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Abstract

A graph G = (V(G), E(G)) with p vertices and ¢ edges is said to be an odd mean graph
if there is an injection f: V(G) — {0,1,2,...,2¢ — 1} and the induced function f*: E(G) —
7f(");f(”); if f(u)+ f(v) is even

{1,3,5,...,2¢q — 1} defined as f * (e = wv) = is a
W; if f(u)+ f(v) is odd

bijection. In this paper we investigate some new families of odd mean graphs.
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1 Introduction

By a graph G = (V(G), E(G)) we mean a simple, connected and undirected graph. The
terms not defined here are used in the sense of Harary[2]. For a detailed survey on graph
labeling readers can refer to Gallian[1].

The concept of mean labeling was introduced by Somasundaram and Ponraj[5]. The notion

of odd mean labeling was first discussed by Manikam and Marudai[3].

Definition 1.1. A graph G = (V(G), E(G)) with p vertices and g edges is said to be an odd
mean graph if there is an injection f: V(G) — {0,1,2,...,2¢ — 1} and the induced function
B £(u) + f(v) is even
f* E(G) = {1,3,5,...,2¢—1} defined as fx*(e = uv) = z — i f )+ £(0)
FOTIQIEL 56 f(u) + f(v) is odd
is a bijection.

Vasuki and Nagarajan[6] discussed the odd meanness of graphs Py, P2 and PY,,. .

Definition 1.2. Let P, be a path on n vertices denoted by (1,1),(1,2),...,(1,n) and with
n—1 edges denoted by eq, €9, ...e,_1 where ¢; is the edge joining the vertices (1,7) and (1,7+1).
On each edge e;, i =1,2,...,n — 1 we erect a ladder with n — (i — 1) steps including the edge
e;. The graph obtained is called a step ladder graph and is denoted by S(7),), where n denotes

the number of vertices in the base.
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Definition 1.3. LetG,Ga,...,G,, be n copies of the graph G = (V(G), E(G)). Then the graph
obtained by adding an edge between G; and Gjy1, for © = 1,2,...,n — 1 is called a path union
of graph G.

Definition 1.4. The shadow graph D2(G) of a connected graph G is obtained by taking two
copies of G say G’ and G and joining each vertex v’ in G’ to the neighbours of the corresponding

vertex v’ in G”.

2 Main Results

Theorem 2.1. The graph C,, ® mK; admits an odd mean labeling except when n = 3(mod4)
and m = 1.

Proof: Let v1,v2,...,v, be the vertices of C,,. Let u;; be the newly added vertices in (), to form
C, ©mKy, where 1 <i<nand 1< j<m. Todefine f: V(C,omK;) = {0,1,2,...,2¢—1},
four cases are to be considered.

Case 1: n = 0(mod4).

For1<i< %,

2i+2m(i —1); ¢ is odd,
(vi) =
dm +2(m+ 1)(i — 2); 7 is even.
For%+1§i§n—1,
2i+2m(i — 1); 7 is odd,
flvi) =
4m+1)+2(m+1)(i — 2); 7 is even.
f(on) =4m+2(m +1)(n —2) + 3.
Forlgiggandlgjgm,

Flug) = {2(m +1)(i—1)+4(j —1); i is odd,

2(m +1)(1 — 2) + (47 + 2); i is even.
For%+1§i§n—1and1§j§m,

2(m + 1)(i — 1) + (47); i is odd,
fluig) = . o
2(m +1)(7 — 2) + (45 + 2); i is even.
f(unj)=2(m +1)(n—2)+ (45 +2); for1 <j<m.
Case 2: n = 1(mod4).

Subcase 1: m is even.

flu) =1

For 2 << il

i dm + 2(m+1)(i — 2); ¢ is even,
V) =
2i+2m(i — 1); 7 is odd.
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For 23 <i<n-—1,
~JA(m+1) +2(m+1)(i — 2); ¢ is even,
Jlo) = {2@') +2m(i — 1); i is odd.
f(op) =4m+2(m+1)(n —2) +3
For 1 <i<2:tand1<j<m,
~J2(m+1)(i = 1) +4(j — 1); 4 is odd,
) = {2(m Y 1)(i— 2) + (4 + 2); i is even.

