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Abstract 

In this paper, a necessary and sufficient condition for the cartesian product and composition of 

two edge regular fuzzy graphs to be an edge regular fuzzy graph is determined. 
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1    Introduction 

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975 [11]. Mordeson and Peng 

introduced the concept of operations on fuzzy graphs [2]. The degrees of vertices in fuzzy graphs 

obtained from two given fuzzy graphs using these operations were discussed by Nagoor Gani and 

Radha [5]. Radha and Kumaravel introduced the concept of degree of an edge and total degree of an 

edge in fuzzy graphs [8]. We study the cartesian product and composition of two fuzzy graphs. In 

general, cartesian product and composition of two edge regular fuzzy graphs 1G and 2G  need not be 

edge regular.  In this paper, we find necessary and sufficient condition for cartesian product and 

composition of two fuzzy graphs to be edge regular fuzzy graph. First we present  some basic 

concepts. 

A fuzzy subset of a set V is a mapping   from V  to [0, 1]. A fuzzy graph G is a pair of functions 

),(: G  where   is a fuzzy subset of a non-empty set V  and   is a symmetric fuzzy relation on

 , (i.e.) )()()( yxxy   for all Vyx , . The underlying crisp graph of ),(: G  is denoted 
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by ),(:* EVG where VVE  . Throughout this paper, ),(: 111 G  and ),(: 222 G  denote two 

fuzzy graphs with underlying crisp graphs ),(: 11

*

1 EVG  and ),(: 22

*

2 EVG with 2,1,  ipV ii . Also 

)(* iG
ud

i

 denotes the degree of iu  in 
*

iG  and )(* iG
ud

i

 denotes the degree of iu in
*

iG , where 
*

iG  is 

the complement of
*

iG . Let ),(: G  be a fuzzy graph on ),(:* EVG . The degree of a vertex u is 





vu

G uvud )()(  . The minimum degree of G is  VvvdG G  ),()(  and the maximum 

degree of G  is  VvvdG G  ),()( . The total degree of a vertex Vu is defined by  

)()()( uuvutd
vu

G  


. If each vertex in G has same degree k , then G is said to be a regular 

fuzzy graph or k   regular fuzzy graph. If each vertex in G has same total degree k , then G is said to 

be a totally regular fuzzy graph or k   totally regular fuzzy graph.  The order and size of a fuzzy 

graph G are defined by 



Vu

uGO )()( 
 

and 



Euv

uvGS )()(  . Let ),(:* EVG be a graph and let 

uve   be an edge in
*G . Then the degree of an edge Euve  is defined by

* * *( ) ( ) ( ) 2.
G G G

d uv d u d v   If each and every pair of distinct vertices is joined by an edge, then 

),(:* EVG  is said to be complete graph. Let ),(: G  be a fuzzy graph on ),(:* EVG . The degree 

of an edge uv  is )(2)()()( uvvduduvd GGG  . This is equivalent to )(uvdG = 


vw
Euw

uw)( +




uw
Ewv

wv)( . The total degree of an edge Euv is defined by )()()()( uvvduduvtd GGG  . 

This is equivalent to )(uvtdG = 


vw
Euw

uw)( + 


uw
Ewv

wv)( + )(uv = )(uvdG + )(uv . The minimum 

edge degree and maximum edge degree of G

 

are  EuvuvdG GE  ),()(  and

 EuvuvdG GE  ),()( . If each edge in G  has same degree  k , then G  is said to be an edge 

regular fuzzy graph or k   edge regular fuzzy graph. If each edge in G  has same total degree k , then 

G  is said to be a totally edge regular fuzzy graph or k   totally edge regular fuzzy graph. A fuzzy 

Graph G  is said to be strong, if )()()( yxxy   for all Exy . A fuzzy Graph G is said to be 

complete, if )()()( yxxy   for all Vyx , .      

