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Abstract

Enomoto, Llado, Nakamigawa and Ringel defined the concept of a super (a,0)-edge-
antimagic total labeling and proposed the conjecture that every tree is a super (a,0)-edge-
antimagic total labeling. In the support of this conjecture, the present paper deals with

different results on antimagicness of isomorphic copies of subdivided stars.
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1 Introduction

We begin with simple, finite, connected and undirected graph G(V, E) with V and E de-
note the vertex-set and the edge-set. A labeling of a graph is a mapping that carries the graph
elements to numbers (usually to positive or non-negative integers). Some labelings use the
vertex-set only or the edge-set. We shall call them vertex-labelings or edge-labelings, respec-
tively. A general reference for graph-theoretic ideas can be found in [22]. For a detailed survey
of the graph labeling we refer to Gallian [11]. In this paper the domain will be the set of all
vertices and edges and such a labeling is called a total labeling. The notion of edge-magic
total labeling of graphs has its origin in the works of Kotzig and Rosa [12,13] on what they
called magic valuations of graphs. The definition of (a,d)-edge-antimagic total labeling was
introduced by Simanjuntak, Bertault and Miller in [20] as a natural extension of edge-magic

labeling defined by Kotzig and Rosa.

Conjecture 1.1. [8] Every tree admits a super edge-magic total labeling.

1 The research contents of this paper is partially supported by COMSATS Institute of Information Tech-
nology, Islamabad, Pakistan.

121



122 A. Raheem and A. Q. Baig

To support this conjecture, many authors have considered super edge-magic total labeling for
many particular classes of trees for example, [1-7,9,10, 15-21]. Lee and Shah [14] verified this
conjecture by a computer search for trees with at most 17 vertices. However, this conjecture is
still as an open problem. Ngurah et. al. [15] proved that T'(m,n, k) is also super edge-magic
if k=n-+3orn+4. In [19], Salman et. al. found the super edge-magic total labeling of a
subdivision of a star S]* for m = 1,2. However, super (a,d)-edge-antimagic total labelings of
copies of subdivided star G = mT'(n1,ng,ns, ...,n,) for different {n; : 1 <i <r} and m > 3 is

still an open problem.

Definition 1.2. A graph G is called (a, d)-edge-antimagic total ((a,d) — EAT) if there exist in-
tegers a > 0, d > 0 and a bijection A : V(G) U E(G) — {1,2,...,v + e} such that W = {w(zy) :
xy € E(G)} forms an arithmetic progression starting from a with the common difference d,
where w(zy) = A(z) + A(y) + AM(xy) for any zy € E(G). W is called the set of edge-weights of
the graph G.

Definition 1.3. A (a,d)-edge-antimagic total labeling \ is called super (a, d)-edge-antimagic
total labeling if A(V(G)) = {1,2,...,v}.

Lemma 1.4. [7] If g is a super edge-magic total labeling of G with the magic constant a, then
the function g1 : V(G) U E(G) — {1,2,...,v + e} defined by

() v+1—g(x), for z € V(G),
€Tr) =
g 2ut+e+1—g(x), for xze€ EG).

is also a super edge-magic total labeling of G with the magic constant a; = 4v + e+ 3 — a.

Definition 1.5. Forn; > 1 and p > 3, let G = T'(ny, na, ..., np) be a graph obtained by inserting
n; — 1 vertices to each of the i-th edge of the star K ,, where 1 <¢ < p.

2 Main Results

We consider the following proposition which will be used frequently in the main results.

Proposition 2.1. [3] If a (v,e)-graph G has a (s,d)-EAV labeling then
e (G has a super (s + v+ 1,d+ 1)-EAT labeling,
e G has a super (s +v + e,d — 1)-EAT labeling.

Theorem 2.2. Let G = 2T'(n + 2,n,n) be a graph with order v and n = 1(mod2). Then G
admits super (a,0)-edge-antimagic total labeling with a = 2v + s — 1 and super (a,2)-edge-
antimagic total labeling with a = v+ s+ 1, where s =3n + 7.

