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Abstract Let R = (−∞,∞), and let Q ∈ C1(R) : R → [0,∞) be an even function, which is
an exponent. We deal with the exponential-type weights w(x) = e−Q(x), x ∈ R. In this paper,
we consider the approximation problem with the weight w(x), and then we give some converse
theorems, and investigate the smoothness of functions. We will also study the connections of the
degree of approximation of a function between different norms. To do them we need to give the
Nikolskii-type inequalities.
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1 Introduction and Theorems

Let R = (−∞,∞), and let Q ∈ C1(R) : R → [0,∞) be an even function. We consider the weights
w(x) := exp(−Q(x)) satisfying

∫∞
0 xnw2(x)dx <∞ for all n = 0, 1, 2, . . ..

Mhaskar [1] investigates the smoothness of functions, and gives some converse theorems. If f : R→ R
is measurable, we define

‖fw‖Lp(R) :=
{

(
∫∞
−∞ |f(t)w(t)|pdt)1/p, if 0 < p <∞,

supt∈R |f(t)w(t)|, if p =∞,

where if p = ∞, we suppose that f is continuous on R, and lim|x|→∞ w(x)f(x) = 0, then we write
wf ∈ C0(R). The class of all functions f for which ‖wf‖Lp(R) < ∞ will be denoted by Lp,w(R), with
the usual understanding that two functions are identified if they are equal almost everywhere. For
f ∈ Lp,w(R) (1 6 p 6∞) the degree of weighted polynomial approximation is defined by

Ep,n(w; f) := inf
P∈Pn

‖w(f − P )‖Lp(R),

where Pn denotes the class of all polynomials Pn with degree 6 n. Let Q(x) = logw(x)−1 be an even
and convex function on R, and let Q be continuously differentiable on (0,∞). Furthermore, there are
constants c1 and c2 such that

0 < c1 6
xQ′(x)
Q(x) 6 c2 <∞

for all x ∈ (0,∞). Then we say that w = exp(−Q(x)) is a Freud weight. We define qx by qxQ′(qx) = x.
For f ∈ Cs(R) Mhaskar [1] gives a direct theorem as follows:

Ep,n(w; f) 6 C(qn
n

)sKr,p(f (s); qn
n

).

Here Kr,p(f ; δ), δ > 0 is the K-functional which is defined by

Kr,p(f ; δ) := inf{‖w(f − g)‖Lp(R) + δr‖wg(r)‖Lp(R)},

where the infimum is over all function g having an absolutely continuous (r − 1)-st order derivatives and
wg(r) ∈ Lp(R). Furthermore, he also gives the following the inverse theorem.
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Mhaskar’s Theorem ([1]). Let Q′′ be increasing on (0,∞), let s > 0 be an integer, and let 1 6 p, q 6∞.
(i) Let p 6 q, f ∈ Lq,w(R). If

∞∑
n=1

q
1
p−

1
q−s

n ns−1Eq,n(w; f) <∞,

then f is an s-times iterated integral of a function f (s) ∈ Lp,w(R), and for the integer n > s,

Ep,n−s(w; f (s)) 6 c
∞∑
k=1

q
1
p−

1
q−s

kn (kn)sEq,kn(w; f)
k

.

(ii) Let q 6 p, and let f ∈ Lq,w(R). If
∞∑
n=1

( n
qn

)
1
q−

1
p−sEq,n(w; f)

n
<∞,

then f is an s-times iterated integral of a function f (s) ∈ Lp,w(R), and for the integer n > s,

Ep,n−s(w; f (s)) 6 c
∞∑
k=1

( kn
qkn

)
1
q−

1
p−sEq,kn(w; f)

k
.

(iii) Let f ∈ Lq,w(R). If
∞∑
n=1

( n
qn

)|
1
q−

1
p |−sEq,n(w; f)

n
<∞,

then f is an s-times iterated integral of a function f (s) ∈ Lp,w(R), and for the integer n > s,

Ep,n−s(w; f (s)) 6 c

∞∑
k=1

( kn
qkn

)|
1
q−

1
p |−sEq,kn(w; f)

k
.

For a long time such problems have been studied, for example, we find some results in [2]. In recently
years we can find [3,4]).

In this paper, we will give some analogies of Mhaskar’s results with the Freud weights, and extend to
the results with Erdös-type weights. We give some converse theorems, and investigate the smoothness
of functions. We will also study the connections of the degrees of approximation of a function between
different norms. To prove them we will follow Mhaskar’s methods.

In Section 2 we give theorems and some preliminaries. In Section 3 we write some lemmas, and prove
theorems. In Section 4 we prove Corollaries 2.10 and 2.11.

Throughout this paper C,C1, C2, ... denote positive constants independent of n, x, t or polynomials
P (x). The same symbol does not necessarily denote the same constant in different occurrences. Let Pn be
the class of all polynomials with degree n at most.

