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Abstract

In this paper, the concepts of an intuitionistic fuzzy semihyperrings and an intuitionistic
fuzzy subsemihypermodule of R, where R is a semihyperring, are introduced and some of
their characteristics are proved. In particular, fully idempotent semihyperrings are investi-

gated in the context of intuitionistic fuzzy concept.
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1 Introduction

The concept of hyperstructure theory was initiated in 1934, at the eighth congress of Scan-
dinavian Mathematicians, when F. Marty [5] first defined a hypergroup as a set equipped with
an associative and reproductive hyperoperations and analysed their properties. Algebraric hy-
perstructures are suitable generalization of classical algebraic structures.

The theory of fuzzy sets was first proposed by Zadeh [7] in 1965, has provided a useful
mathematical tool for describing too complex or ill defined mathematical analysis by classical
methods. In this aspect, the concept of fuzzy groups was defined by Rosenfeld [6] and its
structures were investigated. Since, then many papers have been published in the field of
fuzzy algebra. Generalizing the concepts of fuzzy algebras, fuzzy algebraic hyperstructures are
studied.

On the other hand, Atanassov [1] introduced and studied the concept of intuitionistic fuzzy
sets as a generalization of fuzzy sets and later there has been much progress in the study of
intuitionistic fuzzy sets by many authors. Some basic results on intuitionistic fuzzy sets were
published in [2]. The book [3] provides a comprehensive coverage of virtually all results in the
area of the theory as well as the applications of intuitionistic fuzzy sets. Many scientists and
economists are used the concepts of intuitionistic fuzzy sets for their research.

In this paper, our aim is to introduce and study the concept of intuitionistic fuzzy hyperideal
and intuitionistic fuzzy subsemihypermodule as a generalization of the usual fuzzy hyperideal
and the usual fuzzy subsemihypermodule. Moreover, examples and some of the characterization

theorems of intuitionistic fuzzy hyperideal are construced and proved.
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2 Preliminaries

In this section, basic definitions on hyperstructures, fuzzy hyperstructures are summarized.

Definition 2.1. [5] A hyperstructure is a non-empty set H together with a mapping
o: Hx H — P*(H), where P*(H) is the set of all non-empty subsets of H. If x € H and

A,B € P*(H), then Ao B, Aoz and xo B are defined as AoB= |J aob,Aox=Ao{z}
acAbeB

and z o B = {z} o B respectively.

Definition 2.2. [4] A semihyperring is an algebraic hyperstructure (R, ®,-) consisting of a
non-empty set R together with one hyperoperation "@®” and one binary operation - on R, such

that the following conditions hold.

(i) (R,®) is a commutative semihypergroup,
(ii) (R,-) is a semigroup,

(iii) An element 0 € R, is an absorbing element, such that 0z = =2®0and 0-x =0 =x-0
for all x € R,

(iv) For all z,y,z € R, the binary operation of multiplication is distributive over hyperopera-

tion from bothsides. That is, z- (y @ 2z) =z-yPzr-zand (zBy)z=2-2By- 2.

Definition 2.3. [4] A non-empty set M which is commutative semihypergroup with respect
to addtion, with an absorbing element 0 is called a right R-semihypermodule Mg, if R is a
semihyperring and there is a function o : M x R — P*(M), such that if a(m,x) is denoted
by mx and mx C M, for all x € R,m € M. Then, the following conditions hold, for all
x,y € Rym,mi,mo € M,

(i) (m1 ® me)x = mix @ max,

(ii) m(z ® y) = mx & my,

(it}) m(zy) = (ma)y,

(iv)0-z=m-0=0.
Similarly, we can define a left R-semihypermodule M.

Note 2.4. The following results are proved in [4].
1. A semihyperring R is a right semihypermodule over itself which is denoted by Rp.

2. A non-empty subset N of a right R-semihypermodule M is called a subsemihypermodule
of M, if (N, @) is a subsemihypergroup of (M, ®) and RN C P*(N).

