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Abstract

Let G = (V(G), E(G)) be a graph and let f: V(G) — {0,1} be a mapping from the set
of vertices to {0,1} and for each edge uv € E assign the label |f(u) — f(v)|. If the number of
vertices labeled with 0 and the number of vertices labeled with 1 differ by at most 1 and the
number of edges labled with 0 and the number of edges labeled with 1 differ by at most 1,
then f is called a cordial labeling. In this paper we discuss cordial labeling for duplication

of certain graph element of cycle graph and path graph.
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1 Introduction

We begin with simple, finite, undirected graph G = (V(G), E(G)) where V(G) and E(G)
denotes the vertex set and the edge set respectively. For all other terminology we follow Gross

[3]. We present the brief summary of definitions which are useful for the present work.

Definition 1.1. The graph labeling is an assignment of numbers to the vertices or edges or
both subject to certain condition(s).

A detailed survey of various graph labeling is given in Gallian [2].

Definition 1.2. For a graph G = (V(G), E(G)), a mapping f : V(G) — {0,1} is called a
binary vertex labeling of G and f(v) is called the label of the vertex v of G under f. For an edge
e = uv, the induced edge labeling f* : E(G) — {0,1} is defined as f*(uv) = |f(u) — f(v)].

Let vf(0),v7(1) be the number of vertices of G with labels 0 and 1 respectively under f and let
ef(0),ef(1) be the number of edges with labels 0 and 1 respectively under f*.

65
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Definition 1.3. [7] Duplication of a vertex v of a graph G produces a new graph G’ by adding
a new vertex v’ such that N(v') = N(v). In other words a vertex v’ is said to be duplication of

v if all the vertices which are adjacent to v in G are also adjacent to v in G'.

Definition 1.4. [5] Duplication of a vertex v, by a new edge e = v v} in a graph G produces
a new graph G’ such that N (v},) = {vg,vj} and N(v}) = {vg, v}, }-

Definition 1.5. [5] Duplication of an edge e = uv by a new vertex w in a graph G produces a
new graph G’ such that N(w) = {u,v}.

Definition 1.6. [6] Duplication of an edge e = uv of a graph G produces a new graph G’ by
adding an edge ¢ = u/v’ such that N(u') = N(u) U {v'} — {v}and N(v') = N(v) U{u'} — {u}.

Definition 1.7. A binary vertex labeling f of a graph G is called cordial labeling if |vs(1) —
v7(0)] < 1and |ef(1) —ef(0)] < 1. A graph G is said to be cordial if it admits cordial labeling.

The concept of cordial labeling was introduced by Cahit [1] in which he proved that the wheel
W, is cordial if and only if n # 3 (mod 4). Vaidya and Dani [6] proved that the graphs obtained
by duplication of an arbitrary edge of a cycle and a wheel admit a cordial labeling. Prajapati
and Gajjar [4] proved that complement of wheel graph W, and complement of cycle graph C,
are cordial if n # 4,7 (mod 8).

2 Duplication of graph elements in cycle
Theorem 2.1. The graph obtained by duplication of every vertex by an edge in C,, is cordial.
Proof: Let n > 3. Let ug,uq,...,u,—1 be the consecutive vertices of C;, and G be the graph

obtained by duplication of each of the vertices u; in C,, by a new edge v;w; fori =0,1,...,n—1.
Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ife=w,i={0,1,...,n—1}

0 ifx=uv;,1=40,1,...,n—1};
-1

0 ifx:wi,OSiS{RQ J;

n—1

1 ifm:wi,{ J<i§n—1.

In view of the function f we have |vg(1) —v(0)| < 1.
We have the following cases:

(A) If e = uyv; for all i = 0,1,...,n — 1 then there are n edges with label 1 and no edge with
label 0.
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(B) If e = vjw; for alli =0,1,...,n—1 then there are LZJ edges with label 1 and F;—‘ edges

with label 0.

(C) If e = uw; for all i = 0,1,...,n — 1 then there are Wﬂ edges with label 1 and % | edges

with label 0.

(D) If e = wjuiqq forall i =0,1,...,n — 2 or e = up_1ug then there are no edge with label 1

and n edges with label 0.

From all the above cases, we have

ef(l):n—l—{gJ-ﬁ-{Z-‘—kO:n—i—{gJ—k{g-‘ andq(O)zO%—LZJ—F —|+n= g +{n-‘+n.

e i (I F R

So, G admits a cordial labeling f and hence G is cordial.

