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Abstract

In this paper we introduce a complete star of a graph G. We prove that for a balanced
cordial graph G, star of G, P, x G and its complete star are balanced cordial graph. We

also prove that the star of a vertex balanced graph is also a vertex balanced graph.
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1 Introduction

In this paper, by a graph G we mean a finite, undirected and simple graph with p = |V(G)|
vertices and ¢ = |E(G)| edges. We follow Harary [4] for the basic notation and terminology of
graph theory.

Star of a graph G is denoted by G* and it is obtained by p+1 copies G, GV G2 . . G®)
of the graph G, where V(G) = {v1,v2,...,vp}. It is obtained by joining each vertex of GO with
the corresponding vertex v; of G Vi = 1,2,....p. We call G as central copy of G* and
here the graph G may or may not be a connected graph. It is obvious that K} = K, K5 = Fs
and (K1 U K9)* = Py U2K3U2K;. P, x G is the graph obtained by joining n copies of the
graph G say G, G® a3 ... G™ by joining all p edges of G with GU*Y to corresponding
vertex v of G with same vertex v of GVt Vi =1,2,...,n— 1. That is, V(P, x Q) =U-,
V(GW) and E(P, x G) = Uiy B(GD) {0, 0™y v ol e V(@D), v j =1,2,...,p, ¥
i=1,2,...,n—1}

Complete star of a graph G is the graph obtained from p+ 1 copies G, GM, G2 ... GP
of the graph G and it is obtained by joining each vertex of G(®) with all corresponding vertex
of all the copies GV, G@ ... G, We denote such graph by G and we call G(© as central
copy of G*. Tt is obvious that K; = K} = Ky and Ky =Py x Ps.

Cahit [1] introduced cordial labeling of a graph G, a variation of graceful and harmonious
labelings. In [2], Cahit proved that all trees are cordial. A function f : V(G) — {0,1} is
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called a binary vertex labeling of a graph G. f(v) is called label of the vertex v of G under f.
For any edge e = (u,v) € E(G), the edge induced function f*: E(G) — {0,1} is defined as
f*(e) = |f(u) — f(v)]. Let vg(0), v¢(1) be the number of vertices of G having 0 and 1 vertex
label respectively under f and ef(0), ef(1) be the number of edges of G having 0 and 1 edge
labels respectively under f*. A binary vertex labeling function f of a graph G is called cordial
labeling if |ef(0) —ef(1)] <1 and |vf(0) —vs(1)] < 1. A graph G is called a cordial graph if it
admits a cordial labeling.

A cordial graph G with a cordial labeling f is called a balanced cordial graph if |ef(0) —
er(1)] = |vp(0) —vp(1)] = 0. It is said to be edge balanced cordial graph if |ef(0) —ef(1)| =0
and |vf(0) —vs(1)] = 1. Similarly it is said to be vertex balanced cordial graph if |es(0) —
er(1)| =1 and |vs(0) —vs(1)| = 0. A cordial graph G is said to be unbalanced cordial graph if
[vp(0) —vp(1)] = [ef(0) —ef(1)] = 1.

For any cordial graph G, if f is a cordial labeling of G and it is of one of above four categories,

then 1 — f is also a cordial labeling for G and it is of the same category.

2 Main Results

Theorem 2.1. If G is a balanced cordial graph, then so is G*.

Proof: Let V(G) = {vi,v2,...,vp} and ¢ = |E(G)|. Let f : V(G) — {0,1} be a balanced
cordial labeling for G. It is obvious that p and ¢ are both even and v(0) = vs(1) = g,
q
er(0) = ep(1) = 5
Let H be the star of the graph G and V(H) = U_o(V(G(;)) = {vgi),véi),...,v(i)/ Vi=
0,1,...,p}. Here |[V(H)| =p(p+1) and |[E(H)| = (p+ 1)qg + p.
Define g : V(H) — {0, 1} as follows:
For any vj(»i) € V(H),
g(vj(-i)) = f(vy) when i is even
= 1— f(vj) wheniisodd; Vi=0,1,2,...,p,Vji=12,...,p.
It is observed that,

0y(0) = v7(0) + Bus(1) + Lop(0) = £+ 2.0 = 2 +p),
0y(1) = vr(1) + vy (0) + Loy (1) = £ (1 +p),

eg(0) = (p+ 1)ey(0) + g = %(pq +p+q) and
eg(1) = (pg +p+q).

