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Abstract

In this paper we have done some graph operations on smooth graceful and semi
smooth graceful graphs. By applying path union of graphs, star of a graph and
cycle of a graph we have generated new graceful families. We have proved that star
of a semi smooth graceful graph is graceful. We also proved that K, ,, P(t- H)
are semi smooth graceful, where H is a semi smooth graceful graph, step grid
graph and cycle graph C(t - H) are smooth graceful, when ¢ = (mod 4), H is as
above, every semi smooth graceful graph is odd graceful and C*(m - C,,), P'(k-T),
< Cnyy Pry, Crgs ooy Py Gy > < Koy ongs Py Kingngs Proy o s Py, Ky g >,
< Py, X Py Pryy Py X Prgy oo, Pry_(y Pn, X Py, > are graceful, when T' is semi

smooth graceful tree.
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1 INTRODUCTION

In 1966 Rosa [1] defined a-labeling as a graceful labeling with an additional property.
A graph which admits a-labeling is necessarily bipartite. A natural generalization of
graceful graph is the notion of k-graceful graph. Obviously 1-graceful is graceful and a
graph which admits a-labeling is always k-graceful graph, ¥V k € N. Ng [2] has identified
some graphs that are k-graceful, V k£ € N, but do not have a-labeling.

Kaneria and Jariya [3,4] define smooth graceful labeling and semi smooth graceful
labeling. Every smooth graceful graph is also a semi smooth graceful graph. They proved
cycle C,, (n = 0 (mod 4)), path P,, grid graph P, x P,, and complete bipartite graph
K, , are smooth graceful graphs.

For a comprehensive bibliography of papers on various graph labelings are given in
Gallian [5]. The present paper is focused on various graph operations on semi smooth
graceful graph to generate new families of graceful graph.

We will consider a simple undirected finite graph G = (V, E') on |V| = p vertices and
|E| = q edges. For all terminology and standard notations we follows Harary [6]. Here
we will recall some definitions which are used in this paper.

Definition—1.1 : A function f is called graceful labeling of a graph G = (V, E) if
f:V(G) —{0,1,...,q} is injective and the induced function f*: E(G) — {1,2,...,q}
defined as f*(e) = | f(u) — f(v)] is bijective for every edge e = (u,v) € E(G). A graph G
is called graceful graph if it admits a graceful labeling.

Definition—1.2 : A function f is called k-graceful labeling of a graph G = (V, E) if
f:V(G) — {0,1,... .k + ¢ — 1} is injective and the induced function f*: E(G) —
{k,k+1,k+2,...,k+q—1} defined as f*(e) = |f(u) — f(v)| is bijective, for every edge
e = (u,v) € E(G). A graph G is called k-graceful graph if it admits a k-graceful labeling.



Definition—1.3 : A function f is called odd graceful labeling of a graph G = (V, E)
if f:V(G) — {0,1,...,2¢ — 1} is injective and the induced function f* : E(G) —
{1,3,5,...,2¢—1} defined as f*(e) = | f(u) — f(v)| is bijective for every edge e = (u,v) €
E(G). A graph G is called odd graceful graph if it admits an odd graceful labeling.
Definition—1.4 : A smooth graceful graph GG, we mean it is a bipartite graph with
|E(G)| = ¢q and the property that for all non-negative integer [, there is a function
g:V(G) — {0,1,..., |5, |92 + L [Z2] +1,...,q + 1} such that the induced edge
labeling function ¢* : E(G) — {1+ 1,2+ 1,...,q+ [} defined as f*(e) = |f(u) — f(v)]
is a bijection for every edge e = (u,v) € E(G).
Example—1.5: A cycle (g with twin chords and its smooth graceful labeling shown
in figure—1.
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Figure—1  smooth graceful labeling for a cycle C1 with twin chords.

Definition—1.6 : A semi smooth graceful graph G, we mean it is a bipartite graph
with |E(G)| = ¢q and the property that for all non-negative integer [, there is an integer ¢
(0 <t < ¢q) and an injective function g : V(G) — {0,1,..., t—1,t+ 1, t+1+1,...,q+1}
such that the induced edge labeling function ¢* : E(G) — {1+1,2+1,...,q+1} defined
as f*(e) = |f(u) — f(v)] is a bijection for every edge e = (u,v) € E(G).

If we take [ = 0 in above both definitions—1.4, 1.6 the labeling functions g will become
graceful labeling for the graph G. Every smooth graceful graph is also a semi smooth

graceful graph by taking ¢t = L%lj



Example—1.7 : A tree on 12 edges and its semi smooth graceful labeling shown in

figure—2.
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Figure—2  semi smooth graceful labeling for a tree with [E(T)| = 12.
Definition—1.8 :  Let G be a graph and G, G, ..., G, (n > 2) be n copies of G. Then
the graph obtained by an edge from G; to G;41 (for i = 1,2,...,n — 1) is called path
union of G and we will denote it by P(G1,Ga,...,G,).
Definition—1.9 : A graph obtained by replacing each vertex of the star Kj, by a
connected graph G of n vertices is called star of G and we will denote it by G*. The
graph G which replaced at the center of K, we will call it as central copy of G*.
Definition—1.10 : For a cycle C,, each vertices of C), are replaced by connected
graphs G1,Gs, ..., G, is known as cycle of graphs and we will denote such graph by
C(Gh,Ga,...,Gy). If we replace each vertices of C,, by a connected graph G (i.e. G =
G =Gy =...=G,), such cycle of graph G we will denote it by C'(n - G).