2 Theorems and Preliminaries

First we start the following definition from [5]. We say that f : R→ [0,∞) is quasi-increasing if there
exists C > 0 such that f(x) 6 Cf(y), 0 < x < y.

Definition 2.1. We define w = exp(−Q) ∈ F(C2+) as follows: Let Q : R → [0,∞) be a continuous
even function, and satisfy the following properties:
(a) Q′(x) is continuous in R, with Q(0) = 0.
(b) Q′′(x) exists and is positive in R\{0}.

(c) lim
x→∞

Q(x) =∞.
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(d) The function

T (x) := xQ′(x)
Q(x) , x 6= 0

is quasi-increasing in (0,∞), with

T (x) > Λ > 1, x ∈ R\{0}.

(e) There exists C1 > 0 such that

Q′′(x)
|Q′(x)| 6 C1

|Q′(x)|
Q(x) , a.e. x ∈ R\{0},

and there also exists a compact subinterval J(3 0) of R, and C2 > 0 such that

Q′′(x)
|Q′(x)| > C2

|Q′(x)|
Q(x) , a.e. x ∈ R\J.

Example 2.2. (i) If T (x) is bounded, then we call the weight w = exp(−Q) the Freud-type weight. The
following example is the Freud-type weight.

w(x) = exp(−|x|γ), γ > 1.

If T (x) is unbounded, then we call the weight w = exp(−Q) the Erdös-type weight. The following example
give the Erdös-type weight w = exp(−Q).
(ii) ([5,6]). For γ > 1, l = 1, 2, 3, ....

Q(x) = Ql;γ(x) = expl(|x|γ)− expl(0),

where

expl(x) = exp(exp(exp . . . expx) . . .) (l-times).

More generally, we define for γ + u > 1, γ > 0, u > 0 and l > 1,

Ql;γ,u(x) := |x|u(expl(|x|γ)− γ∗ expl(0)),

where γ∗ = 0 if γ = 0, otherwise γ∗ = 1. We note that Ql;0,u gives a Freud-type weight.
(iii) We define Qγ(x) := (1 + |x|)|x|γ − 1, γ > 1.
We need the following assumption:

Assumption 2.3. Let w(x) = exp(−Q(x)) ∈ F(C2+), and let r > 1 be an integer. Let the exponent Q
satisfy that for |x| > K > 0 large enough, Q ∈ C(r+2)(R\{0}) and

|Q
(r+2)(x)

Q(r+1)(x)
| 6 C|Q

(r+1)(x)
Q(r)(x)

| ∼ | Q
(r)(x)

Q(r−1)(x)
| ∼ ... ∼ |Q

′(x)
Q(x) |, (1)

and for some 0 < λ < (r + 2)/(r + 1), C > 0, then for |x| > K > 0 large enough,

|Q′(x)|
Q(x)λ 6 C. (2)

Then we write w ∈ Fλ(Cr+2+).
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Remark 2.4. (i) All in Example 2.2 satisfy all conditions of Assumption 2.3 for all γ = 1, 2, 3, ... or
γ > r.
(ii) More generally, we can give the examples of weights w ∈ Fλ(Cr+2+). Let w = exp(−Q) ∈ F(C2+),
and let us define

µ+ := lim sup
x→∞

Q′′(x)
Q′(x) /

Q′(x)
Q(x) , µ− := lim inf

x→∞

Q′′(x)
Q′(x) /

Q′(x)
Q(x) .

If µ+ = µ−, then we say that the weight w is regular. If Q ∈ C(r+2)(R\{0}) satisfies (1), then for the
regular weights we have w = exp(−Q) ∈ Fλ(Cr+2+), that is, (2) holds (see [7]).

We need the Mhaskar-Rakhmanov-Saff numbers ax;

x = 2
π

∫ 1

0

axuQ
′(axu)

(1− u2)1/2 du, x > 0.

The following theorems are important.

Theorem 2.5 ([7]). Let 0 < λ < 3/2 and α ∈ R. Then for w = exp(−Q) ∈ Fλ(C3+), we can construct
a new weight wα ∈ F(C2+) such that

T (x)αw(x) ∼ wα(x), x ∈ R,

and the following holds

an(wα) ∼ an = an(w), n = 1, 2, , 3... .

In fact, there exists c > 1 such that

an/c(wα) 6 an = an(w) 6 acn(wα), n = 1, 2, 3, ...,

and

Twα(x) ∼ T (x) = Tw(x) x ∈ R.

Moreover, for α1, α2, ..., αk, k 6 m we obtain an iterated weight wα1,α2,...,αk .

Theorem 2.6 (cf. [7]). Let the weight w = exp(−Q) ∈ Fλ(Cr+2+) (0 < λ < (r + 2)/(r + 1)). Then for
αk ∈ R, k = 1, 2, ..., r, we can construct an iterated weight w(α1,...,αk;k)(x) ∈ F(C2+) such that

T (x)α1+...+αkw(x) ∼ T (x)αkw(α1,...,αk−1:k−1)(x) ∼ w(α1,...,αk;k)(x),

where w(α0,0)(x) = w(x). Then we also have

w(α1,...,αk:k)(x) ∼ w(α1+...+αk;1)(x).