Proof: We suppose the vertex-set and the edge-set of G, as follows:
V(G) ={cj | 1<j<2yUfali [1<i<3; 1< <n; 1<5<2},
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E(G)={cal1<i<3;1<j<2pufalial™ [1<i<3;1<l<ni—1;1<j<2}
The order and size of the graph G are v = 6(n + 1) and e = 2(3n + 2). Now, we define the
labeling A : V(G) — {1,2,...,v} as follows:

3 1
“ii=12

Foroddl; 1<1I;<n;andi=1,2and 3, we define

A(¢j) =2(n+3) +

— ; l
b g BB — 1), for u= a3,
e (1), for u=af,
AMu) =
85 (j — 1) for u=ug; I3 =1,
3(n+2)—1 9(n+1) - !

Foreven [;, 1<I[;<n;andi=1,2and 3, we define

n+13—1y 3n+1/: _

5 + = () - 1), for u=a3},
- !

Au) = Totldtl 4 Sntlg 1) for u= T,
In+13—I3 3(n+1) /. _ 13

5 — =5 —-(—1), for u=uzy.

The set of all edge-sums generated by the above formula forms a consecutive integer sequence
S={Bn+6)+1,(3n+6)+2,...,(3n+6) + e}. Let s = min(S). Therefore, by Proposition
2.1, A can be extended to a super (a,0)-edge-antimagic total labeling and we obtain the magic
constant a = v+ e+ s = 15n + 17. Similarly by Proposition 2.1, A can be extended to a super
(a,2)-edge-antimagic total labeling and we obtain the magic constant @ = v+1+s=9n+14. 1

Theorem 2.3. Let G = 2T(n + 2,n,n + 1) be a graph with order v and n = 1(mod2). Then
G admits super (a, 1)-edge-antimagic total labeling with a = 2v + s — 1 and super (a, 3)-edge-

antimagic total labeling with a = v + s 4+ 1, where s = 4.

Proof: We suppose the vertex-set and the edge-set of G, as follows:

V(G) ={cj | 1<j<2yufali [1<i<3; 1< <ny 1<5<3),
E(G)={qall1<i<3;1<j<2bUfafiali™ [1<i<3;1<l<ni—1;1<j<2}
The order and size of the graph G are v = 2(3n + 4) and e = 6(n + 1). Now, we define the
labeling A : V(G) — {1,2,...,v} as follows:

Aej)=2n+4)+4, j=1,2
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Foralll; 1<I[;<mn;andi=1,2and 3, we define

(2n+4)+j—2l, for u= :Ulf],

AMu)=3 (2n+4)+j+2, for u=al,

(6n+8)+j —2l3, for u=axy,.

The set of all edge-sums generated by the above formula forms a consecutive integer sequence

={4,4+2,..,442(e—1)}. Let s = min(S). Therefore, by Proposition 2.1, A can be
extended to a super (a,1)-edge-antimagic total labeling and we obtain the magic constant
a=v+e+s=6(2n+ 3). Similarly by Proposition 2.1, A can be extended to a super (a, 3)-
edge-antimagic total labeling and we obtain the magic constant a = v+ 14 s = (6n+13). B

Theorem 2.4. Let G = 2T (n+2,n,n+1,2n+ 1) be a graph with order v and n = 1(mod?2).
Then G admits super (a,0)-edge-antimagic total labeling with a = 2v + s — 1 and super (a, 2)-
edge-antimagic total labeling with a = v + s + 1, where s = 5n + 9.

Proof: We suppose the vertex-set and the edge-set of GG, as follows:

V(G) ={c |1<j<2Ufali |1<i<4; 1<l <ng; 1<j<2},

EG) ={aljll <i<d; 1<j<2pUfaga™ |1<i<4;1<li<m—1;1<j<2).
The order and size of the graph G are v = 10(n + 1) and e = (10n + 8). Now, we define the
labeling A : V(G) — {1,2,...,v} as follows:

5) 3
tE =12

Forodd l; 1<1l;<n;andi=1,2,3 and 4, we define

)\(Cj) = 3n—|—7+

%‘ll+5"T+7(j—1), for u:xlfj,
%‘*‘12+5"T+7(j—1), for u:xlfj,

Mu)=§ 3022t BT (5 gy for o= aly,
w]’? for u:ﬂsifj; ly=1,
b=l 4 DO (1), for w=al; I >3

Foreven [; ,1<I[;<n;andi=1,2,3 and 4, we define



Edge antimagic total labeling of isomorphic copies of subdivided stars 125

11n4+17—1 5n+3 ( ; _ h
5 + 2= — 1), for u=ay},

11n4+17+1 5n+3 [ ; 5
5 + (5 — 1), for u=ux3;,

13n+19—1 (5n+3) / - s
o — 5 (—1), for u=uwxg,

150417 5(ntl) /. ol
Rl — R (- 1), for u= ;.

The set of all edge-sums generated by the above formula forms a consecutive integer sequence
S ={(5n+8)+1,(5n+8)+2,...,(5n+8)+e}. Let s = min(S). Therefore, by Proposition 2.1, A
can be extended to a super (a, 0)-edge-antimagic total labeling and we obtain the magic constant
a =v+ s+ e=25n+ 27. Similarly by Proposition 2.1, A can be extended to a super (a,2)-
edge-antimagic total labeling and we obtain the magic constant a =v+1+s=53n+4). B

Theorem 2.5. Let G = 2T (n+2,n,n+1,2n + 2) be a graph with order v and n = 1(mod?2).
Then G admits super (a, 1)-edge-antimagic total labeling with a = v2 + s — 1 and super (a, 3)-

edge-antimagic total labeling with a = v + s + 1, where s = 4.

Proof: We suppose the vertex-set and the edge-set of G, as follows:

V(@) ={cj |1<j<2U{afi |1<i<4; 1<l <ng; 1<j<2},
E(G)={¢alll<i<d;1<j<2bufafial™ [1<i<4;1<l<ni—1;1<j<2}
The order and size of the graph G are v = 2(5n + 6) and e = 10(n + 1). Now, we define the
labeling A : V(G) — {1,2,...,v} as follows:

Ae))=0@2n+4)+75, j=12.

For all [; 1<1; <mn;, where i =1,2 and 3, we define

(2n+4)+ 7 — 21, for u:a:lfj,

(2n +4) + j + 2o, for u:a:l22j,
Au) =

(6n +8) + j — 2Is, for u:x?j,

(10 +12) +j — 21y, for u=al..

The set of all edge-sums generated by the above formula forms a consecutive integer sequence
S ={4,442,...,44+2(e — 1)}. Let s = min(S). Therefore, by Proposition 2.1, A can be

extended to a super (a,1)-edge-antimagic total labeling and we obtain the magic constant
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a=v+e+s=2(10n+ 13). Similarly by Proposition 2.1, A can be extended to a super (a, 3)-
edge-antimagic total labeling and we obtain the magic constant a =v+14+s=10n+17. N1

Theorem 2.6. Let G = 2T(n + 2,n,n + 1,2(n + 1),4n + 3) be a graph with order v and
n = 1(mod2). Then G admits super (a,0)-edge-antimagic total labeling with a = 2v + s — 1
and super (a,2)-edge-antimagic total labeling with a = v + s + 1, where s = 9n + 13.

Proof: We suppose the vertex-set and the edge-set of G, as follows:

V(G)={cj [ 1<j<2yUfali [1<i<b; 1< <n 1<5<2},
E(G)={czh1<i<s;1<j<2pUfafialit [1<i<5i1<l<n—1;1<j<2}
The order and size of the graph G are v = 18(n + 1) and e = 2(9n + 8). Now, we define the
labeling A : V(G) — {1,2,...,v} as follows:

n+7
2

Foroddl; 1<I;<n;andi=1,2,3,4 and 5, we define

9
A(cj) =5n+9+ Jj, j=1,2.

4l | 9ntll 1
L 4 (5 - 1), for u =y},
4+l | 9nllg ) 1
R 4 (5 - 1), for u = x5,
3(n+2) l3

—ls | (9n+11) -
5 5-4-(”; )(]—1), for u =z,

_ In+11) /.
5n+28 ly 4 ( ng )(j—]_), for U = Tyy,

In+11 In+11 _ s —
"T+%, for u=uxg; ls =1,

Int12-l5 | 27(n+1 Is .
”+2 5+ (2 ), for u=ux2; l5 > 3.