Definition 1.1.[3] Let ),(*

2

*

1

* EVGGG  be the cartesian product of two graphs 
*

1G and
*

2G , 

where 21 VVV   and 222112121 ,:),)(,{( EvuvuvvuuE  )(or }, 22111 vuEvu  . Then the 

cartesian product of two fuzzy graphs 1G  and 2G  is a fuzzy graph 
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),(: 21212121   GGGGG defined by ),()(),)(( 22112121 uuuu    

Vuu  ),( 21 and  

 









2211122111

2221122211

212121
,),()(

,),()(
)),)(,)(((

vuEvuifuvu

Evuvuifvuu
vvuu




 . 

Definition 1.2.[4]  Let ),(*

2

*

1

* EVGGG   be the composition of two graphs 
*

1G and
*

2G , where 

21 VVV  and 222112121 ,:),)(,{( EvuvuvvuuE  or 22111 , vuEvu  or ,111 Evu   

}222 Evu  . Then the composition of two fuzzy graphs 1G  and 2G  is a fuzzy graph 

),(: 21212121   GGGGG   defined by  

 Vuuuuuu  ),(),()(),)(( 2122112121    and  

 

















2221112222111

2211122111

2221122211

212121

,if),()()(

,if),()(

,if),()(

)),)(,)(((

EvuEvuvuvu

vuEvuuvu

Evuvuvuu

vvuu







   

2    Edge regular properties of cartesian product of two fuzzy graphs 

Remark 2.1. If ),(: 111 G  and ),(: 222 G  be two edge regular fuzzy graphs, then 21 GG   need 

not be an edge regular fuzzy graph.  

Example 2.2.  Consider the following two fuzzy graphs ),(: 111 G  and ),(: 222 G . 

 

 

Figure 1 

 Here both 1G  and 2G are edge regular fuzzy graphs of edge degree 0.4 and 0.3. In 21 GG  , 

)),)(,(( 212121
vuuud GG   

= 1.1 and )),)(,(( 212121
uvuud GG  = 1.0. Hence 21 GG  is not an edge regular 

fuzzy graph.  

Remark 2.3. If 21 GG  is an edge regular fuzzy graph, then ),(: 111 G  (or) ),(: 222 G  need not 

be an edge regular fuzzy graph.  
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Example 2.4. Consider the following two fuzzy graphs ),(: 111 G  and ),(: 222 G . 

 

Figure 2 

Here, 21 GG  is a 3 – edge regular fuzzy graph. But 2G is not an edge regular fuzzy graph. 

Theorem 2.5. [8] Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs. If 
21   and

12   , 

then for any Evvuu ),)(,( 2121 , 

(1) When 22211 , Evuvu  , )),)(,(( 212121
vuuud GG  = )()(2 221 21

vudud GG  ,  

(2) When 22111 , vuEvu  , )),)(,(( 212121
uvuud GG  = )(2)( 211 21

udvud GG  . 

Theorem 2.6.  Let ),(: 111 G  and ),(: 222 G  be two regular fuzzy graphs of same degree on

),(: 111 EVG
 and ),(: 222 EVG

with
21    and

12   . Then 1G and 2G  are edge regular fuzzy 

graphs of same degree if and only if 21 GG  is an edge regular fuzzy graph. 

Proof: Let 
1 21 2 1 1 2 2( ) ( ) ,G Gd u d u m u V u V     , where m  is a constant. 

Assume that 1G and 2G  are k  – edge regular fuzzy graphs, where k  is a constant. 

Then 
1 21 1 2 2 1 1 1 2 2 2( ) ( ) ,G Gd u v d u v k u v E u v E     . 

By Theorem 2.5, for any Evvuu ),)(,( 2121
, when 22211 , Evuvu  , 

)),)(,(( 212121
vuuud GG  = )()(2 221 21

vudud GG 
 

                                      
= km2         (2.1) 

Similarly, when 11122 , Evuvu  , 

)),)(,(( 212121
uvuud GG  = km2          (2.2) 

From (2.1) and (2.2), 21 GG  is an edge regular fuzzy graph. 

Conversely, let 11111 , Exwvu 
 
be any two edges of 1G . Fix 2Vu . 

