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Abstract

In this paper, we investigate prime labeling for some graphs obtained by duplication of
graph elements and also we derive some result for K2,n.
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1 Introduction

We begin with finite, undirected and non-trivial graph G = (V (G), E(G)) with vertex set
V (G) and edge set E(G). The elements of V (G) and E(G) are commonly termed as graph
elements. Throughout this paper |V (G)| and |E(G)| denote the cardinality of the vertex set
and edge set respectively. Throughout this work K2,n denotes the bipartite graph in which
M = {u1, u2} and N = {v1, v2, ..., vn} are two partite sets of K2,n such that each edge has one
end in M and the other end in N , Cn denotes the cycle with n vertices and Pn denotes the
path on n vertices. For various graph theoretic notation and terminology we follow West [12]
and for number theory we follow Burton [1]. We give a brief summary of definitions and other
information which are useful for the present investigation.

Definition 1.1. For a graph G = (V, E) a function f having domain V , E or V ∪E is said to
be a graph labeling of G. If the domain is V , E or V ∪ E then the corresponding labeling is
said to be a vertex labeling, an edge labeling or a total labeling.

Definition 1.2. A prime labeling of a graph G is an injective function f : V (G) −→ {1, 2, ..., |V (G)|}
such that for every pair of adjacent vertices u and v, gcd(f(u), f(v)) = 1. The graph which
admits a prime labeling is called a prime graph.
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The notion of a prime labeling was originated by Entringer and discussed by Tout et al [7].
Fu and Huang [3] proved that Pn and K1,n are prime graphs. Seoud et al [5] proved that K2,n

is a prime graph. Deretsky et al [2] proved that Cn is a prime graph. Vaidya and Prajapati
discussed prime labeling in the context of duplication of graph elements in Pn, K1,n and Cn [8].
The switching invariance of various graphs was discussed by Vaidya and Prajapati [9] and the
same authors introduced the concept of strongly prime graph [10]. A variant of prime labeling
known as vertex-edge prime labeling was also introduced by Venkatachalam and Antoni Raj
[11].

Definition 1.3. Duplication of a vertex v of graph G produces a new graph G′ by adding a
new vertex v′ such that N(v′) = N(v). In other words a vertex v′ is said to be duplication of
v if all the vertices which are adjacent to v in G are also adjacent to v′ in G′.

Definition 1.4. Duplication of a vertex vk by a new edge e = v′
kv′′

k in a graph G produces a
new graph G′ such that N(v′

k) = {vk, v′′
k} and N(v′′

k) = {vk, v′
k}.

Definition 1.5. Duplication of an edge e = uv by a new vertex w in a graph G produces a
new graph G′ such that N(w) = {u, v}.

Definition 1.6. Duplication of an edge e = uv of a graph G produces a new graph G′ by
adding an edge e′ = u′v′ such that N(u′) = N(u) ∪ {v′} − {v} and N(v′) = N(v) ∪ {u′} − {u}.

Bertrand’s Postulate: For every positive integer n > 1 there is a prime p such that n < p <

2n.

2 Duplication of Graph elements in K2,n

Throughout this section we consider M = {u1, u2} and N = {v1, v2, ..., vn} are two partite
sets of K2,n so that each edge has one end in M and the other end in N .

Figure 1
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Theorem 2.1. The graph obtained by duplication of a vertex from M in K2,n is a prime graph
except n = 3, 7.

Proof: The result is obvious for n = 1 as when we duplicate one of the vertices of u1 and u2,
the resulting graph will be a star graph, which is a prime graph [3].
Let G be a graph obtained by duplication of one of the vertices of M . Without loss of generality
we duplicate u1. Then G will be K3,n, which is a prime graph except n = 3, 7 [5].

Theorem 2.2. The graph obtained by duplication of a vertex from N in K2,n is a prime graph.

Proof: The result is obvious for n = 1 as when we duplicate v1, the resulting graph will be
a cycle C4, which is a prime graph [2]. Let G be a graph obtained by duplication of one
of the vertices of N . Let p be the largest prime ≤ n + 1. Define a function f : V (G) −→
{1, 2, ..., n, n + 1} as,

f(x) =



1 if x = u1;

p if x = u2;

j + 1 if x = vj ; ∀j = 1, 2, · · · , p− 2;

j + 2 if x = vj ; ∀j = p− 1, · · · , n.