For even 1[;, 1 <[;<n;andi=1,2,3,4 and 5, we define

19n+25—1 In+7/ _h
g+ 2 (j—1), for u =z},

19n+25+1 47 [ _
g2 2 (j—1), for u =y,

AMu) = 21”+227_l3 — (9“’;7) (j—1), for u= T3,

_ In+7)
24200y 4 OntD) (5 1) for u =g,

3 5 for U= Ty
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The set of all edge-sums generated by the above formula forms a consecutive integer sequence
S={On+12)+1,(In+12)+2,...,(In+12) +e}. Let s = min(S). Therefore, by Proposition
2.1, A can be extended to a super (a,0)-edge-antimagic total labeling and we obtain the magic
constant a = v + e + s = 55n + 47. Similarly by Proposition 2.1, A can be extended to a super
(a, 2)-edge-antimagic total labeling and we obtain the magic constant a = v+1+s = 45n+47. 1

Theorem 2.7. Let G = 2T (n + 2,n,n + 1,2(n + 1),4(n + 1)) be a graph with order v and
n = 1(mod2). Then G admits super (a, 1)-edge-antimagic total labeling with a = 2v +s — 1

and super (a, 3)-edge-antimagic total labeling with a = v + s + 1, where s = 4.

Proof: We suppose the vertex-set and the edge-set of G, as follows: V(G) = {¢; | 1 < j <
2}U{afi |1<i<bh;1<l<ng;1<j<2},
E(G)={czh1<i<b;1<j<2pUfafialit [1<i<bi1<l<n—1;1<j<2}
The order and size of the graph G are v = 2(9n + 8) and e = 2(9n + 7). Now, we define the
labeling A : V(G) — {1,2,...,v} as follows:

Aej))=0@2n+4)+75, j=12.

For all l; 1<I; <n;, wherei=1,2 and 3, we define

(2n+4)+j— 20, for u:xlllj,
(2n+4) + j + 21y, for u= xlf],
AMu)=4¢ (6n+9)+j— 23, for u= xff’],

(10n +12) +j — 21y, for u=al,

(18n +20) +j — 215, for u=al.

The set of all edge-sums generated by the above formula forms a consecutive integer sequence
S ={4,442,..,4+2(e—1)}. Let s = min(S). Therefore, by Proposition 2.1, A can be
extended to a super (a,1)-edge-antimagic total labeling and we obtain the magic constant
a=v+e+s=36n-+ 34. Similarly by Proposition 2.1, A can be extended to a super (a, 3)-
edge-antimagic total labeling and we obtain the magic constant a =v+1+s=18n+19. 1

Theorem 2.8. Let G = T(n+2,n,n+1,2(n+1),4(n+1),...,np) be a graph with order v and
n = 1(mod2). Then G admits super (a,0)-edge-antimagic total labeling with ¢ = 2v+ s —1
and super (a,2)-edge-antimagic total labeling with a = v+ s+ 1, s = (n +5) + 2P 2(n + 1),
n; =2"3(n+1) for i =4,5,6,....,p— 1 and n, =2"3(n + 1) — 1.
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Proof: We suppose that the vertex-set and the edge-set of G, as follows:

V(G) ={cj|1<j<2bu{ali [1<i<p; 1<hi<ng 1<j<2},
E(G)={czhll1<i<p;1<j<2tUfafialit [1<i<p;l<li<n—1;1<j<2}
The order and size of the graph G are v = 2(n + 1) + 271 (n + 1) and e = 2n + 2P~ (n + 1).
Now, we define the labeling A : V(G) — {1,2,...,v} as follows:

2n+2)+ 2P 2(n+1 n—1)+2P2(n+1) . .
Aey) = 2 >2 (n+1)  (n—1) : (4D,

For oddl; 1<I; <n; wherei=1,2,3,4 and 5, we define

—2
n+§_l1 4 (TL+3)+2§ (TL+1) (] _ 1)

, for u= Ty,
! +3)+2P"2(n+1)
ntdtly (n+3) . (n )(j 1)

, for u= T3;,

(3n+24)fis 2+ (n+3)+2;’—2(n+1) (j - 1),
(n+4)+2 , (n+1)—l + (n+3)+2;7 (n+1) (]. . 1)

, for u =y,
for 1§lk§nk,

Au) =
for k=4,5,....,p—1,
(n+3)+2;_2(n+1)j’ for u — xi)z}’
for [, =1.
("+4)+2k;2(”+1)_lp + 3(n+1)(21+2p_2) (—-1), for u= xif}’

for 2 <1, <n,p.

For even [;, 1<l;<m;andi=1,2,3,4 and 5, we define

3(n+1)+2P~H(n+1)—ly
2
3(n+1)+2P~H(n+1)+lo
2
n— -2 n .
4+ 1)+2; ( +1)( 1)

J— )
3(n+3)+ (2P~ 1428=2) (n4-1)—14
2

, for u= xl11]7

_ b
for u= Ty,

, for u= :zﬁfj,

for 2§lk§nk ,k:3,4,...,p—1

n (n—1)+2;’*2(n+1) (j B 1)

(3n+T7)+(2P~ 1 4+2F=2)(n4+1) -1,

2
—1)42P2(n+1) / . l
_ (=420 (n41) 5 (nt )(] -1), for u=uay,

for 2 <1, <my,.

The set of all edge-sums generated by the above formula forms a consecutive integer sequence
S={n+4)+2P2n+1)+1,(n+4)+2P2n+1)+2,...,(n+4) + 2P 2(n+ 1) + e}. Let
s = min(S). Therefore, by Proposition 2.1, A can be extended to a super (a,0)-edge-antimagic
total labeling and we obtain the magic constant a = v+e+s = 5n+7+2P~25(n+1). Similarly

by Proposition 2.1, A can be extended to a super (a,2)-edge-antimagic total labeling and we
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obtain the magic constant a = v+ 1+ s = 3n + 8 + 2P723(n + 1). |

Theorem 2.9. Let G = T(n+2,n,n+1,2(n+1),4(n+1),...,np) be a graph with order v and
n = 1(mod2). Then G admits super (a, 1)-edge-antimagic total labeling with ¢ = 2v 4+ s —1

and super (a, 3)-edge-antimagic total labeling with a = v + s + 1, where s = 4.

Proof: We suppose the vertex-set and the edge-set of G, as follows:

V(G) ={c |1<j<2ufali |1<i<p; 1<li<ng; 1<j<2},
E(G)={czhl<i<p; 1<j<2pUfafialit [1<i<p;l<li<n—1;1<j<2}
The order and size of the graph G are v = 2(n+2)+2P~1(n+1) and e = 2(n+1) +2P"Y(n+1).

Now, we define the labeling A : V(G) — {1,2,...,v} as follows:

M) =2n+4)+j5, j=1,2.

For all I; 1 <; < n;, we define

(2n+4)+ 7 — 20, for u:xlllj,
(2n +4) + j + 2lo, for u:xl;j,
Au) = (6n +8) + j — 213, for u= wg”j,
(100 + 12) + j — 214, for u=al,
. i 92 ) - .
(10n+12) +j + mZZS[Qm (n+1)] —2l;, for u=um, i>5.

The set of all edge-sums generated by the above formula forms a consecutive integer sequence
S ={4,442,..,4+2(e—1)}. Let s = min(S). Therefore, by Proposition 2.1, A can be
extended to a super (a,1)-edge-antimagic total labeling and we obtain the magic constant
a=v+e+s=2(2n+5)+ 2P(n+ 1). Similarly by Proposition 2.1, A can be extended to a
super (a, 3)-edge-antimagic total labeling and we obtain the magic constant a = v+ 1+ s =
2n + 9+ 2P~ (n +1). |
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