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Abstract
A (p,q) graph G = (V, E) is said to be an odd-even sum graph if there exists an injective
function f : V(G) — {£1,£3+£5,...,£(2p—1)} such that the induced mapping f* : E(G) —
{2,4,6,...,2¢} defined by f*(uv) = f(u) + f(v) ¥ uv € E(G) is bijective. The function f is
called an odd-even sum labeling of G. In this paper we study odd-even sum labeling of path

P,(n > 2), star Ki ,(n > 1), bistar By, »,5(K1.,), B(m,n, k) and some standard graphs.
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1 Introduction

Graphs considered in this paper are finite, undirected and without loops or multiple edges.
Let G = (V, E) be a graph with p vertices and ¢ edges. Terms not defined here are used in
the sense of Harary[3]. For number theoretic terminology we follow [1]. A graph labeling is an
assignment of integers to the vertices or edges or both subject to certain conditions.If the domain
of the mapping is the set of vertices(edges/both) then the labeling is called a vertex(edge/total)
labeling. There are several types of graph labeling and a detailed survey is found in [6].

Harary [4] introduced the notion of a sum graph. A graph G = (V,E) is called a sum
graph if there is an bijection f from V to a set of +wve integers S such that xy € E if and
only if (f(z) + f(y)) € S. In 1991 Harary [5] defined a real sum graph. An injective function
f:V(G) = {0,1,2,...,q} is an odd sum labeling [2] if the induced edge labeling f* defined by
f*(uw) = f(u) + f(v) Y uv € E(G) is bijective and f*: E(G) — {1,3,5,...,2¢ — 1}. A graph is
said to be an odd sum graph if it admits an odd sum labeling. Ramya et al. introduced skolem
even-vertex-odd difference mean labeling in [10]. Ponraj et al. [9] defined pair sum labeling.

Motivated by these, we introduce a new concept called odd-even sum labeling.A (p, ¢) graph
G = (V, E) is said to be an odd-even sum graph if there exists an injective function f : V(G) —
{£1,£3 £5,...,£(2p — 1)} such that the induced mapping f*: E(G) — {2,4,6, ...,2¢} defined
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by f*(uv) = f(u) + f(v) ¥V wv € E(G) is bijective. The function f is called an odd-even sum
labeling of G. A graph which admits odd-even sum labeling is called an odd-even sum graph.

We use the following definitions in the subsequent section.

Definition 1.1. [3] A complete bipartite graph K ,(n > 1) is called a star and it has n + 1

vertices and n edges.

Definition 1.2. [3] The bistar graph B, , is obtained from a copy of star K ,, and a copy of

star K1, by joining the vertices of maximum degree by an edge.

Definition 1.3. For each vertex v of a graph G, take a new vertex v'. Join v’ to all the vertices
of G adjacent to v. The graph S(G) thus obtained is called splitting graph of G.

Definition 1.4. [9] The graph B(m,n, k) is obtained from a path of length k by attaching the

star K1 ,, and K1, with its pendent vertices.

Definition 1.5. [3] The corona G; ® G4 of two graphs G and Gy is defined as the graph G
obtained by taking one copy of G (which has p vertices) and p copies of Go and joining the it"

vertices of Gy to every vertex in the i*” copy of Go.

Definition 1.6. The comb P, ® K; is obtained from a path P, = ujus...u, by joining a vertex
v; to u (1 < i <n).

Definition 1.7. A coconut tree C'T'(m,n) is the graph obtained from the path P,, by appending

n new pendent edges at an end vertex of P,,.

Definition 1.8. Let X; € N. Then the cater pillar S(X;, X2, ..., X},,) is obtained from the path
P, by joining X; vertices to each of i*" vertex of P,(1 <i < n).

2 Main Results
Theorem 2.1. Path P, (n > 2) is an odd-even sum graph.

Proof: Let V(P,)= {v;/1 < i < n} and E(P,)= {vjviy1/1 <i < n—1}. Then |[V(P,)| =n
and |E(P,)|=n—1.
Let f:V(P,) — {£1,£3+5,...,£(2n — 1)} be defined as follows.
Case(i): n is odd.
F(vain1) = n + 2i; 0§i<";{

1
ﬂwUZ—n+%;1§i<n;.

Case(ii): n is even.

fvgig1)=—(n—1)+2i; 0<i< o

3

ﬂwg:n—1+m;1gigg.
Let f* be the induced edge labeling of f. Then f*(v;v;y+1) = 2i, 1 <i < n—1. The induced edge
labels are 2,4, 6, ...,2n — 2 which are all distinct. Hence path P, is an odd-even sum graph. =
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Theorem 2.2. The star K ,(n > 1) is an odd-even sum graph.