Theorem 2.2. The graph obtained by duplication of every edge by a vertex in C), is cordial if
n # 2 (mod 4).

Proof: Let n > 3. Let ug,u1,...,u,—1 be the consecutive vertices of C), and G be the graph
obtained by duplication of each of the edges ugui,uiue,. .., Up_2Up_1,un—1ug in Cp by the
corresponding new vertices vg, v1, ..., U,_1 respectively.

We have the following cases:
Case 1: n =0 (mod 4). Thus n = 4k for some k € N.
Define a vertex labeling f : V(G) — {0,1} as follows:

1 ifzx=wv,i={0,1,....k—1}

0 ife=v,i={kk+1,....,n—1};
flx)=41 ifo=wu;i=1{0,1,...,2k —1};

1 ife=w,i={2k,2k+2,...,n—2};

0 ifx=wu;i={2k+1,2k+3,...,n—1}.

It is easy to check that vs(1) = 4k and v(0) = 4k.Thus |vs(1) —vf(0)| < 1. The induced edge
labeling f* : E(G) — {0,1} is f*(uwv) = |f(u) — f(v)], for every edge e = uv € E.

We have the following sub-cases:

(A) If e = uv; for all i = 0,1,...,n — 1 then there are 2k edges with label 1 and 2k edges
with label 0.

(B) If e = ujv;—q for all i = 1,2,...,n — 1 or e = ugv,—1 then there are 2k edges with label 1
and 2k edges with label 0.
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(C) If e = wjuiqq for alli =0,1,...,mn —2 or e = u,_1up then there are 2k edges with label 1
and 2k edges with label 0.

From all the sub cases, we have ef(1) = 2k + 2k + 2k = 6k and e;(0) = 2k + 2k + 2k = 6k.
So, lef(1) —ef(0)| = |6k — 6k| < 1.

Case 2: n =1 (mod 4). Thus n =4k + 1 for some k € N.

Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ifz=uv,i={0,1,....k—1};

0 ife=v,i={kk+1,...,n—1};
fl®) =31 ifex=u;,i=1{0,1,...,2k};

1 ife=w,i={2k+1,2k+3,...,n—2}

0 ifz=wu,i={2k+2,2k+4,...,.n—1}

It is easy to check that vf(1) =4k + 1 and v¢(0) = 4k + 1. Thus |vs(1) —vf(0)] < 1.

We have the following sub-cases:

(A) If e = wv; for all i = 0,1,...,n— 1 then there are 2k + 1 edges with label 1 and 2k edges
with label 0.

(B) If e = wjv;—; for alli = 1,2,...,n — 1 or e = ugv,—1 then there are 2k 4+ 1 edges with
label 1 and 2k edges with label 0.

(C) If e = ujujqq foralli =0,1,...,m— 2 or e = u,_qug then there are 2k edges with label 1
and 2k 4 1 edges with label 0.

From all the above sub-cases, we have

er(1) = (2k+1) + (2k+ 1) + 2k = 6k + 2 and ef(0) = 2k + 2k + (2k + 1) = 6k + 1.
So, ley(1) —ep(0)] < 1.

Case 3: n =3 (mod 4). Thus n = 4k + 3 for some k € N.

Define a vertex labeling f : V(G) — {0, 1} as follows:

if o = ;i = {0,1,...,k};
ife=v,i={k+1,k+2,...,n—1};
if v = w0 =1{0,1,...,2k};

if e =w;,i={2k+1,2k+3,...,n—2}
if o =w;,i={2k+2,2k+4,...,n—1}.

~
—
8
SN—
|
S = = O

It is easy to check that vg(1) = 4k + 3 and v¢(0) = 4k + 3. Thus |v(1) —vf(0)] < 1.

We have the following sub-cases:
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(A) If e = wv; for all § = 0,1,...,n — 1 then there are 2k + 1 edges with label 1 and 2k + 2
edges with label 0.

(B) If e = wjv;—1 for alli = 1,2,...,n — 1 or e = ugv,—1 then there are 2k + 1 edges with
label 1 and 2k + 2 edges with label 0.

(C) If e = wjujpq for all ¢ = 0,1,...,n — 2 or e = up_1up then there are 2k + 2 edges with
label 1 and 2k + 1 edges with label 0.

From all the above sub-cases, we have ef(1) = (2k + 1) + (2k + 1) + (2k + 2) = 6k + 4 and
er(0) = (2k +2) + (2k 4+ 2) + (2k + 1) = 6k + 5. Therefore |ef(1) —ef(0)| < 1.