Then f is an injection and it admits a prime labeling for G. Hence G is a prime graph.

Illustration 2.3. A prime labeling of the graph obtained by duplication of a vertex from N

in K2,7 is shown in Figure 2.

Figure 2: The graph obtained by duplication of a vertex from N in K2,7 and its prime labeling.

Theorem 2.4. The graph obtained by duplication of a vertex by an edge from M in K2,n is a
prime graph.
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Proof: Let G be a graph obtained by duplication of one of the vertices from M in K2,n by an
edge e = u

′
1u

′′
1 . Without loss of generality we duplicate u1 by an edge e = u

′
1u

′′
1 . Let p be the

largest prime ≤ n + 2.
Define a function f : V (G) −→ {1, 2, ..., n, n + 1, n + 2} as,

f(x) =



1 if x = u1;

p if x = u2;

2 if x = u
′
1;

3 if x = u
′′
1 ;

j + 3 if x = vj ; ∀j = 1, 2, · · · , p− 4;

j + 4 if x = vj ; ∀j = p− 3, · · · , n.

Then f is an injection and it admits a prime labeling for G. Hence G is a prime graph.

Illustration 2.5. A prime labeling of the graph obtained by duplication of a vertex by an edge
e = u

′
1u

′′
1 from M in K2,4 is shown in Figure 3.

Figure 3: The graph obtained by duplication of a vertex by an edge e = u
′

1u
′′

1 from M in K2,4 and its
prime labeling.

Theorem 2.6. The graph obtained by duplication of a vertex by an edge from N in K2,n is a
prime graph.

Proof: Let G be a graph obtained by duplication of one of the vertices of N by an edge.
Without loss of generality we duplicate v1 by an edge e = v

′
1v

′′
1 .Let p be the largest prime

≤ n + 2.
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Define a function f : V (G) −→ {1, 2, ..., n, n + 1, n + 2} as,

f(x) =



1 if x = u1;

p if x = u2;

3 if x = v1;

4 if x = v
′
1;

5 if x = v
′′
1 ;

j + 4 if x = vj ; ∀j = 2, · · · , p− 5;

j + 5 if x = vj ; ∀j = p− 4, · · · , n− 1;

2 if x = vn.

Then f is an injection and it admits a prime labeling for G. Hence G is a prime graph.

Illustration 2.7. A prime labeling of the graph obtained by duplication of a vertex by an edge
e from N in K2,10 is shown in Figure 4.

Figure 4: The graph obtained by duplication of a vertex by an edge e from N in K2,10 and its prime
labeling.

Theorem 2.8. The graph obtained by duplication of an edge by a vertex in K2,n is a prime
graph.

Proof: Let G be a graph obtained by duplication of an edge by a vertex. Without loss of
generality we duplicate an edge e = u1v1 by a vertex w. Let p be the largest prime ≤ n + 1.
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Define a function f : V (G) −→ {1, 2, ..., n, n + 1} as,

f(x) =



1 if x = u1;

p if x = u2;

2 if x = w;

3 if x = v1;

j + 2 if x = vj ; ∀j = 2, · · · , p− 3;

j + 3 if x = vj ; ∀j = p− 2, · · · , n.

Then f is an injection and it admits a prime labeling for G. Hence G is a prime graph.

Illustration 2.9. A prime labeling of the graph obtained by duplication of an edge by a vertex
in K2,7 is shown in Figure 5.

Figure 5: The graph obtained by duplication of an edge by a vertex in K2,7 and its prime labeling.

Theorem 2.10. The graph obtained by duplication of both the vertices u1, u2 from M in K2,n

is not a prime graph for n ≥ 4.

Proof: For n = 1 if we duplicate both the vertices u1, u2 from M in K2,1 then the resulting
graph will be K4,1 which is a prime graph.
For n = 2 if we duplicate both the vertices u1, u2 from M in K2,2 then the resulting graph will
be K4,2 which is a prime graph.
For n = 3 if we duplicate both the vertices u1, u2 from M in K2,3 then the resulting graph will
be K4,3 which is a prime graph.
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For n = j if we duplicate both the vertices u1, u2 from M in K2,j then the resulting graph will
be K4,j ; ∀j ≥ 4, which is not a prime graph [6].

Theorem 2.11. The graph obtained by duplication of all the vertices from N in K2,n is a
prime graph.