Because for each (v](-o),vj(-j)) € E(H),
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g (07 v = 19" - g

|f(v) — f(vy)l, when j is even
{ |f(v;) — 1+ f(vj)], when jis odd
B 0, when j is even
B { 1, whenjisodd; Vj=1,2,...,p.

1
Thus, H = G* is a graph which satisfies v,(0) = vy(1) = ip(p + 1) and e4(0) = e4(1) =

1
5 (pqg +p+q). So, it is a balanced cordial graph. [ ]

Illustration 2.2. A balanced cordial graph G with its balanced cordial labeling and its star

G* with balanced cordial labeling are shown in Figures 1 and 2 respectively.

0
0 0 1

Figure 1: Graph G with its balanced cordial labeling f, which satisfies vf(1) = v¢(0) = 3 and
ef(0) = ey (1) = 3.

K

Figure 2: G* and its balanced cordial labeling g with v,(0) = vy(1) = 21 and ¢,4(0) = e,4(1) = 24.

Theorem 2.3. Let n be an odd integer. If G is a balanced cordial graph, then so is P, x G.

Proof: Let V(G) = {vi,v2,...,vp} and ¢ = |E(G)|. Let f : V(G) — {0,1} be a balanced
p
27
er(0) = ef(l) = g hold in G. Let GV, G® GO ... G™ be n copies of the graph G. Join
vertex vj(i) of G and vertex v](-iﬂ) of GUi+1) by anedge,Vi=1,2,...,n—1,Vj=1,2,...,p,

cordial labeling for G. It is obvious that p and ¢ are both even and v(0) = vs(1) =
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to form the graph P,x G. Thus, |V (P, x G)| = |U~; V(G)| = 3, |[V(G)| = np and
|E(Py, x G| =ng+ (n—1)p.

Define g : V(P, x G) — {0, 1} as follows:

For any vj(»i) e V(P, x G),

g(v](i)) = f(vj); if ¢ = 0,1 (mod4),
= 1—f(vj); if i« = 2,3(mod4);Vi=1,2,...,n,Vj=12,...,p
It is obvious that vy(0) = % = vy(1) and e4(0) = an + (71_21)10 = e4(1). Because for each
7 i+1
(W 0y € B(P, x G),
e (D) (i+1 i i+1
g (@) = o) — gle )
12f(v;) — 1, when ¢ is odd
|f(v;) — f(v;)], wheniis even

B 0, when ¢ is even
1, whentisodd; Vi=1,2,....n—1,Vj=1,2, ... p.

Thus, P, x G (n is odd) is a graph which satisfies v4(0) = v4(1) = % and eg(0) = eq4(1) =

1
i(n(p +q) —p). So, it is a balanced cordial graph. |

Theorem 2.4. If G is a balanced cordial graph, then so is G .

Proof: Let G(9) be the central copy of Gin G, V(G©)) = {U1 ,v2 yee ,UI(DO)} and |[E(GO)| = q.
Let f:V(G©®) — {0,1} be a balanced cordial labeling for G = G(©).
Let H be the complete star of the graph G. That is, H = G . It is obvious that P |V( )| =

p(p+1), Q = |E(H)| = (p+1)g + p>. Here V(H) = UL, V(GW) = {oi’, o)), ... o)/ v
i=0,1,...,p}. Since G is a balanced cordial graph, p, ¢ both are even and vf(0) = vf(l) = g,
er(0) =ef(1) = % hold in G.
Define g : V(H) — {0, 1} as follows:
For any v( e V(H),

g(v](-i)) = f(vj(o)) when i is even

= 1-f(\”) wheniisodd, Vi=0,1,2,....p, ¥Vj=12....p
It observed that,
pp+1 P pp+1 P
vg(0) = (p+ 1)vs(0) = ( 5 ) =3 and vg(1) = (p+ 1)vs(1) = ( 5 ) =5
. B r - p. q,p
That is, vg(0) = ve(1) = ) Moreover e4(1) = (p + 1)es(1) +p(§) = (p+ 1)5 +5 and

eg(0) = (p + 1)ef(0) —&—p(g). Hence ef(0) = ef(1) = . Therefore, H is a balanced cordial

graph. [ |
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Theorem 2.5. If G is a vertex balanced graph, then so is G*.

