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Abstract

In this paper we prove that arbitrary supersubdivision of ladder, cyclic ladder, triangular

snake and certain double triangular snake are cordial.
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1 Introduction

By a graph we mean simple, finite and undirected graph G = (V| E). The concept of cordial
labeling was introduced by Cahit [1]. Sethuraman and Selvaraju [5] proved gracefulness of
supersubdivision of graphs. Kathiresan [3] has proved subdivision of ladders are graceful.
Ramchandran and Sekar [4] have discussed graceful labeling of supersubdivision of ladder.
Vaidya [8] proved cordial labeling of snakes.

A ladder is defined by P, x P, where P, is a path of length n — 1 and is denoted by L.
The ladder L, has 2n vertices and 3n — 2 edges. Cyclic ladder is obtained by taking cartesian
product of cycle C), and P,. The triangular snake T, is a graph containing a path of length
n with vertices uy, ug,....un, un+1 and each pair of consecutive vertices u;, u;4+1 is joined to a
common vertex v;, ¢ = 1,2,...,n. Thus it consists of 2n + 1 vertices and 3n edges. The double
triangular snake D(T,) is obtained from a path ui,us, ..., u, by joining u; and u;11 to two new

verices v; and w; respectively, 1 <¢ <n — 1.

Definition 1.1. Let G be a graph with p vertices and ¢ edges. A graph H is said to be a
subdivision of G if H is obtained by subdividing every edge of G exactly once. H is denoted
by S(G). Thus, |V| =p+ ¢ and |E| = 2q.
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Definition 1.2. Let G be a graph with p vertices and ¢ edges. A graph H is said to be a
supersubdivision of G if it is obtained from G by replacing every edge e of G by a complete
bipartite graph Ky ,,. H is denoted by SS(G). Thus, |V| = p + mq and |E| = 2mgq.

Definition 1.3. Let G be a graph with p vertices and ¢ edges. A graph H is said to be a
arbitrary supersubdivision of G if it is obtained from G by replacing every edge e; of G by
a complete bipartite graph Ko ,,,i = 1,2,...,q. H is denoted by ASS(G). Thus, |V| =
p+ 3L, m;and |[E| =31 2m,.

Definition 1.4. Let f be a function from the vertices of G to {0,1} and for an edge e = uv,
the induced edge labeling f* : E(G) — {0,1} is given by f*(e) = |f(u) — f(v)|. f is said to
be cordial labeling of G if |V — V1| < 1 and |Ey — E1| < 1 where Vp and V; are the number of
vertices of G having labels 0 and 1 respectively under f and Ey and F; be the number of edges
having labels 0 and 1 respectively under induced labeling f*

In the complete bipartite graph Ks ,,, we call the part consisting of two vertices as 2-vertices

part of Ko ,, and the part consisting of m vertices as m—vertices part of Kz .

2 Main Results
Theorem 2.1. Arbitrary supersubdivision of L,, ASS (L) is cordial.

Proof: Let u;, ¢ =1,2,...,nand v;, = 1,2,...,n be the vertices of two paths of Ladder
Ly,. Let 2% k =1,2,...,m}! be the vertices of the m} —vertices part of Ky 11 replacing the edge
Ujui1, for i =1,2, ... .n—1. Let yf, k=1,2,...,m? be the vertices of the m?—vertices part of
Klm? replacing the edge v;v;y1, fort =1,2,...,n — 1. Let wf, k=1,2,... ,m? be the vertices

of the m?—vertices part of K, 3 replacing the edge w;v;, for i =1,2,...,n.

Figure 1: ASS (Ls) with vertex labels.
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VI=2n+ (Cmi+Xmi+Xmi) Bl =2(mi+Xmi+ X my)
Define a labeling f: V — {0, 1} as follows.

flu;)) =0 if i1=1(mod 2)

=1 if i=0(mod 2), 1<i<n.
flvi) =1 if i1=1(mod 2)

=0 if i=0(mod 2), 1<i<n.

fzb) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<mi

Fori=1ton—2,
Iff(x:nll> = 0 then,
flafy) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1§k§m2-1+1.
Iff(:vzn%> =1 then,

flak) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<ml,.

FWh) =1 if k=1(mod 2).,
=0 if k=0(mod 2), 1<k<mi.