m+1)(i—1)+4( —1); for1 <5<,
m+1)(i — 1)+ (45); for T 4+1<5<m,

=
£
<
N~—
. Il
——
o

For%'?’gzgn—landforlgjgm,
~J2(m+1)(i = 2) 4 (47 + 2); i is even,
Tluig) = 2(m +1)(i — 1) + (47); 7 is odd.
CJ2m+1)(n—2)+ (45— 1); for 1 <5 <73
leng) = {2(m+ D(n—2)+(4j+2); for 2+1<j<m,

Subcase 2: m is odd.
For 1 <i< ™l
20+ 2m(i — 1); 7 is odd.
fvi) = ‘
dm + 2(m +1)(i — 2); ¢ is even,
For 3 <i<n-—2,
4m+1)+2(m+1)(i — 2); 7 is even,
fvi) =
2i+2m(i — 1); 7 is odd.
Forn—1<1:<n,
fvi) =4m+2(m+1)(i —2)+3
For1<i<®Aand1<j<m,
i 2(m+1)(i—1)+4(j — 1); ¢ is odd,
i) =
' 2(m + 1)(i — 2) + (4 + 2); i is even.

2(m +1)(i — 1) +4(j — 1); for 1 < j < 2
2(m+1)(i — 1) + (45); for =2 < j <m.

—
—
£
<.
~—
I
——

For 3 <i<n—1land1<j<m,

{Q(m +1)(i—2)+ (45 + 2); @ is even,
2(m+1)(i — 1) + (47); i is odd.
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Fltng) = {§§m+ )(n —2)+(4j — 1); for ing j <.2—1,
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Case 3: n = 2(mod4).
For1 <1< 3,

2i +2m(i — 1); 4 is odd,
fui) =

dm +2(m+ 1)(i — 2); 7 is even.

For $4+1<i<n-—1,
; dm + 2(m +1)(i — 2); ¢ is even,
V) =

2(i4+2) +2m(i — 1); 7 is odd.

f(op) =4m+2(m+ 1)(n —2) + 3.

For1<i<5and1<j<m,

2(m+1)(i—1)+4(j — 1); ¢ is odd,

fluig) = . . y
2(m+1)(i —2) + (47 + 2); ¢ is even.

——

For 5 +1<i<n-—1land1<j<m,
Flus) 2(m +1)(1 —2) + (4 + 6); i is even,
Uij) =
7 2(m e 1) — 1) £ 4( — 1); 7 is odd.
Flun) 2(m+1)(n—2)+ (45 —1); for j =1,
Upj) =
T 2m A ) —2) + (45 +2); for2<j<m.

Case 4: n = 3(mod4), n # 3 and m > 1.

Subcase 1: m is even
flo) = 1.
For 2 <i< 271,
dm +2(m 4+ 1)(i — 2); ¢ is even,
Foi) =9 _ RN
20+ 2m(i — 1); 7 is odd.
For Ml <i<n-—1
dm +2(m+1)(i — 2); 7 is even,
Fo) =9 o
2(i+2)+2m(i — 1); i is odd.

f(op) =4m+2(m+1)(n —2)+3
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For 1<i<2landl<j<m,

2
2(m+1)(i—1)+4(j — 1); ¢ is odd,
fluig) = . . y
2(m+1)(i — 2) + (47 + 2); 7 is even.
For : = "T“,
Fluss) = 2(m+1)(i —2) + (45 +2); for 1 <j <%
T 2m+ 1)(i—2) + (454 6); for Z41<j<m

For”T"'?’gign—landlgjgm,
2(m+1)(1 — 1) +4(j — 1); i is odd,
fuij) =
2(m+1)(i —2) + (45 + 6); ¢ is even.
Fln) 2Am+1)(n—2)+ (4j—1); for1<j<m—1,
Upj) =
" 2(m+1)(n—2)+ (45 +2); for F < j<m.
Subcase 2: m is odd.
For 1 <i<?2t
dm + 2(m + 1)(i — 2); ¢ is even,
flui) =
2i+2m(i — 1); ¢ is odd.
For "TH <i<n-—2,
dm + 2(m +1)(i — 2); ¢ is even,
2(i + 2) + 2m(i — 1); i is odd.

f(vi)

Forn —1 <17 <n,

dm + 2(m + 1)(i — 2) — 1; 7 is even,
flvi) = , ‘
4m—|—2(m—|—1)(z—2)+3; i is odd.
For1<i<®tandl<j<m,

Flui) = 2(m+1)(i —1) +4(j — 1); 7 is odd,
’ 2(m +1)(i — 2) + (47 + 2); i is even.