Proof: Let v,v1,vs,...,v, be the vertices of K1 ,. Let vv;; 1 <7 < n be the edges of K1 .
Then |V (K1) =n+1and |E(Ky)| =n.
Let f:V(Ky,) — {£1,£3+5,...,£(2n + 1) }be defined as follows.
f(v) =2n+1,
flw)=-2n+1-2i; 1<i<n.
Let f* be the induced edge labeling of f. Then f*(vv;) = 2i, 1 < i < n. The induced edge

labels are 2, 4,6, ..., 2n which are all distinct. Hence the star K7, is an odd-even sum graph. =

Theorem 2.3. The cycle (), is not an odd-even sum graph when n = 2 (mod 4) (or) n = 3
(mod 4).

Proof: Let V(C,)= {vi/1 <i <n} and E(C),)= {vjviy1,v,v1/1 <i <n—1}. Then |V(C,)| =
n and |E(Cy)| =n.
Suppose C), is an odd-even sum graph.
Let f:V(Cy,) — {£1,£3£5,...,£(2n — 1)} be an odd-even sum labeling of C,,.
Case(i): n =2 (mod 4).
f(vr) + f(v2) + f(v2) + f(vz) + ...+ f(on) + f(v1)) =24+44+6+ ...+ 2n
2(f(01) + £(02) + F(v5) + o+ f(v0)) =l + 1)
F01) + f(v2) + f(03) + oo + f(vn) = 2B which is odd.
This contradicts the choice of n.
Case(ii): n =3 (mod 4).
fv1) + fv2) + f(v2) + fvg) + .. + flon) + f(v1) =2+ 44+ 6+ ...+ 2n
2(f(01) + F(02) + fv5) + o+ F(v0)) = i+ 1)
f(v1) + f(va) + f(vs) + ... + fvy) = "(";1) which is even.
This contradicts the choice of n and the theorem is proved. [

Theorem 2.4. Bistar B, , is an odd-even sum graph.

Proof: Let v,w,v1,v2, ..., Up, w1, W2, ..., w, be the vertices of B, . Let vv;; ww;; 1 <6<
m,1 < j < nand vw be the edges of By, ,. Then |V (B, )| = m+n+2,|E(Bpy,)| =m+n+1.
Let f:V(Bmn) = {£1,£3+£5, ..., £2(m + n) + 3}be defined as follows.

f)=2(m+n)+3, flw)=-1

fvi)=—[2m+2n+3-2i]; 1<i<m,

flwj)=2m+2n+3-2j5; 1<j<n.
Let f* be the induced edge labeling of f. Then

ffov;) =2i; 1<i<m,

f*(vw) = 2m + 2n + 2,

[flwwj) =2m+2n+2—-25,1<j<n.
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The induced edge labels are 2,4,6, ...,2m + 2n + 2 which are all distinct. Hence bistar By, ,, is

an odd-even sum graph. [ |
Theorem 2.5. S(Kj ) is an odd-even sum graph.

Proof: Let vq,v2,...,v, be the pendant vertices, v be the apex vertex of K, and u, u1, ug, ..., up
be the added vertices corresponding to v, vy, vg, ..., v, to obtain S(Kj ). Then |V (S(K1,))| =
2n+2 and |E(S(K1,))| = 3n.
Let f:V(S(Ki1n)) = {£1,£3£5,...,£4n + 3}be defined as follows.

flu) =4n+3,

f(v) = 2n+3,

flu)) =—(2i+1); 1<i<n,

floj))=2i—1; 0<i<n.
Let f* be the induced edge labeling of f. Then

fflou)) =2n4+2—2i; 1<i<nmn,

fHov) =2n+42i;1 <i <mn,

ffuvy)) =4n+23;1 < i < n.
The induced edge labels are 2,4, 6, ..., 6n which are all distinct. Hence S(K} ) is an odd-even
sum graph. [ |

Theorem 2.6. The graph B(m,n, k) is an odd-even sum graph.

Proof: Let V(B(m,n,k)) = {vi,v;-,ul o1 n, 1 <1 < k} and
E(B(m,n,k)) = {UlUi,Uk;'U;,UlUl+1 1< , 1 <1 < k—1}. Then
|[V(B(m,n,k))| =m+n+kand |[E(B(m,n, k)| =(m+n+k)— 1
Let f:V(B(m,n,k)) — {£1,+£3,...,£(2m + 2n + 2k — 1)} be defined as follows.
Case(i): k is odd.

foig1) =—-1-2i; 0<i<m-—1,

. . k+1
flugig1) =2m+2n+2k—1-2i; 0<i< 5

Flusi) = flom) — 2 1<i< "1

f;) = flup—1) =243 1<j<n.
Case(ii): k is even.
foig1) =—-1-2i; 0<i<m-—1,

k
f(u2i+1):2m+2n+2k—l—2i; 0§i<§,

flugi) = flom) —2i; 1<i<
F(0)) = flup1) = 2j; 1<) <

In both cases, let f* be the induced edge labeling of f. Then
furv;)) =2m+2n+2k —2i; 1 <i<m,

3
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f*(uiuiﬂ) =2n+2k—2i; 1<i<k,
frlugv;) =2n+2-2j; 1<j<n.
The induced edge labels are 2,4,6,...,(2m + 2n + 2k — 2) which are all distinct. Hence

B(m,n, k) is an odd-even sum graph. |
Theorem 2.7. Coconut tree is an odd-even sum graph.