Proof: Let G(© be the central copy of G in G*. Take V(G©)) = {v%o),véo), . ,v;,(yo)} and
q = |E(GO)|. Let f: V(G®) — {0,1} be a balanced cordial labeling for G(© = G. It is
obvious that p is even and ¢ is odd and v¢(0) = v¢(1) = g , lef(0) —ef(1)] = 1 hold in G©).
Let H = G* and V(H) = U, V(GY) = {vgi),véi),...,vg)/i =0,1,---,p}. Here P =
V(H)| = (p+1)pand Q = [E(H)| =pg+p+q.
To define g : V(H) — {0, 1} we have to consider the following two cases.
Case 1: e¢¢(0) —ef(1) = 1.
Define g/V(G©) = f/V(G®) and g/V(GWD) =1—g/V(GD),Vi=1,2,...,p.
Case 2: e¢f(0) —ep(1) = —1.
Define g/V(G©) = f/V(G®) and g/V(GW) = g/V(GO), Vi=1,2,...,p.

Above defined labeling pattern gives rise to a cordial labeling to the graph H = G* with

0 (0) = 05(1) =PI = L 1eg(0) — (1)) = [e5(0) — e5(1)] = 1.

Because in Case 1, €4(0) = (p+ 1)ef(0) = (p + 1)(%) = %(pq-i-p—l—q—l— 1) = Q; ! and
ey(1) = (0 + Der(D) +p = o+ () +p= T

That is, ¢,(0) — eg(1) = 2(@+1) ~ 5(Q ~1) = 1.

and in Gase 2, ¢9(0) = (p+1)es(0) +p = (4 (15 1) +p= LT and eg(1) = (p+Des(1) =
e+ =2

That is, e4(0) — e4(1) = % - % =-1

Hence, g is a vertex balanced cordial labeling for H and so, H is a vertex balanced cordial

graph. [ |

Illustration 2.6. A vertex balanced cordial graph G with its vertex balanced cordial labeling

and its star G* with vertex balanced cordial labeling are shown in figure-3 and 4 respectively.

N

0

Figure 3: A graph G with its a vertex balanced cordial labeling f, which satisfies vs(1) = v#(0) =3
and ef(1) —ef(0) = 1.
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Figure 4: G* and its a vertex balanced cordial labeling g with v,(0) = v4(1) = 21, e4(1) = 28 and
eq(0) = 27.

References

[1] I. Cahit, Cordial graphs: A weaker version of graceful and harmonious graphs, Ars Combin.,
23(1987), 201 - 207.

[2] 1. Cahit, On Cordial and 3-equitable labelings of graphs, Until. Math., 37(1990), 189-198.

[3] J. A. Gallian, A dynamic Survey of graph labeling, The electronics J. Combin., 17, § DS6,
(2016).

[4] F. Harary, Graph Theory, Addition Wesley, Massachusetts, 1972.

[5] V.J. Kaneria, Kalpesh M. Patadiya and Jaydev R. Teraiya, Balanced Cordial Labeling and
its Application to Produce new Cordial Families, International Journal of Mathematics
And its Applications, 4(1-C)(2016), 65-68.

[6] V.J. Kaneria, Jaydev R. Teraiya and Kalpesh M. Patadiya, Some Result on Balanced
Cordial on Balanced Cordial Graph, International Journal of Mathematics And its Appli-
cations, 4(2-A)(2016), 85-87.

[7] V.J. Kaneria and Jaydev R. Teraiya, Some Vj-Cordial families with its balanced Vy -
cordial labeling, International Journal of Mathematics Trends and Technology(IJMTT),
37(1)(2016), 73-75.



