1, ... , 15

VINTAGE TABLE
DPD (DAYS PAST DUE)
Initial >365 | Repaid
number 0 1-30 31-60 61-90 301-330( 331-365 Defaults
s of days loans
granted | (J=0) (i=1) (i=2) (i=3) (i=11) | (j=12) | (j=13) | (j=14) | (j=15)
loans
[tﬂttl] Kl
t1,t
g [1 2] KZ
E [tlttﬂ] K3
4-03 [tﬂttﬂ] Kd
=
o
Q0
b K1y
&
3
[tr-z,tnal KN-l
[tn-vtnl KN
All

Figure. Vintage table.

Risk category j=14 is complementary to the possible situations of loans with regard to risk.
After all, at the end of the portfolio life = = Ty, in will be received two possible classes of risk.
The first one is obviously a group of repaid loans (RC4(Tf;,)), and the second group is defaults
(lost loans) (RCy5(Tfin))-

Vintage tables on Figure for different T give risk representation of the credit portfolio by DPD
risk indicators at the moment 7. For the end to estimate risk parameter PD consider the following
decomposition of the vintage table:

VT (7,T) = VTy13(7,T) U VT4 15(7,T),
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where VT, 13(7, T) is the vintage table with risk indicators j = 0,1, ...,13 and VTy4 15(7, T), is
the vintage table with risk indicators j = 14,15.

Vintage table VT, 15(z, T) consists observed data of all DPD from 0 to 365+ (365 days and
more), vintage table VT, 15(7, T) consists of observed data of repaid credits (no defaulted=ND)
and observed data of defaulted credits (D). At the end of life of the credit portfolio T = Tg;, all
credits will have distributed among categories j=14 and j=15, and the Rate of Default will can be
calculated by the following way:

RD = (3L, Kis (Trin) )/
(ZlivilKi (Tfin))

But before T, only part defaults are known and it is necessary the estimation of PD, which is
the expected Rate of Default.

4. Exact Maximum Likelihood Estimate of the Structure of a Stratified Population
For estimation PD we will use the result from [1] in the simple case of a single sample
without replacement of m items from the general stratified set U = U; U U,, U; N U, = @,
with known size N° = N; + N, and unknown sizes of subsets N; = |U;|, N, = |U,|.
Let n; — number of different items from subset U; in our sample, n; + n, = n. Then exact
maximum likelihood estimate (MLE) is the

Ny = [(N° + Dny/n],m< N°, )

where [x] — the integer part of x. That is MLE proportional to the observed number of
different elements of this subset

sznlNo/n’m< NO'

However, since the expectation of the same statistics Exn, = N;Egn /N°, the following
equality holds N; = N°® Eyn, /Ex n. Replacing the theoretical average corresponding observed
values [ u [;, we obtain an estimate on the method of moments N, = N° [, /1, 1 = m.

As we can see, MLE almost coincides with the estimate by the method of moments. In
addition, we can always evaluate the displacement of MLE.

5. MLE for Probability of Default
We can use the estimator (2) for the estimation of PD in the following way. By the definition
of default (see the point “l. Risk parameters in Basell Internal Rating Based (IRB) Approach” of
this paper), the statistics DPD 90+ for each of the time period [t;_4,t;],i =1, ..., M

Kigo+ (T, T) = Kiy(t,T) + Kis (T, T) + -+ Ki12(7, T) + Ki13(2, T)

is considered as the number of observed defaults and the statistics DPD 0 K;y(z, T)

is considered as the number of observed nondefaults.

Then for each vintage V;(z,T) =Vip(t,T)UViyp(t,T),i =1,...,M, where Vip(7,T)—
defaults (by Basel Il (see source 2)) in vintage V;(z,T), and V;yp (7, T) — nondefaults in vintage
Vi(T,T).

To use the result from [1], let’s denote

N(t,T) =K(Vi(x,T)) = K(Vip(z,T)) + K(Vinp(t,T)) = Niy (7, T) + Nyp(z,T)

where N;(t,T) is known and N;;(t, T), N;,(z, T)are unknown. That is why we have V;(z,T) as
a stratified population with &k = 2 quality classes V;p(t,T) and Viyp(r,T), and
Kigo+ (7, T), K;o(t, T) are sufficient statistics for unknown N, (t,T), N;,(t, T).