Proof: Let vy, v, ...,v, be the vertices of path P,. Let G be the coconut tree CT(m,n).
Let V(G) = {vi,v;/l <i1<m,1<j<n}and E(GQ) = {Uivi+1,v;vm/1 <i<m,1<j<n}
Then |[V(G)|=m+n and |E(G)|=m+n—1.

Let f:V(G) = {£1,43,...,£(2m + 2n — 1)} be defined as follows.

Case(i): m is odd.

-1
flogip1) =-1-24; 0<i< m2 ,
-1
Flosina) =2m+2n—1-2i; 0<i< m2 ,
f;) = f(om—1) —2j; 1<j<n.
Case(ii): m is even.

flozip1) =—-1-2i; 0<i< %,

Flogina) =2m+2n—1-2i; 0<i< %
f)) = flom—1) —2j; 1<j<n,
In both the cases, let f* be the induced edge labeling of f. Then
f(vvig1) =2m+2n—2i; 1 <i<m,
f*(vmvj) = [*(Vm—1vm) —2j; 1<j<n.
The induced edge labels are 2, 4,6, ..., (2m + 2n — 2) which are all distinct. Hence the graph

G is an odd-even sum graph. [ ]
Theorem 2.8. Caterpillar S(X1, Xo, ..., X;,) is an odd-even sum graph for all n > 1.

Proof: Let V(S(X1,X2,....,Xpn)) ={vi: 1<i<n}U{y;: 1<i<n, 1<5<X;}and
E(S(X1,X2,.... X)) ={vviz1: 1<i<n—-1}U{vv;;: 1<i<n, 1<5<X;}
Then [V (S(X1, Xa, ., X)) = X1 + Xo + .. + X, + 1 and |E(S(X1, X, ..., Xn))| = X1 + Xo +
.+ X, +n—1.
Let f: V(S(X1,X2,.... Xpn)) — {£1,£3,...,£2(X1 + X2 + ... + X;, + n) — 1} be defined as
follows.
Case(i): n is odd.
) ..o n+1
flogip1) =2(X1+Xo+ ...+ Xp+n)—1-2i; 0<i< 5

-1
floaign) = =120 0<i< =,

(
f(Ul(H—l) (271-1) —27,, 0 SZSXI—L
Fgarny) = 2(X1 + Xo+ o+ Xp+0) =1 =20 —2(X; —1) —2i; 0<i<Xp—1,
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. . . o n—1
f(v(2j+3)(i+1)) = f(U(2j+1)(X2j+1)) - 2X2(j+1) —2i; 0<1< X9543,0<7< o
) . . . n—=3
F@jraarn) = Fejre)(xap) = 2X2j48 =26 0 <9< X240, 0 < j < ——.
Case(ii): n is even.

. . n
f(UQZ'_H):2<X1—|—X2—|—...—|—Xn+n>—1—27,; OS’L<§,

U2(i+1)) :2(X1+X2+...+Xn+n)—1—2n—2(X1 —1)—2i; 0<1< Xy —1,
. . . o n—2
f U(2j+3)(z‘+1)) = f(U(2j+1)(X2j+1)) —2X93j+1) — 2 0<1<X9543,0<7 < 5

. . .o n—2
F@jrarn) = Fvejie)(xe ) — 2X2j48 =26 0 <9< X2y, 0 < j < ——.

In both cases, let f* be the induced edge labeling of f. Then
ffovip) =2(X1 + Xo+ ...+ Xpn+n)—2i; 1<i<n-—1,
[H(vivyy) = fF(on—1vn) — 257 1 <5< X,
fr(ivij) = fr(vicivg-nyx,_)) — 245 2<i<n,1<j <X,
The induced edge labels are 2,4, 6, ...,2(X1 4+ X2+ ...+ X,, + n— 1) which are all distinct. Hence

caterpillar is an odd-even sum graph. [

(
(
(

Ilustration 2.9. Odd-even sum labeling of S(3,5,2,7,4) is given in Figure 1.

33 19
35 31 21 17

23 15
37 % 25 13

51 49 47

-9 -11 -13 -23 -25 -39 -41  -43 -45
Figure 1: Odd-even sum labeling of 5(3,5,2,7,4).

Corollary 2.10. The graph P, ® nK;(n > 2) admits an odd-even sum labeling.
Proof: Let X1 = X9 = ... = X,, = K in Theorem 2.8. Then the result follows. [ |
Corollary 2.11. The graph P,_1(1,2,3,...,n) admits an odd-even sum labeling.
Proof: Let X; =i in Theorem 2.8. Then the result follows. [ |

Corollary 2.12. Comb is odd-even sum labeling.
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Proof: Let X1 = X9 = ... = X,, = 1 in Theorem 2.8. Then the result follows. [ |

Corollary 2.13. The graph obtained by deleting a pendent edge P — ey admits an odd-even

sum labeling.
Proof: Let X1 =X =...=X,_1=1,X,, =0 in Theorem 2.8. Then the result follows. [ |
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