3. The right (left) subsemihypermodules Rr(rR) are right (left) hyperideals of R.
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4. Every hyperideal of a semihyperring R is a semihypermodule of R.

Definition 2.5. [4] Let R be a semihyperring and p be a fuzzy set in R. Then, u is said to be
a fuzzy hyperideal of R if for all r, x,y € R, the following axioms hold.

©) inf u(2) 2 p(@) A ply) for all 2,y € R,

(if) p(zy) = p(z) and p(yz) > p(z) for all z,y € R.
Definition 2.6. [4] Let M be a right (left) R-semihypermodule. A function p : M — [0, 1]
is called a fuzzy subsemihypermodule of Mg (rM), if the following conditions hold for all
m,mi,mg € M,r € R.

(1) u(Onm) =1,

(i) | inf  p(m) > pima) A plme),

m/€m1®m2

(ili) p(mr) > p(m), (u(rm) > p(m)).
Definition 2.7. [4] Let A and p be fuzzy hyperideals of R. The fuzzy subset A ® p of R is
defined by, (A @ p)(x) = Vaeya:[A(y) A p(2)], for z € R.

Definition 2.8. [4] A semihyperring R is called fully idempotent if each hyperideal of R is
idempotent (a hyperideal I is idempotent if 12 = I).
A semihyperring R is said to be regular if for each z € R, there exist a € R such that

Tr = xrax.

Definition 2.9. [4] A hyperideal I of a semihyperring R is called a prime hyperideal of R, if
for all hyperideals A, B of R, AB C I implies that either A C I or B C [.

Definition 2.10. [4] A hyperideal I of a semihyperring R is called irreducible if for all hyper-
ideals A,Bof R, ANB =1, implies A=1or B=1.

Lemma 2.11. [4] A semihyperring R is regular if and only if for any right hyperideal I and
for any left hyperideal L of R, we have IL = 1N L.

Definition 2.12. [4] A fuzzy hyperideal n of a semihyperring R is called a fuzzy prime hyperideal
of R if for fuzzy hyperideals A and p of R, A\, <n = X <norpu <n. Also, nis called fuzzy
irreducible if for fuzzy hyperideals \,u of R, \Npu=n=A=nor u=n.

Definition 2.13. [1] An Intuitionistic Fuzzy Set (IFS)A in X is an object of the form A =
{{z,pa(x),va(z))|x € X}, where the functions ps : X — [0,1] and v4 : X — [0,1] denote
the degree of membership (namely,u4(z)) and the degree of non-membership (namely,y4(x))
of each element = € X to the set A respectively, and 0 < pa(x) 4+ va(z) <1 for each z € X.

Definition 2.14. [1] Let A and B be two Intuitionistic Fuzzy Sets of the forms A = {(z, pa(x),
va(z))|x € X} and B = {{(x, up(x),vp(x))|z € X}. Then,
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(i) AC B if and only if pa(x) < pp(x) and ya(x) > vp(z) for all z € X,
(il) A= Bifand only if AC Band B C A,
(iii) The complement of A is denoted by A and is defined by A = {(z,v4(x), pa(z))|z € X},
(iv) AN B = {(z, pa(@) A pp(z),va(2) V v8(2)) |2 € X},
(v) AUB = {(z, pa(x) V up(x), ya(z) A yp(2))|w € X}.

The Intuitionistic Fuzzy Sets 0. = {(z,0,1)|x € X} and 1. = {(z,1,0)|z € X} are the empty

set and the whole set respectively.

3 Intuitionistic Fuzzy Semihyperrings

In this section, we extend the concept of fuzzy semihyperrings to intuitionistic fuzzy semi-
hyperrings and we proved some of the following intuitionistic fuzzy theoretic characterization

theorems of intuitionistic fuzzy hyperideals.

Definition 3.1. Let R be a semihyperring and A be an intuitionistic fuzzy subset in R. Then,
A is said to be an intuitionistic fuzzy hyperideal of R if for all v, z,y € R, the following axioms
hold.