2(m +1)(i — 2) + (45 + 2); for 1 < j < mtL
2(m+1)(i —2) + (45 + 6); for 22 < j<m

[
—~
S
.
~—
I
——

For”T*'?’<z<n—1and1<j<m

{2(m+ 1)(i — 1) +4(j — 1); 7 is odd,
2(m +1)(i —2) + (45 +6); i is even.
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2(m+1)(n—2)+ (4 +3); for 1 <j <2,
f(unj) =

2m+1)(n—2) + (4 —1); for 1 <j < ™3,
flunj) = 2(m+1)(n —2) + (45 +3); for 2L <j<m-—1,
2(m+1)(n—2) + (45 + 2); for j =m.

Case 5: n=3; m > 1.
Subcase 1: m is even.
flv1) =1, f(vz) = 4m, f(vs) = 4m +2(m +1) +3
flurj) =4(j —1); for 1<j<m
47 +2; for1 <j <2,
fugj) = 2
4j46; for T+1<j<m.

For m = 2,
13; for j =1,

[fuzj) =
16; for j = 2.

For m > 4,

2(m+1)+ (45 —1); for 1
fus;) =
2m+1) + (4 +2); for 2 < j<m.
Subcase 2: m is odd.
fv1) =2, f(vo) =4dm —1, f(vs) =4dm+2(m+1)+3
fluyy) =4(j—1); for1<j<m
4j+2; for 1 < j < mH
fug;) = ?
45 + 6; formTH—i-lgjgm.

For m = 3,
2(m+ 1)+ (45 +3); for1 <j <2,
f(u?)] =
22; for j = 3.
For m > 5,
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It can be verified that f is an odd mean labeling in all the cases. Hence C,, ® mK; is an odd

mean graph except for n = 3(mod4) and m = 1. ]

Illustration 2.2. An odd mean labeling of C1o ® 3K is shown in Figure 1.

Figure 1: An odd mean labeling of C;g ® 3Kj.

Theorem 2.3. The shadow graph Dy (B, ) is an odd mean graph.

Proof: Consider two copies of the bistar B, ,,.
Let {v1,v2,v;5,1 <4 < 2,1 <j <n} and {ug,us,ui;, 1 <i<2,1<j<n} be the vertex

sets of the two copies of B,, .
Define f : V(D2(By ) — {0,1,2,3,...,2¢ — 1} as follows:

f(v1) =0, f(v2) = 16n + 2,
f(u1) = 8n, f(ug) = 16n + 6,

(

(

floy) =4 —1)+2; for 1 <j <mn,
f(vg;) =8j; for1<j<n-—1,
f(v2j) = 16n; for j =n,
fluij) =45 +4n —2; for 1 <j <n,
f(ugj) =8n+8j; for 1 <j<n-—1,

f(ugj) = 16n+7; for j =n.
In view of the above defined labeling, Dy(B,, ) is an odd mean graph. ]

Illustration 2.4. Figure 2 shows an odd mean labeling of of Dy(Bs3).
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Figure 2: An odd mean labeling of D3(B33).

Theorem 2.5. The step ladder graph S(7;,) admits odd mean labeling.

Proof: Let P, be a path on n vertices denoted by (1,1),(1,2),...,(1,n) and with n—1 edges de-
noted by ey, eg, ..., e,—1 where e; is the edge joining the vertices (1,4) and (1,i+1). The vertices
of the step ladder graph S(7;,) are denoted by (1,1),(1,2),...,(1,n), (2,1),(2,2),...,(2,n),
(3,1),(3,2),...,(3,n—1), (4,1),(4,2),...,(4,n—2),...,(n, 1), (n,2). In the ordered pair (1, j),
i denotes the row (counted from bottom to top) and j denotes the column (from left to right)
in which the vertex occurs. Define f: V/(S(T},)) — {0,1,2,...,2¢ — 1} as follows:

F(1,1) = 2(n? — 1),

£, )=2(n? =2 +i) = 2507 (n — k= 1) =25 ,[(n + k) — (5 — 1)),

for1<i<n-1,1<j5<n,

f(i,7)=(2n% + 2i — 5); for j = 1,i = n.