So from each of the cases, G admits a cordial labeling f if n # 2 (mod 4). Hence the graph
obtained by duplication of every edge by a vertex in C, is cordial if n # 2 (mod 4). |

Theorem 2.3. The graph obtained by duplication of every edge by a vertex in C,, is not cordial
if n =2 (mod 4).

Proof: Here n = 4k + 2 for some k € N. Let G be the graph obtained by duplication of every
edge by a vertex of C,,. G has 8k + 4 vertices and 12k + 6 edges. The graph G is an edge
disjoint union of 4k + 2 triangles .

Assume that G is cordial.

For each i € {0,1,2,3}, let T; be the number of triangles of G having exactly i vertices with
label 1. So, To+T1 +To + 15 =4k + 2 .

For a triangle with each vertex with label 0, there is no edge with label 1 and 3 edges with
label 0. For a triangle with one vertex with label 1 and two vertices with label 0, there are 2
edges with label 1 and 1 edge with label 0. For a triangle with two vertices with label 1 and
one vertex with label 0, there are 2 edges with label 1 and 1 edge with label 0. For a triangle
with each vertex with label 1, there is no edge with label 1 and 3 edges with label 0. As G is a
cordial with even number of edges, the number of edges with label 0 and the number of edges
with label 1 are same.

Thus, 3Ty + 11 + 1> + 315 = 211 + 2715

=3(To+T5) =T+ T>

= 3(To+T3) = (4k +2) — (Tp + T5)

= (To+T3) = 2k

, is not an integer, which is a contradiction. Therefore, G is not cordial. B
3 Duplication of graph elements in path
Theorem 3.1. The graph obtained by duplication of every vertex by an edge in P, is cordial.

Proof: Let ug,uq,...,uy,—1 be the consecutive vertices of P, and G be the graph obtained by

duplication of each of the vertices u; in P,, by a new edge v;w; for : =0,1,...,n — 1.
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Define a vertex labeling f : V(G) — {0, 1} as follows:

—_

if v =w;,i={0,1,...,n—1}

ifx =v;,i={0,1,...,n—1}
-2

ifz=w;,0<i< {n2 J;

-2
ifw:wi,{%J <i<n-—1.

)

[an}

—_

In view of the previous defined function f we have |vs(1) —vs(0)] < 1.

We have the following cases:

(A) If e = wyv; for all i = 0,1,...,n — 1 then there are n edges with label 1 and no edge with
label 0.

(B) If e = vjw; for all i = 0,1,...,n — 1 then there are [Z-‘ edges with label 1 and L%J edges
with label 0.
n n

(C) If e = uw; for all i = 0,1,...,n— 1 then there are {QJ edges with label 1 and [2-‘ edges
with label 0.

(D) If e = wju;y; for alli =0,1,...,n—2 then there are no edge with label 1 and n —1 edges
with label 0.

From all the above cases, we have ef(1) = n + [Z—‘ + BJJ +0=n+ {2—‘ + {2J and ef(0) =
)

o+[”]+{”J+(n—1)= Mﬂ”h(n—y

2 2 2 2
So, lef(1) — e;(0)] = <n+ Fﬂ + B‘D = (Fﬂ + {ZJ +(n— 1))‘ —1<1.
So, G admits a cordial labeling f and hence G is cordial. |

Theorem 3.2. The graph obtained by duplication of every edge by a vertex in P, is cordial if
n # 3 (mod 4).

Proof: Let ug,u1,...,u,—1 be the consecutive vertices of P, and G be the graph obtained
by duplication of each of the edges ugui, uius, ..., up_2u,—1 in P, by the corresponding new
vertices vg, vy, ..., vp_o respectively. We have the following cases:

Case 1: n =0 (mod 4).

Thus n = 4k for some k € N.
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Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ife=wv,i={0,1,...,k —1};
ife=v,i={kk+1,...,n—2}

if v =wu;,i=1{0,1,...,2k — 1};

if = w0 ={2k,2k+2,...,n -2}

if e =wu;i={2k+1,2k+3,...,n—1}.

- O = O

It is easy to check vy(1) = 4k and vy (0) = 4k — 1. Thus |vs(1) —vf(0)] < 1.

We have the following sub-cases:

(A) If e = wv; for all i = 0,1,...,n — 2 then there are 2k — 1 edges with label 1 and 2k edges
with label 0.

(B) If e = wjv;— for all i = 1,2,...,n — 1 then there are 2k — 1 edges with label 1 and 2k
edges with label 0.