Then 1 1( , )( , )u u v u  and 1 1( , )( , )w u x u E , )),)(,(( 1121
uvuud GG  = )),)(,(( 1121

uxuwd GG  . 

      
)(2)(

21 11 udvud GG  = )(2)(
21 11 udxwd GG 
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mvudG 2)( 111

 = mxwdG 2)( 111


 

                                        
)( 111

vudG = )( 111
xwdG , 

1 1 1 1 1,u v w x E  .
 

Therefore, 1G  is an edge regular fuzzy graph. Similarly, 2G  is an edge regular fuzzy graph. 

Suppose that 1G  is 1k  – edge regular fuzzy graph and 2G  is 2k  – edge regular fuzzy graph with

21 kk  . 

Then,  )),)(,(( 212121
vuuud GG  = )()(2 221 21

vudud GG   

                                                  
= 22 km         (2.3) 

Therefore,  )),)(,(( 212121
uvuud GG  = )(2)( 211 21

udvud GG   

                                                          
=

 
mk 21          (2.4) 

From (2.3) and (2.4),  )),)(,(( 212121
vuuud GG )),)(,(( 212121

uvuud GG  , since 21 kk  . This is a 

contradiction to our assumption that 21 GG   
is an edge regular fuzzy graph. Hence, 1G and 2G  are 

edge regular fuzzy graphs of same degree.                 ■ 

Theorem 2.7. [8]  Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs. 

1. If 
21    and 

1  
is a constant function with 

11 )( cu   for all 
1Vu , then for any

Evvuu ),)(,( 2121 , 

(i) When 22211 , Evuvu  , )),)(,(( 212121
vuuud GG   = )2)()(()(2 2211 *

2
*
21

 vdudcud
GGG . 

(ii) When 22111 , vuEvu  , )),)(,(( 212121
uvuud GG   = )(2)( 2111 *

21
udcvud

GG  . 

2. If 
12    and 

2  
is a constant function with 

22 )( cu   for all 
2Vu , then for any

Evvuu ),)(,( 2121 , 

(i) When 22211 , Evuvu  , )),)(,(( 212121
vuuud GG   = )()(2 2212 2

*
1

vududc GG
 . 

(ii) When 22111 , vuEvu  , )),)(,(( 212121
uvuud GG   = )(2)2)()(( 2112 2

*
1

*
1

udvdudc GGG
 . 

Theorem 2.8. [9] Let : ( , )G    be a fuzzy graph on k  – regular crisp graph ),(:* EVG . Then   is 

constant if and only if G  is both regular and edge regular. 

Theorem 2.9.  Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs on regular graphs 

1 1 1: ( , )G V E

 
and ),(: 222 EVG

 
with 

21    and 1  be a constant function with 1 1( )e c   for all 

1e E . Then, 21 GG  is an edge regular fuzzy graph. 

Proof:  Given ),(: 111 G  and ),(: 222 G  are two fuzzy graphs on regular graphs 1 1 1: ( , )G V E

 

and ),(: 222 EVG

 
with 

21    and 1 1( )e c   for all 1e E  respectively.  

Then ),(: 111 G  
is both regular and edge regular. (Using Theorem 2.8)  
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Then ,)(,)(,)( 2111 *
211

nudmudkvud
GGG   111, Vvu  and 22 Vu  , where ,k m  and n are 

constants. We prove the theorem in two cases using Theorem 2.7. Let Evvuu ),)(,( 2121
. 

Case 1: When 22211 , Evuvu  , 

)),)(,(( 212121
vuuud GG   = )2)()(()(2 2211 *

2
*
21

 vdudcud
GGG . 

                                        = )2(2 1  nncm . 

                                        = ))1((2 1  ncm         (2.5) 

Case 2: When 11122 , Evuvu  , 

)),)(,(( 212121
uvuud GG   = )(2)( 2111 *

21
udcvud

GG  . 

                                        = nck 12 .
 