Proof. Using Theorem 2.5, we can inductively construct new weights wi = exp(−Qi) ∈ Fλ(Cr+2−i) for
w = exp(−Q) ∈ Fλ(Cr+2+) as follows:

w(α1+...+αk;1)(x) ∼ T (x)α1+...+αkw(x) ∼ T (x)αkw(α1,...,αk−1;k−1)(x)
∼ w(α1,...,αk;k)(x).

We omit the details (see [7]). #

Remark 2.7. When α = α1 = α2 = ... = αk, we write w(α;k) ∼ wkα;1) =: wkα. If α 6= β, then
T βwα ∼ (wα)β ∈ F(C2+).

Now, we extend Mhaskar’s theorem as follows.
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Theorem 2.8. Let s > 1 be an integer. We assume an 6 Cn1/2 if T (x) is bounded.
(i) Let w = exp(−Q) ∈ Fλ(Cs+2+) (0 < λ < (s+2)/(s+1)), and let 1 6 p 6 q 6∞. Let

√
T sf ∈ Lq,w(R).

If
∞∑
k=1

a
1
p−

1
q−s

k ks−1Eq,k(T s
2w; f) <∞, (3)

then f is an s-times iterated integral of functaion f (s) ∈ Lp,w(R), and for the integer n > s,

Ep,n−s(w; f (s)) 6 C
∞∑
k=1

a
1
p−

1
q−s

kn (kn)sEq,kn(T s
2w; f)

k
. (4)

(ii) Let w = exp(−Q) ∈ Fλ(Cs+3+) (0 < λ < (s + 3)/(s + 2)), 1 6 p, q 6 ∞, and let
√
T s+| 1q−

1
p |f ∈

Lq,w(R). If

∞∑
k=1

( k
ak

)|
1
q−

1
p |+sEq,k(T (s+| 1q−

1
p |)/2w; f)

k
<∞, (5)

then f is an s-times iterated integral of a function f (s) ∈ Lp,w(R), and for the integer n > s,

Ep,n−s(w; f (s)) 6 C
∞∑
k=1

( kn
akn

)|
1
q−

1
p |+sEq,kn(T (s+| 1q−

1
p |)/2w; f)

k
. (6)

Remark 2.9. (i) For a Freud-type weight we have an ∼ qn. In fact, from [1] and Q′(q2n)
Q′(qn) = 2qn

q2n
we

conclude this result. Therefore, we may consider that Theorem 2.8 and Mhaskar’s Theorem is equivalent.
(ii) If T (x) is unbounded, then for every η > 0 we have an 6 C(η)nη, where C(η) is a constant depending
only on η (see [8]).

Corollary 2.10. (i) Let s > 1 be an integer, and let 1 6 p 6∞. Let w = exp(−Q) ∈ Fλ(Cs+2+) (0 <
λ < (s+ 2)/(s+ 1)). Let

√
T
s
f ∈ Lp,w(R), and β > s. If

Ep,n(w( 1
2 ;s); f) ∼ Ep,n(

√
T
s
w; f) = O(an

n
)β , (7)

then f is an s-times iterated integral of a function f (s) ∈ Lp,w(R), and

Ep,n(w; f (s)) = O(an
n

)β−s.

(ii) Let s > 1 be an integer, and let 1 6 p 6 q 6 ∞. Let w = exp(−Q) ∈ Fλ(Cs+3+) (0 < λ <

(s+ 3)/(s+ 2)). We put α := 1/p− 1/q. If
√
T
s+α

f ∈ Lq,w(R), and if for some β > s+ α,

Eq,n({wα
2
}( 1

2 ;s); f) ∼ Eq,n(T (s+α)/2w; f) = O(an
n

)β , (8)

then f is an s-times iterated integral of a function f (s) ∈ Lp,w(R), and

Ep,n(w; f (s)) = O(an
n

)β−s−α.

Let γ > 1, and let l > 1 be an integer. Then we set

wl;γ(x) := exp(−Ql;γ(x)), Ql;γ(x) := expl(|x|γ)− expl(0).

The following theorem is given for a specific weight wl,γ .
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Corollary 2.11. Let s be a nonnegative integer, and let 1 6 p 6 q 6 ∞. Let
√
T
s
f ∈ Lq,wl;γ ,

β > 1
p −

1
q + s, and let δ be a fixed as 0 < δ < β − s. If we suppose

Eq,n({wl;γ} s2 ; f) ∼ Eq,n(
√
T swl;γ ; f) = O(( (logl n)

1
γ

n
)β), (9)

then f is an s-times iterated integral of a function f (s) ∈ Lp,w(R), and for the integer n > s, wl;γf ∈ Lp(R),

Ep,n(wl;γ ; f (s)) =
{
O(n−β+s+δ), for l = 1 and β − s− 1

q + 1
p > γ;

O(n−β+s(logl n)
1
γ (β−s− 1

q+ 1
p )), otherwise.