Fori=1ton—1,
2
Iff(yimi) = 0 then,

flyf) =1 if k=1
=0 if k=0(mod 2), 1<k<mZ,.

If f (ylmf) =1 then,
f(yf-i-l) =0 if

1
=0(mod 2), 1<k<ml,.
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Iff(yn 1 )zOthen,

fwh) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1<k<ms.

m2
If f (yn_"ll> = 1 then,
fwf) =0 if k=1(mod 2),

=1 if k=0(mod 2), 1<k<m3.

For i =1 to n,

Iff( )—Othen
f(wzk-s-l) =1 2f = ( od 2),

If f (wsz) =1 then,

fwh) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<m},.

Let Vp and Vi be the number of vertices of G having labels 0 and 1 respectively under f and
Ey and E; be the number of edges having labels 0 and 1 respectively under induced labeling
fr.

Along both paths vertex labels are 0 and 1 alternately. As labeling of m;—part of each
K, m is done alternately edge weights get balanced in every K, ml and K, m2 . Also in K, md
labels of 2—vertices part are 0 and 1, thus balance edge weights. Thus, |E0| = |E1|. Vertex
labels are given alternately starting with 1, so if it ends with 0 we get |Vo| = |Vi] or else we get
Vol = [Va] = 1. Thus,| [Vo| — V][ < 1. u

Theorem 2.2. Arbitrary supersubdivision of cyclic ladder, ASS (C,, x P») is cordial if m2
0 (mod 2) and m3 =0 (mod 2).

Proof: Let ci,cl, ..., cl be the vertices of the inner cycle and ¢2,c2, ..., c2 be the vertices of the

outer cycle. Let Ky 1 be the graph replacing edges c} =1,2,...,nand xf be the vertices

el
of m;'—part of Ky 1 Let Ky .2 be the graph replacing edges c¢; C’i+17i =1,2,...,n—1and
yf be the vertices of m;2—part of Ky 2. Let Ky, 2 be the graph replacing edges clel and
y¥ be the vertices of m,,2—part of Ky 2. Let Ky 3 be the graph replacing edges c?cfﬂ,z’ =
1,2,...,n—1and zzk be the vertices of m;3—part of Ky 3. Let Ky, 3 be the graph replacing

2

edges c2c? and zF be the vertices of m,,3—part of Ky 1,5

Define a labeling f: V — {0, 1} as follows.
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fleh = if i=1(mod 2),

= if i=0(mod 2), 1<i<n
f(cd) = if i=1(mod 2),

=1 if i=0(mod 2), 1<i<n

fi¥) =1 if k=1(mod 2),

Fori=1 to n—1,
1
If f (5") =0 then,

fl@b ) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1<k<ml,.

If f (x;nll) =1 then,

fl@b ) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<mj,.

It f (x,’ﬁ) — 0 then,

k) =1if  k=1(mod 2),
=0 if k=0(mod 2), 1<k<m?

It f (lei) — 1 then,

fh) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<m?

Fori=1 to n—1,
2
If f (ym) = 0 then,

flyba) =1 if d 2),

1(mo
=0(mod 2), 1<k<mi,.

If f (y:ln%) = 0 then,

fizh) =1 if
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If f (y;n%) =1 then,

fzFy =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<mj.

Fori=1 to n—1,

m3
If f (zl 1) = 0 then,

fE) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1<k<m},.

If f (4”23) — 1 then,

fZEL) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1§k§m§+1.

Let Vi and Vi be the number of vertices of G having labels 0 and 1 respectively under f and
FEy and E; be the number of edges having labels 0 and 1 respectively under induced labeling
fr.

We can see that vertex labels 0 and 1 on both cycles get balanced. m2 and m are even,
hence vertex label in Kj,,2 and Kj,,s get balanced. If ( momb Y m? ! m?) is
even then |Vi| = |Vp|. If (2?21 m}+ S0t m? ! m‘?) is odd then |Vi| — [Vo| = 1. In any

case, it can be easily seen that |Ey| = |E1]. |

Notations for Triangular snake
Let u;, 1=1,2,...,n+ 1 be vetices of path of length n and v;, i=1,2,...,n be the vertices

adjecent to u; and wu;41 respectively.

Let xf”, k=1,2,... ,m} be the vertices of the m}—vertices part of K ,,1 replacing the edge
uv;, for i =1,2,...,n.