Hence the step ladder graph S(7},) admits odd mean labeling for every n. ]

INlustration 2.6. An odd mean labeling of of S(7%) is shown in Figure 3.

a€n (1,2) (1,3) (1,4) 1,5) (1,6)

Figure 3: An odd mean labeling of S(T%).
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Theorem 2.7. The graph obtained by the path union of finite number of copies of cycle C,,

admits odd mean labeling except for n = 3, 6 and 7.

Proof: Let G be the path union graph of k copies of cycle C;,. Let the successive vertices of
the cycle C; be u;1,u;2, ..., U, where 1 < i < k. Let ¢; = Ui1U(i41)1 be the edge joining C; and
Ciy1 for i = 1,2,...,k — 1. To define an odd mean labeling f : V(G) — {0,1,2,...,2¢ — 1},
the following cases are considered.

Case 1: n = 0(mod4).

Subcase 1: i is odd.

For1<j<3,

(n+1)(i—1)+ (45 — 4); j is odd,
(n+1)(i—1)+ (45 —6); j is even.

2(n+1)(i — 1)+ (4n — 45 + 3); j is odd,

2(n+1)(i — 1)+ (4n — 45 + 6); j is even.
Subcase 2: i is even.
For1<j<241,

fluij) =2(n+1)(i —2) + (4n — 45 + 5)
For%+2§j§n

i 2(n+1)(i —2) + (44); 7 is even,
Uiiy =

D7 20+ 1)( = 2) + (45 — 2): j is odd.
Case 2: n = 1(mod4).

Subcase 1: ¢ is odd.

For 1< j < ™44,

2(n+1)(i — 1)+ (45 — 4); j is odd,
f(uig) =

2(n+1)(i — 1) + (45 — 6); j is even.
For ™3 < j <n,

fluij) =2(n+1)(i — 1) + (4n — 45 + 5)
Subcase 2: i is even.
For 1 <j <2,

fluij) =2(n+1)(i —2) + (4n — 45 + 5)

——
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Case 3: n = 2(mod4); where n > 10.
Subcase 1: i is odd.
fluir) =2(n+1)(0 — 1) + (45 — 4),
fluiz) =2(n+1)(i — 1) + (45 — 6).

For 3 < j < 42,
For"THSan—Q,

i 2(n+1)(i — 1) 4+ (4n — 45 + 6); j is odd,
uij =
2(n+1)(i — 1) + (4n — 45 + 4); j is even.
Forn—-1<j5<n,
fluij) =2(n+1)(i — 1) + (4n — 45 + 5).
Subcase 2: i is even
For 1 < j <252

flug) = 2(n—|—1)(z—2) (4n — 45 + 5),

fuij) =2(n+1)(i —2) + (45 + 4), for j = 7,

flug) =2(n+1)(i —2) + (45 — 2), for j = 242,
For "‘2"4<]<n 2,

fluig) =2(n+1)(i —2) + (47 — 1),

fluij) =2(n+1)(i —2)+ (4 —2), for j=n—1,

Fluij) = 2(n +1)(i — 2) + (4j), for j =n

Case 4: n = 3(mod4); where n > 11.
Subcase 1: ¢ is odd.
fluin) =2(n+1)(i — 1)+ (45 — 4),
fuig) =2(n+1)(i — 1) + (4j —6),
f(uij) =2(n+1)(i —1) + (45 — 5), for j = 3,4.

For 5 < j < ",

~J2(n+1)(i— 1)+ (4 —6); j is odd,
) = {2(n F1)(i — 1) + (4 — 4); § is even.
For 42 < j <n,
fluij) =2(n+1)(i — 1) + (4n — 45 +5).
Subcase 2: i is even.
For 1 <j <253,
fuij)= 2(n+1)( 2) + (4n — 45 +5).
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)+ (4n — 45 + 4); j is even,
)+ (4n —4j 4+ 6); j is odd.
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fluig)=2(n+1)(i — 2) + (45 — 1),
fuij)=2(n+1)(i —2)+ (45 —2),for j=n—1
fluig)=2(n+1)(i — 2) + (47), for j = n.
In all the four cases f is odd mean and hence G is an odd mean graph. [

Illustration 2.8. Figure 4 shows an odd mean labeling of the path union graph of 4 copies of

cycle Cg.

Figure 4: An odd mean labeling of path union graph of 4 copies of cycle Cg.
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