                                        = nccm 11 222  . (By definition of edge degree 122 cmk  ) 

                                        = ))1((2 1  ncm         (2.6) 

From (2.5) and (2.6), 21 GG  is an edge regular fuzzy graph.               ■ 

Corollary 2.10. Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs with 
21    and 

1  be a 

constant function with 
11 )( cu   for all 

1Vu . Let 1 1 1: ( , )G V E

 
and ),(: 222 EVG

 be regular 

underlying crisp graphs. If 1G  
is strong, then 21 GG  is an edge regular fuzzy graph. 

Proof: Given ),(: 111 G  is strong with 
11 )( cu   for all

1Vu . Then 1 1( )e c   for all 1e E . 

Therefore the result follows from Theorem 2.9.  

Theorem 2.11.  Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs on regular graphs 

1 1 1: ( , )G V E

 
and ),(: 222 EVG

 
with 12    and  2  be a constant function with 2 2( )e c   for all 

2e E . Then 21 GG  is an edge regular fuzzy graph. 

Proof: The proof is similar to the proof of Theorem 2.9.                 ■ 

Corollary 2.12.  Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs with 12    and let 2  

be a constant function with 22 )( cu   for all 2Vu . Let 1 1 1: ( , )G V E

 
and ),(: 222 EVG

 be regular 

underlying crisp graphs. If 2G
 
is strong, then 21 GG  is an edge regular fuzzy graph. 

Proof: The proof is similar to the proof of Theorem 2.10.           ■ 

3    Edge regular properties of composition of two fuzzy graphs 

Remark 3.1. If ),(: 111 G  and ),(: 222 G  be two edge regular fuzzy graphs, then 21 GG   need 

not be an edge regular fuzzy graph.  

Example 3.2.  Consider the two fuzzy graphs ),(: 111 G  and ),(: 222 G . 
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Figure 3 

Here both 1G  and 2G are edge regular fuzzy graphs of edge degree 0.4 and 0.3. In 21 GG  , 

)),)(,(( 212121
wvuud GG   

= 1.8 and )),)(,(( 212121
vwvvd GG  = 1.6. Hence 21 GG  is not an edge regular 

fuzzy graph.  

Remark 3.3. If 21 GG   
is an edge regular fuzzy graph, then ),(: 111 G  (or) ),(: 222 G  need 

not be edge regular fuzzy graph.  

Example 3.4.  Consider the two fuzzy graphs ),(: 111 G  and ),(: 222 G .          

 

Figure 4 

Here 21 GG  is 1.8 – edge regular fuzzy graph, but 1G is not an edge regular fuzzy graph. 

Theorem 3.5. [8] Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs. If 
21   and

12   , 

then for any Evvuu ),)(,( 2121
, 
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(1) When 22211 , Evuvu  , )),)(,(( 2121][ 21
vuuud GG = )()(2 2212 21

vududp GG  , 

(2) When 22111 , vuEvu  , )),)(,(( 2121][ 21
uvuud GG =

1 21 1 2( ) 2 ( )G Gd u v d u
12 1( 1)( ( )Gp d u 

 
1 1( ))Gd v , 

(3) When 222111 , EvuEvu  , )),)(,(( 2121][ 21
vvuud GG =

1 11 1 2 1( ) ( 1)( ( )G Gd u v p d u 
1 1( ))Gd v

 
2 2( )Gd u . 

Theorem 3.6. Let ),(: 111 G  and ),(: 222 G  be two regular fuzzy graphs of same degree with 

21   and
12   . Then 1G and 2G  are edge regular fuzzy graphs of same degree if and only if 

21 GG  is an edge regular fuzzy graph. 

Proof: Let 
1 21 2 1 1( ) ( ) ,G Gd u d u m u V     and 2 2u V  where m  is a constant. Assume that 1G and 

2G  are k  – edge regular fuzzy graphs, where k  is a constant.  

Then 
1 21 1 2 2 1 1 1( ) ( )G Gd u v d u v k u v E     and 2 2 2u v E . 