(C) If e = wjujyq for all ¢ = 0,1,...,n — 2 then there are 2k edges with label 1 and 2k — 1
edges with label 0.
From all the above sub-cases, we have ef(1) = (2k — 1) + (2k — 1) + 2k = 6k — 2 and e¢(0) =
2k + 2k + (2k — 1) = 6k — 1. So, |ef(1) —ef(0)| = |(6k —2) — (6k — 1)| < 1.
Case 2: n =1 (mod 4).
Thus n = 4k + 1 for some k € N.
Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ifz=uv,i={0,1,....k—1};
ifx=wv,i={kk+1,...,n—2}

if v = w1 =1{0,1,...,2k — 1};

if v = w1 ={2k,2k+2,...,n—1};

if e =w;,i={2k+1,2k+3,...,n—2}.

SO = = O

It is easy to check vy(1) =4k + 1 and v¢(0) = 4k. Thus |vs(1) —vs(0)] < 1.

We have the following sub-cases:

(A) If e = uyv; for all i = 0,1,...,n — 2 then there are 2k edges with label 1 and 2k edges
with label 0.

(B) If e = w;v;—1 for all i = 1,2,...,n — 1 then there are 2k edges with label 1 and 2k edges
with label 0.



72 U M Prajapati and R M Gajjar

(C) If e = wju;4q for all i = 0,1,...,n — 2 then there are 2k edges with label 1 and 2k edges
with label 0.

From all the above sub cases, we have ef(1) = 2k+2k+2k = 6k and ef(0) = 2k + 2k +2k = 6k.
So, lef(1) —ef(0)] < 1.

Case 3: n =2 (mod 4).

Thus n = 4k + 2 for some k € N.

Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ife=wv,i={0,1,....,k—1};

0 ife=v,i={kk+1,...,n—2};
fl®) =31 ifzx=wu;i={0,1,...,2k —1};

0 ifx=wui={2k2k+2,...,n—2}

1 ife=w,i={2k+1,2k+3,...,n—1}.

It is easy to check vf(1) =4k 4+ 1 and v¢(0) = 4k + 2. Thus |vs(1) —vs(0)] < 1.

We have the following sub-cases:

(A) If e = w;v; for all i = 0,1,...,n — 2 then there are 2k edges with label 1 and 2k + 1 edges
with label 0.

(B) If e = wjv;—; for all i = 1,2,...,n — 1 then there are 2k edges with label 1 and 2k + 1
edges with label 0.

(C) If e = ujujqq for alli =0,1,...,n—2 then there are 2k + 2 edges with label 1 and 2k — 1
edges with label 0.

From all the above sub-cases, we have ef(1) = 2k 4+ 2k + (2k + 2) = 6k + 2 and e4(0) =
(2k+1) + (2k +1) + (2k — 1) = 6k + 1. Therefore |ef(1) —ef(0)] < 1.

Thus from each of the cases G admits a cordial labeling f if n # 3 (mod 4).

Hence the graph obtained by duplication of every edge by a vertex in P, is cordial if n # 3
(mod 4). [ |

Theorem 3.3. The graph obtained by duplication of every edge by a vertex in P, is not cordial
if n =3 (mod 4).

Proof: Here n = 4k + 3 for some k € N. Let G be the graph obtained by duplication of every
edge by a vertex of P,. G has 8k+5 vertices and 12k + 6 edges. The graph G is an edge disjoint
union of 4k + 2 triangles.

Assume that G is cordial.
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For each ¢ € {0,1,2,3}, let T; be the number of triangles of G having exactly ¢ many vertices
with label 1. So, To+ 11 +To + 13 =4k + 2 .

For a triangle with each vertex with label 0, there is no edge with label 1 and 3 edges with
label 0. For a triangle with one vertex with label 1 and two vertices with label 0, there are two
edges with label 1 and one edge with label 0. For a triangle with two vertices with label 1 and
one vertex with label 0, there are two edges with label 1 and 1 edge with label 0. For a triangle
with each vertex with label 1, there is no edge with label 1 and 3 edges with label 0.

As G is a cordial with even number of edges, the number of edges with label 0 and label 1 are
same.

Thus, 3Ty + 11 + 1o + 313 = 211 + 215

=3(To+T3) =T + 1>

= 3(To+T3) = (4k +2) — (Tp + T3)

= (To+T3) = —5 is not an integer, which is a contradiction. Therefore, G is not cordial. B
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