Denote N;;, (t,T) — MLE (2) for Ny (z, T), than from (2)

190


http://www.bulletennauki.com/

Bronnemens nayku u npaxmuxu — Bulletin of Science and Practice

nayunwiti xcypuan (scientific journal)

http://www.bulletennauki.com

ﬁill (T' T):[(Ni(TJ T) + 1)l1 / l] Jvilz (T, T) = Ni(T: T) - Nill (T, T),

where [x] — integer part of x and
li = Kigo+ (7, T), L = Ky (7, T)LKi90+ (r, )< Ni(z,T),
and finally we have the MLE PD(z, T) for PD(t, T) of the portfolio CP(z,T)

PD(7,T) = (X%, Ny, (7, T))/ "
i

‘_1Ni(T, T))

Denominator in (4) equals to the number of the loans

K(CP(x,T)) = XML K(Vi(x,T)) =TI, Ni(7, T)

Ne2 2017 e.

(3)

(4)

in the portfolio CP(t, T). So we get the MLE for PD(7) of the portfolio CP(t) for any t

PD(t) = (X PD(z,T) * K(CP(r,T))) /
Qr

K(cpP(r,T))

Q)

It is important, that PD () is the exact MLE for PD for any time moment t and for any fixed
size of the portfolio CP(7). So this MLE could be served as the base for calculation optimal PD,
which optimize provisions for covering expected losses of consumer credit portfolio.

6. Comparison PD (7) with estimator for PD based on transition probabilities

Consider the estimator of PD based on transition probabilities [2] and compare it with PD* ().

Let’s P(n) = (Po,Pl, P2, ey

B, ...P;,), is the vector of transitions probabilities that credit

having delay n at the current month will have delay (n + 1) at the next month. For calculating B,
the historical observed data of delays of portfolio credits for last 2—-3 years are used. To calculate
B,, all data about delays of each credit at each month are pooled (grouped) at the risk classes
RC;,j =0,1,2,....,13. (Table).

Table.
ALGORITHM OF CALCULATION OF TRANSITION PROBABILITIES
delay (in Monthi,i = 1,2, ...,24 (36) Sum over all months P,
months) The number The number of The number | The number of credits | 1
of credits in credits from the of creditsin | from RC with given | — B/A
the given RC | given RC that close all pools delay that close delay
at i-th month delay at the next with given at the next month
(i+1)-th month delay (A) (B)
0 The number of The number of credits
credits from the 0-th from the 0-th RC,
RC, which stay in which stay in the 0-th
the 0-th RC at the RC at the next month
next (i+1)-th month
1

13
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Then if N, is the number of credits in the n-th RC, then the conditional transition probability
to go from the n-th RC to the (n+1)-th RC equals

b, = Nn+1/Nn (6)

The estimator PD based on transition probabilities then calculated as follows

PD=[]43P, (7

For the calculation the estimators (6) and (7) the initial data are grouped into Risk Classes
(RC). So the data in the RC are not homogeneous in time (because at any RC there are initial data
from current year, and also from 1, 2 and 3 years ago, with different macroeconomic conditions
during the initial data were observed), and also are not homogeneous in credit characteristics (at one
RC credits with different credit term are grouped). So estimators (6), (7) does not have known
properties and it is difficult, if not possible, to estimate accuracy of these estimators.

On the other hand, the proposed estimators (4), (5) for the each time moment t and for each
credit term T are the exact MLE. The vintage V;(t, T) are the homogeneous data in the relation of
macroeconomic conditions and credit characteristics. Moreover, the whole estimator (5) stay the
MLE for PD(t) for any time moment T, using the results about asymptotic properties of MLE (5)
[3], it can be calculate confidence bonds for PD*(t) for t from the period last 2-3 years and it can
be possible forecast PD for the future time moments.

Such developing are being planning to represent in the forthcoming articles.
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