(i) inf pa(z) > pa(@) Apa(y) and sup va(z) < va(x) Vya(y).
zer®y z€xdy

(i) pa(zy) > pa(z), palyr) > pa(r) and ya(zry) < ya(z),va(yr) < y(z).

Example 3.2. Let R = {0, a,b,c} be a semihyperring with a hyperopertion ”@®” and a binary
operation ”-” is defined by the following tables.

@ |0 a b c 0Olal|bd|c
010 a b c 0101010710
a | a a {a,b} | ¢ a|0|la|ala
b | b {ab} | {a,c} | a b|O0|a|c|c
c|ec c a c c|0]lal|b]|c

An intuitionistic fuzzy subset A is defined as, A = {(z,pa(z),va(x))|x € M} where
) = O+ 08 1 0 105 and 1p() = O + 02 4 1

istic fuzzy hyperideal of R.

Definition 3.3. Let M be aright (left) R-semihypermodule. The set A = {{x, pa(x),va(z))|x €
M}, where pa : M — [0,1] and v4 : M — [0, 1] is called an intuitionistic fuzzy subsemihyper-
module of M (rM), if the following conditions hold for all m,my, ms € M, r € R.

(1) pa(Orr) =1, v4(0r) =0,



On Intuitionistic Fuzzy Semihyperrings 125

(i) | inf  pa(m)) > palmi) Apa(ms) and  sup  ya(m') < ya(ma) Vya(mo),
m EmiEma m’ €mi®ma

(iii) pa(mr) > pa(m), [pa(rm) > pa(m)] and ya(mr) < ya(m), [ya(rm) < ~ya(m)].

Example 3.4. Let M = {0, a,b} be a right (left) semihypermodule with a hyperopertion "@”

and a binary operation ”-” is defined by the following tables.

@ |0 a b O|al|b
010 a b 0[{010|0
a | a| {0,b} | {0,a} a|0]b]|a
b | b {0,a) | {0,b) blolslo

An intuitionistic fuzzy subset A is defined as, A = {(z, pa(x),va(x))|x € M} where pa(z) =
% + % + % and y4(z) = % + % + % and A is an intuitionistic fuzzy subsemihypermodule
of R.

Definition 3.5. Let A be an intuitionistic fuzzy subsemihypermodule of a right semihypermod-
ule M and B be an intuitionistic fuzzy hyperideal of R. Then, an intuitionistic fuzzy subset
C [= Ap] of M is defined by, C = {(z, pc(x),vc(x))|z € M}, where y; € M,z; € R,p € N and

po@) =V { A lma) Amal e = A { v bt v
xG;ym o xegyizi -

Proposition 3.6. If A is an intuitionistic fuzzy subsemihypermodule of Mg and B is an intu-
itionistic fuzzy hyperideal of R, then an intuitionistic fuzzy subset C' [= Ap| is an intuitionistic

fuzzy subsemihypermodule of M.

Proof: Let y; € M,z € R,p,q,7,s € N. It is enough to prove that,
(i) pe(0ar) =1 and v¢(0ar) =0,

(i) iﬂf@ uc(m”) > po(m) Apc(m’) and — sup  yo(m”) < qe(m) Vac(m),
m-embm m" emem’
(iii) po(mr) > po(m) and yo(mr) < yo(m).
poOm) = VA A Twa(i) Aps(2)]} 2 pa(On) A pp(Oar) = 1.
Oe;yizi o
velm) = A4 v [ral) Vs(alt < va0m) v ys(0u) =0.