(10)

3 Proof of Theorems

To prove theorems we need some fundamental lemmas.

Lemma 3.1. (i) [5] For a fixed L > 0 and uniformly for t > 0,

aLt ∼ at, T (aLt) ∼ T (at).

(ii) [5] For t > 0,

Q(at) ∼
t√
T (at)

.

(iii) Let Λ > 1 be defined in Definition 2.1 (d). Then we have

an 6 Cn1/Λ.

Proof. We show (iii). From the definition of T (x) we see

|x|Λ 6 CQ(x).

Hence, noting (ii) in this lemma, we have

aΛn 6 CQ(an) 6 Cn.

Therefore, we conclude (iii).#

Lemma 3.2 [7]. Let w ∈ Fλ(C3+) (0 < λ < 3/2). Let 1 6 p 6∞, and let P ∈ Pn. Then we have

‖ w√
T
P ′‖Lp(R) 6 C

n

an
‖wP‖Lp(R).

Moreover,

‖wP ′‖Lp(R) 6 C
n

an
‖
√
TwP‖Lp(R).

Therefore, if w ∈ Fλ(Cr+2+) (0 < λ < (r + 2)/(r + 1)), 1 6 j 6 r, where r > 1 is an integer,

‖wP (j)‖Lp(R) 6 C( n
an

)j‖(
√
T )jwP‖Lp(R), j = 1, 2, 3, .., r.

We consider the connections of degree of approximation of a function between different norms. Levin
and Lubinsky obtained a Nikolskii-type inequality as follows.
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Theorem 3.3 [5]. Let w = exp(−Q(x)) ∈ F(C2+), and let P ∈ Pn. When 0 < p 6 q 6∞, we have

‖wP‖Lp(R) 6 Ca
1
p−

1
q

n ‖wP‖Lq(R),

and when 0 < q 6 p 6∞, we have

‖wP‖Lp(R) 6 C(
n
√
T (an)
an

)
1
q−

1
p ‖wP‖Lq(R).

We can obtain an analogy of Theorem 3.3 for the weight w = exp(−Q(x)) ∈ Fλ(C3+) (0 < λ < 3/2).

Theorem 3.4. Let w = exp(−Q) ∈ Fλ(C3+) (0 < λ < 3/2), and let P ∈ Pn. For 0 < p 6 q 6 ∞, we
have

‖wP‖Lp(R) 6 Ca
1
p−

1
q

n ‖wP‖Lq(R), (11)

and for 1 6 q < p 6∞, we have

‖wP‖Lp(R) 6 C( n
an

)
1
q−

1
p ‖(
√
T )

1
q−

1
pwP‖Lq(R). (12)

To prove Theorem 3.4 we need some lemmas. We define

ϕu(x) =

 au
u

1− |x|a2u√
1− |x|au +δu

, |x| 6 au;

ϕu(au), au < |x|,
δu = {uT (au)}−2/3, u > 0.

Lemma 3.5 [7]. We have

an
n

1√
T (x)

ϕ−1
n (x) 6 C.

We define Lp Christoffel functions λn,p(w;x) by

λn,p(w;x) := inf
P∈Pn

∫ ∞
−∞
|Pw|p(t)dt/|P (x)|p.

Lemma 3.6 [5]. Let w ∈ F(C2+). Let 0 < p <∞.
(i) Let L > 0. Then uniformly for n > 1 and |x| 6 an(1 + Lηn), we have

λn,p(w;x) ∼ ϕn(x)wp(x).

(ii) Moreover, uniformly for n > 1 and x ∈ R,

ϕn(x)wp(x) 6 Cλn,p(w;x).

Now the proof of Theorem 3.4 is simple.

Proof of Theorem 3.4. By Theorem 2.5 we can replace (
√
T )

1
q−

1
pw with wα/2 ∈ F(C2+), where α := 1

q −
1
p .

The inequality (11) follows from the first inequality of Theorem 3.3. We show (12). Let 1 6 q < p.