Proof: Let G be a graph obtained by duplication of all the vertices from N in K2,n and let
vj ; ∀j = n+1, ..., 2n be the vertices which we got after duplication of the vertices vj ;∀j = 1, ..., n.
The result is obvious for n = 1 as when we duplicate v1, the resulting graph will be a cycle C4,
which is a prime graph.So we start with n ≥ 2. Let p be the largest prime ≤ 2n + 2.
Define a function f : V (G) −→ {1, 2, ..., 2n + 2} as follows:

f(x) =



1 if x = u1;

p if x = u2;

j + 1 if x = vj ;∀j = 2, · · · , p− 2;

j + 2 if x = vj ;∀j = p− 1, · · · , 2n.

Then f is an injection and it admits a prime labeling for G. Hence G is a prime graph.

Illustration 2.12. A prime labeling of the graph obtained by duplication of all the vertices
from N in K2,4 is shown in Figure 6.

Figure 6: The graph obtained by duplication of all the vertices from N in K2,4 and its prime labeling.

Theorem 2.13. The graph obtained by duplication of both the vertices u1, u2 from M in K2,n

by edge is a prime graph.
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Proof: Let G be a graph obtained by duplication of both the vertices u1, u2 from M in K2,n

by edges e1 = u
′
1u

′′
1 and e2 = u

′
2u

′′
2 Let p be the largest prime ≤ n + 6.

Define a function f : V (G) −→ {1, 2, ..., n + 6} as,

f(x) =



1 if x = u1;

p if x = u2;

2 if x = u
′
1;

3 if x = u
′′
1 ;

4 if x = u
′
2;

5 if x = u
′′
2 ;

j + 5 if x = vj ; ∀j = 1, 2, · · · , p− 6;

j + 6 if x = vj ; ∀j = p− 5, · · · , n.

Then f is an injection and it admits a prime labeling for G. Hence G is a prime graph.

Illustration 2.14. A prime labeling of the graph obtained by duplication of both the vertices
from M in K2,6 by edge is shown in Figure 7.

Figure 7: The graph obtained by duplication of of both the vertices from M in K2,6 by edge and its
prime labeling.

References

[1] D. M. Burton, Elementary Number Theory, Brown Publishers, Second Edition, 1990.

[2] T. Deretsky, S. M. Lee and J. Mitchem, On vertex prime labelings of graphs in Graph
Theory, Combinatorics ans Applications, Vol. 1, (Ed. J. Alvi, G. Chartrand, O. Oellerman,



Prime labeling in the context of duplication of graph elements in K2,n 125

A. Schwenk), Proceedings of the sixth International Conference Theory and Applications
of Graphs, Wiley, New York, (1991), 359-369.

[3] H. L. Fu and K. C. Huang, On prime Labellings, Discrete Mathematics, 127(1994), 181-186.
doi: 10.1016 \ 0012-365X(92)00477-9.

[4] J. A. Gallian , A Dynamic Survey of Graph Labeling, The Electronic Journal of Combina-
torics, 18(2015), 147,# DS6.

[5] M. A. Seoud, A. T. Diab and E. A. Elsahawi, On strongly−C harmonious, relatively prime,
odd graceful and cordial graphs, Proc. Math. Phys. Soc. Egypt, No. 73 (1998), 33-55.

[6] M. A. Seoud, A. El Sonbaty and A. E. A. Mahran, Primality of some graphs, Ars Combin.,
112(2013), 459-469.

[7] A. Tout, A. N. Dabboucy and K. Howalla, Prime labeling of Graphs, Nat. Acad. Sci.
Letters, 11(1982), 365-368.

[8] S. K. Vaidya and U. M. Prajapati, Prime labeling in the context of duplication of graph
elements, International Journal of Mathematics and Soft Computing, Vol.3, No.1(2013),
13-20.

[9] S. K. Vaidya and U. M. Prajapati, Some Switching Invariant Prime Graphs, Open Journal
Of Discrete Mathematics, 2(2012), 17-20.

[10] S. K. Vaidya and U. M. Prajapati, Some New Results on Prime Graphs, Open Journal Of
Discrete Mathematics, 2(2012), 99-104.

[11] M. Venkatachalam and J. Arockia Antoni Raj, A Note on Vertex-Edge Prime Labeling for
Graphs, Antarctica J. Math., 1(2009), 79-84.

[12] D. B. West, Introduction to Graph Theory, Prentice-Hall of India, New Delhi, 2001.