0€>  yizi
i=1

This proves condition (i).
By definition, for membership function, pc(m) = V {1<A< [,u,A(y;) A ,uB(z;»)]} and
q J>9q
me Z y;z;
=1
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po(m') = >/ { 2\<r[,u,4(yg) A up(z,)]} where m,m" € M.
k=1
potm) Apo(m’) = { v { A [mal) s AL v (A [ealus) A s}
mEZy;; o m'eY gz T
j=1 k=1
=y YR, [aly;) A (= )]}]/\[KQST[MA(yk)AuB(zk)]}]
mGZyjzjm EZ k2L
Jj=1 =1
< v LA A = it o).
me®m CZ l/// o AU m-emdm
=1
By definition, for non-Membership function, vo(m) = A {1<\/< [’yA(y;-) \Y ’YB(Z;-)]} and
r o tSIX4
mez Y%
wem)= A { Vv [aly) Vs(z)]} where m,m’ € M.
mGZygzg T
retm) Vo) = { p (Y Pa@)vasEINAL A Ly PG vasGEO
mEZy;z; - m'ed y z T
k=1
A S\J/Sq['YA(yj)\/’VB(Zj)]}]\/[IS\’C/ST['YA@k)\/'YB(Zk)]}]
mEZyjzijZykzk
j=1 k=1
< A { A ) Vs = swp o).

" /// m// em@m/

m®m CZ )

This proves condition (ii).

To prove condition (iii), for membership function,

po(m) = Vmegy/z,{w< [a(y;) A s (z)]}

IN

V A A 2o where 7 is any element of R
mezy'z'{1<g< [aly;) A s (2]}, y
j=1

V

IN

gz; " '/{1< <t['u’A(yn) A ps(z)]} = pe(mr).

For non-membership function,

yo(m) = Amezy'z'{1<a< [a(y;) vV vs(2;)]}

v

A A V z r where 7 is any element of R
et y,z,{1<j< [ray;) v ()]}, y
j=1
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> /\ { AWn) V 1B(20)]} = Yo (mr).

zt: 1t 1<n<t
This proves condition (iii).

Hence, C is an intuitionistic fuzzy subsemihypermodule of M. |

Corollary 3.7. If A, B are intuitionistic fuzzy hyperideals of R, then C' [= Ap] is an intuition-
istic fuzzy hyperideal of R, called the product of A and B.

Definition 3.8. If A, B are intuitionistic fuzzy subsets of R, then the sum of A and B is
defined by, A ® B = {{x, pagp(x), vaep(x))|z € M}, where pagp(x) = xe\y/@z[,uA(y) A pup(2)]
and yaep(r) = D [va(y) VvB(2)]. A@® B is also an intuitionistic fuzzy subset of R.

TEYD2

Proposition 3.9. For an intuitionistic fuzzy hyperideals A, B of R, A& B is an intuitionistic
fuzzy hyperideal of R.

Proof: Let z, 2 € R. We prove that,
(i) inf paes(a’) > paes(®) A paes(’) and  sup yaws(') < vaes(r) V yaes(@),

T €D =" cx®a’
(i) pagp(ra) > paep(r) and yaep(za) < Yaep(2).

’ ! ’

paep(@) Apasp(@) = { v [ra@) Aus(2)I AL o [naly ) A ps(2)]}

= Vv A[na@) Aps)) A lpaly) A ps(2)]}
€YDz 4 €y bz

= Yen Y @) A sl A s () A s ()
)}

"

IN

. ”
v A inf paly )A inf o pa(z
T€YD2 o ey @2y eydy P
. ”
i waos(’)
T €xdr

IN

/

Tae5(@) Vraes(@) = { A DaWVIs@RVL A aly) Vs )}

= A A Aa@) VsV a) Vs
TEYDZ 5 €y Bz

= A A Alvaly) Vya)l Vv ve(z) Vas(z)]}
TEYDZ ¢ cyf @2’

> A A L oswpoqaly)voswp yalz)
TEYDZ ¢ ey @2’ v eydy’ P

> sup yass(r ).
JTNEI@I/

pasn(@) = |V [ua(v) Aus()]

A
< mg;{t@m[ufx(ya) pB(za)

A
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= pags(za), where a € R.

Yaep(T) = ze/y\@Z[WA(y)V’YB(Z)]

> A [valya) VyB(za)]
zaCyadza

= ~aep(za), where a € R.

Hence, A ® B is an intuitionistic fuzzy hyperideal of R. |

4 Fully Idempotent Semihyperrings

In this section, we investigate [4] fully idempotent semihyperrings, that is, semihyperrings

all of whose hyperideals are idempotent in the context of intuitionistic fuzzy concept.