‖wP‖pLp(R) =
∫ ∞
−∞
|w(t)P (t)|pdt =

∫ ∞
−∞
|w(t)P (t)|p−q|w(t)P (t)|qdt =

∫ ∞
−∞
| w(t)P (t)
T
α
2

q
p−q (t)

|p−q|wα
2

(t)P (t)|qdt

6 ‖ |wP |
p

√
T
‖
p−q
p

L∞(R)‖wα
2
P‖qLq(R), (13)
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because of αpq/(p− q) = 1. Here we use Lp Christoffel functions λn,p(w;x), and by Lemmas 3.5 and 3.6
we have

|w(t)P (t)|p√
T (t)

6 C
w(t)p√
T (t)

λ−1
n,p(w; t)‖wP‖pLp(R)

6 C
1√
T (t)

ϕ−1
n (t))‖wP‖pLp(R) 6 C( n

an
)‖wP‖pLp(R). (14)

Substituting this estimate (14) into (13), we have

‖wP‖pLp(R) 6 C{( n
an

)‖wP‖pLp(R)}
p−q
p ‖wα

2
P‖qLq(R)

= C( n
an

)
p−q
p ‖wP‖p−qLp(R)‖wα

2
P‖qLq(R).

So

‖wP‖qLp(R) 6 C( n
an

)
p−q
p ‖wα

2
P‖qLq(R),

that is,

‖wP‖Lp(R) 6 C( n
an

)
1
q−

1
p ‖wα

2
P‖Lq(R),

consequently, we have the result (12). #
The next lemma is useful.

Lemma 3.7. Let {bk}∞k=0 be an increasing sequence of positive numbers, and {ck}∞k=0 be a decreasing
sequence of positive numbers. Let j > 1 be an integer. Then we have

j−1∑
k=0

2kb2kc2k+1 6
2j∑
i=1

bici 6 b1c1 +
j−1∑
k=0

2kb2k+1c2k .

Proof.

2j∑
i=1

bici = b1c1 +
j∑

k=1

2k∑
i=2k−1+1

bici

> b1c1 +
j∑

k=1
2k−1b2k−1c2k >

j−1∑
k=0

2kb2kc2k+1 ,

and

2j∑
i=1

bici = b1c1 +
j∑

k=1

2k∑
i=2k−1+1

bici

6 b1c1 +
j∑

k=1
2k−1b2kc2k−1 = b1c1 +

j−1∑
k=0

2kb2k+1c2k .#

In the rest of the paper we write f (s) = g if f is an s-times iterated integral of a function g such that
wg ∈ Lp(R).
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Proof of Theorem 2.8. Let p 6 q. We write α := 1/p− 1/q. Let n > s be fixed, and let Tα/2w ∼ wα/2 ∈
F(C2+).
(i) We can find polynomials Pj ∈ P2jn such that for j = 0, 1, 2, ...,

‖w(f − Pj)‖Lq(R) 6 ‖w( 1
2 ;s)(f − Pj)‖Lq(R) 6 2Eq,2jn(w( 1

2 ;s); f).

Since we have limj→∞Eq,2jn(w( 1
2 ;s); f) = 0, for with Rj := Pj+1 − Pj , j = 0, 1, 2, ..., we see

f = P0 +
∞∑
j=0

Rj

in the sense of

lim
m→∞

‖w( 1
2 ;s)(f − (P0 +

m−1∑
j=0

Rj))‖Lq(R) = lim
m→∞

‖w( 1
2 ;s)(f − Pm)‖Lq(R) = 0.

Using the Nikolskii-type inequality (11) and the Markov-Bernstein-type inequality (Lemma 3.2), we get

‖wP (s)
0 ‖Lp(R) +

∞∑
j=0
‖wR(s)

j ‖Lp(R) 6 C[1 +
∞∑
j=0

aα2j+1n‖wR
(s)
j ‖Lq(R)]

6 C[1 +
∞∑
j=0

aα2j+1n( 2j+1n

a2j+1n
)s‖w( 1

2 ;s)Rj‖Lq(R)]

6 C[1 +
∞∑
j=0

aα2j+1n( 2j+1n

a2j+1n
)s‖w( 1

2 ;s)(Pj+1 − f + f − Pj)‖Lq(R)]

6 C[1 +
∞∑
j=1

aα2jn( 2jn
a2jn

)sEq,2jn(w( 1
2 ;s); f)]. (15)

Here by (3) we will see that the last sum is finite. Then, there is a function f (s) ∈ Lp,w(R) such that

f (s) = P
(s)
0 +

∞∑
j=0

R
(s)
j (16)

in the sense of Lp,w(R) convergence. Now, we show that the last sum (15) is finite. We use the first
inequality in Lemma 3.7 with

bi = aα−sin (in)s, ci =
Eq,in(w( 1

2 ;s); f)
i

. i = 1, 2, 3, ... .

Then, in (15),
∞∑
j=1

aα2jn( 2jn
a2jn

)sEq,2jn(w( 1
2 ;s); f) 6 2s+1

∞∑
j=1

aα−s2j−1n(2j−1n)sEq,2jn(w( 1
2 ;s); f)

= 2s+1
∞∑
j=1

2j−1b2j−1c2j 6 2s+2
∞∑
i=1

bici 6 2s+2
∞∑
j=1

aα−sjn (jn)s
Eq,jn(w( 1

2 ;s); f)
j

.