Let yf, k=1,2,...,m? be the vertices of the m?—vertices part of K5 2 replacing the edge
Uj10;, for i =1,2,... . n.

Let even m;’s among Ks ,,,, replacing the edges w;u;+1, ¢ =1,2,...,n be renamed as mg’,
i=1,2,...,1(say). Let w¥ k = 1,2,...,m} be the vertices of the m?—vertices part of Ky s
replacing the edge w;u;t1, for i = 1,2,... 1.

Let odd m;’s among K ,,, replacing the edges w;u; 1, %= 1,2,...,n be renamed as mf,

i=1,2,....,n—1L

Let zf, k=1,2,... ,mf be the vertices of the mf—vertices part of K27m;1 replacing the edge

ujui41, for i =1,2,...,n —L
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Figure 2: ASS (T3) with vertex labels.

Theorem 2.3. Arbitrary supersubdivision of T,,, ASS (T,) is cordial if there are even number

of odd m}’s.

Proof: Define a labeling f : V' — {0,1} as follows.
Flu) =1 if i=1,2,...,n+1,
f(vi)=0 if i=1,2...,n.

fzh) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<mi.

Fori=1ton—1,

1
If f (.ﬂ”) = 0 then,

f(a:fﬂ) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1<k<ml,.



50 Ujwala Deshmukh and Smita A. Bhatavadekar

It f (m;"} ) — 1 then,

f(xf;l) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<ml,.

It f (zﬁl’ll) — 1 then,

fy¥) =0  if k=1(mod 2),
=1 if k=0(mod 2), 1<k<m?

If f (ar;zl}l) = 0 then,

FWh) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1<k<mi.

Fori=1ton—1,

2
If f (y;”i) = 0 then,

flyf) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1<k<mi,.
Tf f(ygnf) — 1 then,
f(yf+1) 0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<m?,
Iff(y:f%‘> = 0 then,

fwk) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<ms.
Fori=1 to I,

Tt f (w?””f’) — 0 then,

fwky) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1<k<mi,.

If f (w:nf) =1 then,
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fwhy) =0 if k
=1 if k

1 (mod 2),
0(mod 2), 1<k<m};.

fzF) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1<k<mi.

Tf (w,’”?) — 1 then,

fzh) =0 if
=1 if

Fori=1 to n—1,

If f (zznf> = 0 then,

(mod 2),

k=1
k=0(mod 2), 1<k<mi.

fR) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1<k<m},.

If f (4%?) =1 then,
fZE) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<m},.
Let V5 and Vi be the number of vertices of G having labels 0 and 1 respectively under f and
Ey and E; be the number of edges having labels 0 and 1 respectively under induced labeling

fr
Among u;, i=1,2,...,n+1and v;, ¢ =1,2,...,n, number of vertices with 0 labels are

n and with 1 are n + 1. As the remaining vertices are labeled alternately we have,

[Vil=oll =0 if f(wi™) =0,
-1 iff(w,T%):l.

Edge weights of K ,,1 and K, ,,2 are balanced as 2—vertices part is labeled as 0 and 1 with
alternate labeling to mi ivertices p;rt.For path P,, if mf’ is even then for corresponding K ,,3
we will get |E,| = |E1|. And as number of odd m? is even, altogether in union of Ky 3, we
get, |E,| = |E1|. Hence in general, |E,| = |E]. " nm

Theorem 2.4. Arbitrary supersubdivision of D(T},), ASS (D(T},)) is cordial if " m} = 0 (mod 2)
and Y- m? =0 (mod 2).

Proof: Let u;, ¢ = 1,2,...,n be the vertices of the path. Each u; and u;y; are joined to v;

and w; respectively for i =1,2,...,n — 1. Let K;,,1 be the graph replacing edges u;u;t1,i =
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1,2,...,n—1 and :Uf be the vertices of m;'—part of Ky 1. Let Ky ) 2 be the graph replacing
edges viuis1,i=1,2,...,n—1 and y¥ be the vertices of m;2—part of Ky 2. Let Ky ;.3 be the

graph replacing edges w;u;,i =1,2,...,n — 1 and zf be the vertices of m;®—part of Ky 3

wy

wy

Figure 3: ASS (D(T5)) with vertex labels.