Definition 4.1. An intuitionistic fuzzy hyperideal D of a semihyperring R is called an intu-
itionistic fuzzy prime hyperideal of R if for an intuitionistic fuzzy hyperideals A, B of R,C[=
Ap] € D = pa(z) < pp(x) and va(x) > vp(x) or pp(x) < pp(z) and vp(z) > yp(z).

Definition 4.2. An intuitionistic fuzzy hyperideal D of a semihyperring R is called an in-
tuitionistic fuzzy irreducible hyperideal if for an intuitionistic fuzzy hyperideals A, B of R,
ANB=D=A=DorB=D=ACDand DCAorBCDand DCB

Theorem 4.3. Let R be a semihyperring. Then the following conditions are equivalent:
(i) R is fully idempotent.
(ii) Any intuitionistic fuzzy hyperideal of R is idempotent.

(iii) For each pair of intuitionistic fuzzy hyperideals A, B of R, AN B = C, where C' [= Ap] is

an intuitionistic fuzzy hyperideal of R.

Proof: (i) = (ii): Let R be fully idempotent and A be an intuitionistic fuzzy hyperideal of
R. We prove that, A2 = A.

Let v € R, A% = AA = {{z, uaa(x),v44(x)).

{ A [ralyi) A pa(zi)l}

P
TE Z yizi 1SISp
i=1

paa(z) =V

- xef: yizi{lé/i\Sp[MA(y’Zl) palyizi)]y
i=1
xezp:yizi{lg/i\gpuA(ylzl)} {2 1alyizi)}
=1

IN

vxéfjl b [na(x) A pa(z)] = pa(z)

Thus, paa(zr) < pa(z).
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Similarly, we can prove y44(z) > ya(x).

Since, each hyperideal of R is idempotent, (z) = ( )2 for each z € R and z € (2)? =

RxRRxR, it follows that = € Z ajra; b xb where aj,a b],b € R,ge N. Now
=

pa(x) A pa()
palajza;) A pua(bjzb;)

pa(z)

IN

IA

l1a(ajea)) A pa(bjaby)]

= 'LLA(:E) 1<]<

IN

.V l{lgm[ufx(a]xa ) A pa(bab;)]}
xEZ ajra;bjzd,
j=1
Vo LA [alyy) A paz)]} = paale)
o <i<q
TEY . Yj2)
j=1

Thus, pa(r) < paa().

IN

Similarly, we can prove v4(x) > yaa(x).
Thus, pa(r) = paa(z) and v4(x) = yaa(z). Hence, A is idempotent.
(ii)=-(i): Let I be a hyperideal of R. Then the characteristic function of I, x is an intuitionistic
fuzzy hyperideal of R. That is,
Xi=xi=xxy=xp=>0IF=1I
(i) = (iii): Let A, B be any pair of intuitionistic fuzzy hyperideals of R and let x € R. Then,

C = {(z, pc(x),vc(x))}

po(z) = Vrezyz{m< [alyi) A ps (201}

i=1

= vmei iz {1</z\< [a(yizi) A pp(yizi)l}

— vxeéyz{z nalyizi)y AN A ns(yiz)}
< vxeiw[ufx( ) A pp()]

= pa(@) A pp(z)
Thus, pc(z) < pa(x) A ps(z).

By assumption, R is fully idempotent: (x) = (x)? for any z € R and hence pa(z) A pp(z) <

vxezyz{i [na(yi) A pe(2:)]} = pe(z). !

That is, pa(@) A pp(x) < pe(x). Thus, pe(z) = palz) A ps().
Similarly, we can prove vo(x) = va(z) V vp(z).

Hence, C = {(x, pa(z) A pp(x),va(x) VyB(2))} = AN B.
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(iii)=(i): Let A, B be any pair of intuitionistic fuzzy hyperideals of R. Then, C = AN B
is any intuitionistic fuzzy hyperideal of R. Taking B = A, we have C = AN A = A is any
intuitionistic fuzzy hyperideal of R. Thus, R is fully idempotent. |
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