So,

Ep,n−s(w; f (s)) 6 ‖w(f (s) − P (s)
0 )‖Lp(R)

6
∞∑
j=0
‖wR(s)

j ‖Lp(R) 6 C

∞∑
k=1

aα−skn (kn)s
Eq,kn(w( 1

2 ;s); f)
k

, (17)
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that is, (17) means (4). Now we will show
∞∑
k=1

aα−skn (kn)s
Eq,kn(w( 1

2 ;s); f)
k

<∞. (18)

We see
∞∑
k=1

aα−skn (kn)s
Eq,kn(w( 1

2 ;s); f)
k

=
∞∑
k=1

naα−skn (kn)s
Eq,kn(w( 1

2 ;s); f)
kn

= naα−sn ns
Eq,n(w( 1

2 ;s); f)
n

+
∞∑
k=2

naα−skn (kn)s
Eq,kn(w( 1

2 ;s); f)
kn

.

Let 0 6 j 6 [(n+ 1)/2] ([x] is the largest integer 6 x). Since aα−sn+j (n+ j)s ∼ aα−sn−j (n− j)s uniformly for
0 6 j 6 [(n+ 1)/2] (see Lemma 3.1 (i)), we have

naα−sn ns
Eq,n(w( 1

2 ;s); f)
n

6 2
[(n+1)/2]∑
j=0

aα−sn+j (n+ j)s
Eq,n−j(w( 1

2 ;s); f)
n− j

6 C

[(n+1)/2]∑
j=0

aα−sn−j (n− j)
s
Eq,n−j(w( 1

2 ;s); f)
n− j

6 C
n∑
j=1

aα−sj js
Eq,j(w( 1

2 ;s); f)
j

. (19)

Similarly, for k > 2 we also have

naα−skn (kn)s
Eq,kn(w( 1

2 ;s); f)
kn

6 C
n∑
j=1

aα−s(k−1)n+j((k − 1)n+ j)s
Eq,(k−1)n+j(w( 1

2 ;s); f)
(k − 1)n+ j

.

So we have
∞∑
k=2

naα−skn (kn)s
Eq,kn(w( 1

2 ;s); f)
kn

6 C
∞∑
k=2
{
n∑
j=1

aα−s(k−1)n+j((k − 1)n+ j)s
Eq,(k−1)n+j(w( 1

2 ;s); f)
(k − 1)n+ j

}

6 C
∞∑
j=1

aα−sn+j (n+ j)s
Eq,n+j(w( 1

2 ;s); f)
n+ j

. (20)

By (19), (20) and the assumption (3) we conclude (18) as follows:
∞∑
k=1

naα−skn (kn)s
Eq,kn(w( 1

2 ;s); f)
kn

6 C
∞∑
j=1

aα−sj js−1Eq,j(w( 1
2 ;s); f) <∞,

that is, we see that f is an s-times iterated integral of a function f (s) almost everywhere. Consequently,
noting w( 1

2 ;s) ∼ T
s
2w, we have (4).

(ii) Let β = 1/q − 1/p > 0. We have (6) as above. In fact, let n > s be fixed. We can find polynomials
Pj ∈ P2jn such that for j = 0, 1, 2, ...,

‖w(f − Pj)‖Lq(R) 6 ‖{w β
2
}( 1

2 ;s)(f − Pj)‖Lq(R)

6 2Eq,2jn({w β
2
}( 1

2 ;s); f).
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From limj→∞Eq,2jn({w β
2
}( 1

2 ;s); f) = 0, we have

f = P0 +
∞∑
j=0

Rj , where Rj := Pj+1 − Pj ,

in the sense of Lq,{w β
2
}( 1

2 ;s)
(R)-convergence, and

‖{w β
2
}( 1

2 ;s)Rj‖Lp(R) 6 4Ep,2jn({w β
2
}( 1

2 ;s); f), j = 0, 1, 2, ... .

Now, by Nikolskii-type inequality (12) and Lemma 3.2 we have for some constant C > 0,

‖wP (s)
0 ‖Lp(R) +

∞∑
j=0
‖wR(s)

j ‖Lp(R) 6 C +
∞∑
j=0

( 2jn
a2jn

)β‖{w β
2
}( 1

2 ;s)R
(s)
j ‖Lq(R)

6 C[1 +
∞∑
j=0

( 2jn
a2jn

)β( 2jn
a2jn

)s‖{w β
2
}( 1

2 ;s)Rj‖Lq(R)]

6 C[1 +
∞∑
j=0

( 2jn
a2jn

)β+sEq,2jn({w β
2
}( 1

2 ;s); f)]

6 C[1 + ( n
an

)β+s
Eq,n({w β

2
}( 1

2 ;s); f)
2j−1 + 2β+s+1

∞∑
j=1

2j−1( 2j−1n

a2j−1n
)β+s

Eq,2jn({w β
2
}( 1

2 ;s); f)
2j ].