From Theorem 3.5, when 22211 , Evuvu  , 

)),)(,(( 2121][ 21
vuuud GG = )()(2 2212 21

vududp GG   

                                    = mp22 + k         (3.1) 

From Theorem 3.5, when 11122 , Evuvu  ,  

)),)(,(( 2121][ 21
uvuud GG = ))()()(1()(2)( 112211 1121

vdudpudvud GGGG 
 

                                        = ))(1(2 2 mmpmk 
 

                                        = k + mp22         (3.2) 

From Theorem 3.5, when 111 Evu    and 222 Evu  ,  

)),)(,(( 2121][ 21
vvuud GG = )()())()()(1()( 2211211 22111

vdudvdudpvud GGGGG 
 

                                       = k + ))(1( 2 mmp  + mm
 

                                       = k + mp22         (3.3) 

From (3.1), (3.2) and (3.3), 21 GG  is an edge regular fuzzy graph. 

Conversely, assume that 21 GG  is an edge regular fuzzy graph. 

We have to prove that 1G and 2G  are edge regular fuzzy graphs of same degree. Let 11111 , Exwvu 
 

be any two edges of 1G . Fix 2Vu . Then 1 1( , )( , )u u v u  and 1 1( , )( , )w u x u E , )),)(,(( 1121
uvuud GG 

= )),)(,(( 1121
uxuwd GG  .

       

1 2 1 1 1 2 1 11 1 2 1 1 1 1 2 1 1( ) 2 ( ) ( 1)( ( ) ( )) ( ) 2 ( ) ( 1)( ( ) ( ))G G G G G G G Gd u v d u p d u d v d w x d u p d w d x             
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))(1(2)( 2111

mmpmvudG  = ))(1(2)( 2111
mmpmxwdG 

 

                                                               
)( 111

vudG = )( 111
xwdG  

1 1 1 1 1,u v w x E  .
 

Therefore, 1G  is an edge regular fuzzy graph. Similarly, 2G  is an edge regular fuzzy graph. 

Now, to prove that 1G and 2G  are edge regular fuzzy graphs of same degree. 

Suppose that 1G  is 1k  – edge regular fuzzy graph and 2G  is 2k  – edge regular fuzzy graph with

21 kk  . 

     
)),)(,(( 212121

vuuud GG  = )()(2 2212 21
vududp GG   

                                           
= 222 kmp         (3.4) 

Therefore, )),)(,(( 212121
uvuud GG  = ))()()(1()(2)( 112211 1121

vdudpudvud GGGG   

                                                         
= ))(1(2 21 mmpmk   

                                                         = 21 2mpk 
       

(3.5) 

From (3.4) and (3.5), )),)(,(( 212121
vuuud GG  )),)(,(( 212121

uvuud GG  , since 21 kk  . 

This is a contradiction to our assumption that 21 GG   
is an edge regular fuzzy graph. Therefore, 1G

and 2G  are edge regular fuzzy graphs of same degree.            ■ 

Theorem 3.7 [8]  Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs. 

1. If 
21    and 

1  
is a constant function with 

11 )( cu   for all 
1Vu , then for any

Evvuu ),)(,( 2121
, 

(a) When 22211 , Evuvu  , )),)(,(( 2121][ 21
vuuud GG = )2)()(()(2 22112 *

2
*
21

 vdudcudp
GGG , 

(b) When 22111 , vuEvu  , )),)(,(( 2121][ 21
uvuud GG =

1 1 11 1 2 1 1( ) ( 1)( ( ) ( ))G G Gd u v p d u d v  

 *
2

1 22 ( )
G

c d u , 

(c) When 222111 , EvuEvu  , )),)(,(( 2121][ 21
vvuud GG =

1 1 11 1 2 1 1( ) ( 1)( ( ) ( ))G G Gd u v p d u d v  

 *
2

1 2( ( )
G

c d u *
2

2( ))
G

d v . 