For n even,

Let Ky ,,,,4 be the graph replacing edges ug;—1v2;—1,7 = 1,2,..., % and edges wo;_nU2i—nt1,t =
5+1,5+2,...,n—1and pf be the vertices of m;*—part of Ky 0

Let K3 ;5 be the graph replacing edges ug;vo;,7 = 1,2,. . ., 5—1 and edges wo; ni1U2i—ny2,i =
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5,5 +1,...,nm—1and qf be the vertices of m;®—part of Ky ;5.
For n odd,

Let K ;4 be the graph replacing edges ug;—1v2;—1,1 =1,2,..., "Tfl and edges wo;—nU2i—nt1,t =
”T_l +1,5+2,...,n—1and let pf be the vertices of m;*—part of Ky ;4.
n+l
2

Let K3 ;5 be the graph replacing edges ug;va;,1 = 1,2,. . ., —1 and edges wo;—pn4+1U2i—n12,t =

”T‘H, 5+1,...,n—1and let qf be the vertices of m;®—part of Ky ;5

Labeling is as follows.
Define a labeling f: V — {0, 1} as follows.

flui) =0 if i=1(mod 2),

=1 if i=0(mod 2), 1<i<n.
f(vi) =0 if i=1(mod 2),

=1 if i=0(mod 2), 1<i<n-—1.

flw) =1 if 1=1(mod 2),
=0 if i=0(mod 2), 1<i<n-—1.

fz®) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1<k<mi.

Fori=1 to n—2,

It f (xﬁ ) — 0 then,

flak ) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1<k<m,.

Tt f (x;"} ) — 1 then,

f(xf;l) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<ml,.

1
If f (x;”gl) = 0 then,

fyF) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1<k<m?

1
If f (xnnl_l> =1 then,

flyt) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<m?
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Fori=1 to n—2,

It f (yzn?) — 0 then

f(yf-i-l) =

1 if k=1(mod 2),

=0 if k=0(mod 2), 1<k<mZ,.
Iff(y;n?)zlthen,

f(yf—i-l) =0
=1

if k=1(mod 2),
if k=0(mod 2), 1<k<m?;.

m2
If f (yn_”11> = 0 then,

fler) =1
=0

if k=1(mod 2),
if k=0(mod 2), 1<k<mji.

m2
If f (yn_"ll> = 1 then,

fzr) =0
=1

if k=1(mod 2),
if k=0(mod 2), 1<k<m;s.

For:=1 to n—2,

If f (zzn?> = 0 then,

f(ZfH)

=1 if k=1(mod 2),

=0 if k=0(mod 2), 1<k<m},.

If f (zjli))) =1 then,

f(zzk—i-l)

=0 if k=1(mod 2)

1 if k=0(mod 2), 1<k<md,.

if k=1(mod 2),
if k=0(mod 2), 1<k<mi.

3
If f (z;n_"ll> =1 then,

fh) =0
-1

if k=1(mod 2),
if k=0(mod 2), 1<k<mj.

For:=1 to n—2,
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1
=0(mod 2), 1§k§m§+1.

k=1
=1 if k=0(mod 2), 1<k<mi,.
m5
It f (pn"fl) — 0 then,

f@) =1 if k=1(mod 2),

fah) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<mi.

Fori=1 to n—2,

If f (qzn?) — 0 then,

flaf)) =1 if k=1(mod 2),
=0 if k=0(mod 2), 1<k<m,.

If f (qsz> =1 then,

flaf) =0 if k=1(mod 2),
=1 if k=0(mod 2), 1<k<m,

Let Vi and Vi be the number of vertices of G having labels 0 and 1 respectively under f and
FEp and E; be the number of edges having labels 0 and 1 respectively under induced labeling f*.

In above labeling, vertices on path are given labels 0 and 1 alternately. Also, number of 0's
and 1’s in v; and w; are balanced with each other. Labeling of K, md is done alternatively as 0
and 1 with condition that 3" m? = 0(mod 2) and 3 m? =0 (mod 2) thus balancing number
of 0’s and1’s.

If n is even, with 3= (m} + mi% + m3) also even, we get |Vo| = V1| and with 3° (m} + mi? + m3)
is odd we have |Vq| — [Vp] = 1.

If n is odd, with 3 (m} + mi? + m3) also even, we get |Vo|—|Vi| = 1 and with 3 (m} + mi? + m3)
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is odd then |Vi| = |Vp]|. In any case, it can be clearly seen that |Ep| = |E1]. |
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