Using Lemma 3.7 with bj−1 = ( 2j−1n
a2j−1n

)β+s, cj =
Eq,2jn({w β

2
}( 1

2 ;s);f)

2j , we obtain

6 C[1 +
∞∑
k=1

( kn
akn

)β+s
Eq,kn({w β

2
}( 1

2 ;s); f)
k

]. (21)

Furthermore,

( [(n+ 1)/2]
a[(n+1)/2]

)β+s
Eq,[(n+1)/2]({w β

2
}( 1

2 ;s); f)
[(n+ 1)/2] + ( [(n+ 1)/2] + 1

a[(n+1)/2]+1
)β+s

Eq,n/2+2({w β
2
}( 1

2 ;s); f)
[(n+ 1)/2] + 1

+....+ ( n
an

)β+s
Eq,n({w β

2
}( 1

2 ;s); f)
n

> C
n

2 ( n
an

)β+s
Eq,n({w β

2
}( 1

2 ;s); f)
n

(by [(n+ 1)/2]
a[(n+1)/2]

∼ n

an
(see Lemma 3.1 (i))

> C( n
an

)β+sEq,n({w β
2
}( 1

2 ;s); f).

Similarly, for k > 2

((k − 1)n+ 1
a(k−1)n+1

)β+s
Eq,(k−1)n+1({w β

2
}( 1

2 ;s); f)
(k − 1)n+ 1

+((k − 1)n+ 2
a(k−1)n+2

)β+s
Eq,(k−1)n+2({w β

2
}( 1

2 ;s); f)
(k − 1)n+ 1

+....+ ( kn
akn

)β+s
Eq,kn({w β

2
}( 1

2 ;s); f)
kn

> Cn( kn
akn

)β+s
Eq,kn({w β

2
}( 1

2 ;s); f)
kn

> C( kn
akn

)β+s
Eq,kn({w β

2
}( 1

2 ;s); f)
k

.
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Therefore, by the assumption (5),

C[1 +
∞∑
k=1

( kn
akn

)β+s
Eq,kn({w β

2
}( 1

2 ;s); f)
k

]

6 C[1 +
∞∑
n=1

( n
an

)β+s
Eq,n({w β

2
}( 1

2 ;s); f)
n

] <∞.

So, from (21) we see that f is an s-times iterated integral of a function f (s) almost everywhere. Moreover,
from the above estimation (21) we have

Ep,n−s(w; f (s)) 6 ‖w(f (s) − P (s)
0 )‖Lp(R) 6

∞∑
j=0
‖wR(s)

j ‖Lp(R)

6 C
∞∑
k=1

( kn
akn

)β+s
Eq,kn({w β

2
}( 1

2 ;s); f)
k

.

Therefore, noting {w β
2
}( 1

2 ;s) ∼ T
(s+( 1

p−
1
q ))/2w, we have (6).

Next, we let p 6 q, and put α = 1/p− 1/q. If T (x) is unbounded, then from Remark 1.9 we find that
for any fixed d > 0 there exist C(δ) > 0 and N(d) > 0 such that

adn 6 C(δ)n for n > N(δ). (22)

If T (x) is bounded, then from our assumption we have (22) with d = 2. Therefore, the condition of (5)
means (3), because

aα−sn ns = a2α
n

nα
( n
an

)α+s 6 C( n
an

)α+s.

Therefore, applying (i) above with the weight w, f is an s-times iterated integral of a function f (s) ∈
Lp,w(R), and we have for the integer n > s,

Ep,n−s(w; f (s)) 6 C
∞∑
k=1

aα−skn (kn)s
Eq,kn({wα

2
}( 1

2 ;s); f)
k

6 C
∞∑
k=1

( kn
akn

)α+sEq,kn({wα
2
}( 1

2 ;s); f)
k

,

that is, noting {wα
2
}( 1

2 ;s) ∼ T
(s+( 1

p−
1
q ))/2w, we have the result.#

4 Proof of Corollaries 2.10 and 2.11

In this section we prove Corollary 2.10 and Corollary 2.11.

Proof of Corollary 2.10. (i) We use Theorem 2.8 (i) with p = q. We assume (7). Then, by Lemma 3.1 (iii)
we see

∞∑
n=1

a−sk ks−1Ep,k(w( 1
2 ;s); f) 6

∞∑
k=1

( k
ak

)s(ak
k

)β( 1
k

) 6
∞∑
k=1

(ak
k

)β−s( 1
k

)

6
∞∑
k=1

( 1
k

)1+(1− 1
Λ )(β−s) <∞,
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that is, (3) is satisfied. Therefore, f is an s-times iterated integral of a function f (s) ∈ Lp,w(R), and then
we have (4), that is,

Ep,n−s(w; f (s)) 6 C
∞∑
k=1

( kn
akn

)s
Ep,kn(w( 1

2 ;s); f)
k

6 C
∞∑
k=1

(akn
kn

)β−s 1
k

6 C

∫ ∞
1

(atn
tn

)β−s 1
t
dt 6 C

∫ ∞
n

(au
u

)β−s 1
u
du = C

∫ ∞
n

us−β−1aβ−su du.