2. If 
12    and 

2  
is a constant function with 

22 )( cu   for all 
2Vu , then for any 

 Evvuu ),)(,( 2121
, 

(a) When 22211 , Evuvu  , )),)(,(( 2121][ 21
vuuud GG = )()(2 22122 2

*
1

vududpc GG
 , 

(b) When 22111 , vuEvu  , )),)(,(( 2121][ 21
uvuud GG = * *

1 1
2 2 1 1( ( ( ) ( )) 2)

G G
c p d u d v 

2 22 ( ),Gd u  

(c) When 222111 , EvuEvu  , )),)(,(( 2121][ 21
vvuud GG = * *

1 1
2 2 1 1( ( ( ) ( )) 2)

G G
c p d u d v 

2 2( )Gd u

 
2 2( )Gd v . 
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Theorem 3.8. Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs on a regular graphs 

1 1 1: ( , )G V E

 
and ),(: 222 EVG

 
with 

21    and 
1  be a constant function with 1 1( )e c   for all 

1e E . Then 21 GG  is an edge regular fuzzy graph. 

Proof: Given ),(: 111 G  and ),(: 222 G  are two fuzzy graphs on regular graphs 
1 1 1: ( , )G V E

 

and ),(: 222 EVG

 
with 

21    and 1 1( )e c   for all 1e E  respectively. Then ),(: 111 G  
is 

both regular and edge regular. (Using Theorem 2.8.) Then ,)(,)(,)( 2111 *
211

nudmudkvud
GGG   

111, Vvu  and 22 Vu  , where ,k m  and n  
are constants. 

We prove the theorem in three cases using Theorem 3.7. Let Evvuu ),)(,( 2121
. 

Case 1: When 22211 , Evuvu  . 

 
)),)(,(( 2121][ 21

vuuud GG = )2)()(()(2 22112 *
2

*
21

 vdudcudp
GGG . 

                                        = )2(2 12  nncmp . 

                                        = )]1([2 12  ncmp         (3.6) 

Case 2: When 11122 , Evuvu  . 

 
)),)(,(( 2121][ 21

uvuud GG = )(2))()()(1()( 2111211 *
2111

udcvdudpvud
GGGG  . 

                                       = ncmmpk 12 2))(1(  .

 
                                       = ncmmpcm 121 22222  .  ( Since, 122 cmk  ) 

                                       = )]1([2 12  ncmp        (3.7) 

Case 3: When 222111 , EvuEvu  . 

 
)),)(,(( 2121][ 21

vvuud GG = ))()(())()()(1()( 22111211 *
2

*
2111

vdudcvdudpvud
GGGGG  . 

                                       = )())(1( 12 nncmmpk  .
 

                                       = ncmmpcm 121 22222  . ( Since, 122 cmk  ) 

                                       = )]1([2 12  ncmp        (3.8) 

From (3.6), (3.7) and (3.8), 21 GG  is an edge regular fuzzy graph.          ■ 

Corollary 3.9. Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs with 
21    and 

1  be a 

constant function with 
11 )( cu   for all 

1Vu . Let 1 1 1: ( , )G V E

 
and ),(: 222 EVG

 be regular 

underlying crisp graphs. If 1G
 
is strong, then 21 GG 

 
is an edge regular fuzzy graph. 

Proof: Given that ),(: 111 G  is strong with 
11 )( cu   for all

1Vu . Then 1 1( )e c   for all 

1e E . Therefore, the result follows from Theorem 3.8.           ■ 
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Theorem 3.10.  Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs on a regular graphs 

1 1 1: ( , )G V E

 
and ),(: 222 EVG

 
with 12    and let 2  be a constant function with 

2 2( )e c   for 

all 
2e E . Then 21 GG   

is an edge regular fuzzy graph. 

Proof: The proof is similar to the proof of Theorem 3.8.            ■ 

Corollary 3.11. Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs with 12    and 2  be a 

constant function with 22 )( cu   for all 2Vu . Let 1 1 1: ( , )G V E

 
and ),(: 222 EVG

 be regular 

underlying crisp graphs. If 2G  
is strong, then 21 GG  is an edge regular fuzzy graph. 

Proof: The proof is similar to the proof of Theorem 3.9.            ■ 
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