Now, by [5] we see that

at
′

at
6 C

1
T (at)t

. (23)

Hence,

A :=
∫ ∞
n

us−β−1aβ−su du = 1
s− β

[us−βaβ−su |∞n −
∫ ∞
n

us−βaβ−s−1
u au

′du]

6 C(an
n

)β−s + 1
T (an)

∫ ∞
n

us−β−1aβ−su du 6 C(an
n

)β−s + A

T (an) .

Therefore, we have

Ep,n−s(w; f (s)) 6 CA 6 C(an
n

)β−s.

Here we replace n− s with n, then we have the result because of an+s/(n+ s) ∼ an/n.
(ii) Let 1 6 p, q 6∞. We use Theorem 2.8 (ii). Let us assume (8). Then

∞∑
n=1

( n
an

)s+|α|
Eq,n({w |α|

2
}( 1

2 ;s); f)
n

6 C
∞∑
n=1

( n
an

)s+|α|(an
n

)β 1
n

6 C

∞∑
n=1

(an
n

)β−s−|α| 1
n
6 C

∞∑
n=1

( 1
n

)1+(1− 1
Λ )(β−s−|α|) <∞,

so, (5) is satisfied. Therefore, f is an s-times iterated integral of a function f (s) ∈ Lp,w(R), and from (7)
we have

Ep,n(w; f (s)) 6 C
∞∑
k=1

( kn
akn

)s+|α|
Eq,kn({w |α|

2
}( 1

2 ;s); f)
k

6 C
∞∑
k=1

(akn
kn

)β−s−|α| 1
k
.

Here, as the proof of (i), we have

Ep,n(w; f (s)) = O(an
n

)β−s−|α|. #

To prove Corollary 2.11 we need a lemma;

Lemma 4.1 ([5]). For the weight wl;γ(x) = expl(|x|γ) − expl(0), γ > 1, and l > 1 is an integer. We
know

an = (logl(n+ 1))
1
γ (1 + o(1)), n = 1, 2, 3, ... ,

and for some c and C > 0,

T (an)
{
∼ log(n+ 1) if l = 1;
> C{logl(n+ 1)}(logl−1(n+ 1))c if l > 2,

where log0 x = 1.
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Proof of Corollary 2.11. We use Theorem 2.8 (i). As we see in the proof of Corollary 2.10 (i), we have (3).
Therefore, by (4), (9) and (23),

Ep,n−s(wl;γ ; f) 6 C
∞∑
k=1

a
1
p−

1
q−s

kn (kn)sEq,kn(T s
2wl;γ ; f)
k

6 C
∞∑
k=1

a
1
p−

1
q−s

kn (kn)s(akn
kn

)β 1
k
6 C

∫ ∞
n

ts−β−1a
β−s+ 1

p−
1
q

t dt

6 C
−1
β − s

ts−βa
β−s+ 1

p−
1
q

t |∞n +
β − s+ 1

p −
1
q

β − s

∫ ∞
n

ts−βa
β−s+ 1

p−
1
q−1

t a′tdt

6 C
1

β − s
ns−βa

β−s+ 1
p−

1
q

n +
β − s+ 1

p −
1
q

β − s

∫ ∞
n

ts−β−1 a
β−s+ 1

p−
1
q

t

T (at)
dt.

We will estimate the last term in (24). Then we use at ∼ (logl t)1/γ . By Lemma 3.4, if l > 1, then we have∫ ∞
n

ts−β−1 a
β−s+ 1

p−
1
q

t

T (at)
dt 6

∫ ∞
n

ts−β−1 {logl t}
(β−s+ 1

p−
1
q )/γ

C{logl t}(logl−1 t)c
dt 6 C

∫ ∞
n

ts−β−1dt 6 Cns−β

by (logl t)ν 6 C logl−1 t for ν ∈ R and t large enough. Let l = 1. If β − s+ 1
p −

1
q 6 γ, then we also see

∫ ∞
n

ts−β−1 a
β−s+ 1

p−
1
q

t

T (at)
dt 6 C

∫ ∞
n

ts−β−1dt 6 Cns−β . (26)

If l = 1 and β − s+ 1
p −

1
q > γ, then we fix any δ; 0 < δ < β − s. Then, noting Lemma 4.1„ we have

∫ ∞
n

ts−β−1 a
β−s+ 1

p−
1
q

t

T (at)
dt 6 C

∫ ∞
n

ts−β+δ−1dt 6 Cns−β+δ. (27)

Then, from (25)-(27), we have

Ep,n(wl;γ ; f (s)) 6 Cns−βa
β−s+ 1

p−
1
q

n

=
{
O(n−β+s+δ), where 0 < δ < β − s, for l = 1 and β − s+ 1

p −
1
q > γ;

O(n−β+s(logl n)
1
γ (β−s− 1

q+ 1
p )), otherwise,

that is, we conclude the result (10).#
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