If we replace each vertices of C,, by C'(n - G), such cycle graph C(n - (n - G)), we will
denote it by C?*(n - G). In general for any t > 2 C'(n-G) = C(n-C*"(n- Q)).
Definition—1.11: Take P,, P,, P,_1, P2, ..., P3, P, pathsonn,n,n—1,n—2,...,3,2
vertices and arranged them vertically. A graph obtained by joining horizontal vertices of
given successive paths is known as a step grid graph of size n (n > 3) and we will denote
it by St,.

Obviously [V (St,)| = 3(n*+3n—2) and |E(St,)| = n*+n — 2. Above definition was
introduced by Kaneria and Makadia [7].



Definition—1.12 :  Let Gy, G, ..., G, be any connected graphs. The graph < Gy, P,
Go, P,y ..., G, P,,_,, Gy > obtained by joining two consecutive graphs G; and G,
by P,,, a path of of length n; and n; € N, V¢ =1,2,...,t — 1 is called arbitrary path
union of graphs Gy, Gs, ..., G, join by arbitrary paths P,,, P,,, ..., P,,_,. In other words
consecutive graphs Gy, G, ..., G, join by arbitrary paths P,,, P,,, ..., P,,_, is known as
arbitrary path union of graphs G; (1 <i <t).

If we replace each P,,, FP,,,..., P, _, by a path P, of length n such path union of
graphs, we will denote by P,(G1,G;...,G;) and if we take G; = G (1 < i < t),where
G is a connected graph, we will denote such graph (arbitrary path union of a graph G)
by P,(t - G). Obviously P (Gy,Gs,...,G,) = P(Gy,Gs,...,G,), simple path union of
G1,Ga,...,G, and Pi(t-G) = P(t-G) = P(Gy,Gs,...,Gy), where Gy =G = ... = G,.

If we replace G = P(t- H) in P(t- G), such graph P(t- P(t- H)), we will denote it by
P%(t- H). In general for any s > 2 P5(t- G) = P(t- P*7'(t - GQ)) or P*71(¢t- P(t - GQ)).

2 MAIN RESULTS :

Theorem—2.1 : K, , is a semi smooth graceful graph.

Proof : Let vi,v9,...,0p, ui,us,...,u, be vertices of the complete bipartite graph
K, . Obviously K,,, is a bipartite graph with the vertex graceful labeling function
[ V(Kpn) — {0,1,...,g = mn} defined by

fv;)=m—iori—1, Vi=12,...,m;

f(uj)) =q—m(j—1), Vi=12,...,n.

Let [ be any non-negative integer. Define the vertex labeling function g : V(K,,,,) —
{0,1,....m—=1,m+I,m+1+1[,...,mn+1} such that its induced edge labeling function
g E(Kp) — {1+0L,2+1, ... ,mn+1} with ¢*(e) = |g(u)—g(v)|, Ve = (u,v) € E(Kpn)
defined by

g(w) = f(w), when w € {v,ve,..., 0}

= f(w) +1, when w € {uy, ug, ..., up}.



Now for each e = (u,v) € E(K,,), we see that

g*(e) = g*((u,v))
= [9(u) = g(v)]

= |f(u) +1 = f(v)]

= |f(u) = f(0)[ +1

= f*(e)+1

Therefore g* is a bijection as f* and ¢*(E) = {1+ 1,2+1,...,q¢+1}. Hence K,,,, is

semi smooth graceful.
Theorem—2.2 : Step grid graph St, is a smooth graceful graph.
Proof : Let G = St, be a step grid graph of size n. Where mention each vertices of n”
column like uy; (1 < j < n), (n—1)" column like uy; (1 < j < n), (n —2)" column
like uz; (1 < j < n—1), (n— 3)" column like uy; (1 < j < n — 2), similarly the
first column like u,; (j = 1,2). Here we recall that p = |V(G)| = (n® + 3n — 2) and
q = |E(GQ)] = n?+ n — 2. Moreover St,, is a bipartite graceful graph (proved by Kaneria
and Makadia [7]) with vertex labeling function f : V(St,) — {0,1,...,¢} defined by

[
. -2 1 .
flung) =4 =5+ (=1 [ — 5l Vi=12,...,n

fluig) = fuiz1j-1) + (=1), Vi=23,...,[3],
Vi=1,2. . n+4i—1
fluig) = (n—i+1)* +1, Vi=nmn—1,...[%];
fluig) = q—(n—i+1)(n—1), Vi=nn—1,...,[2];
fluig) = fluiprj—2) + (=1)771, Vi=n—1n-2,...,2,

Vi=34,....,n+2—1.

Let | be any non-negative integer. Define the vertex labeling function g : V(St,) —
{0,1,...,4 =12 + 1,24+ 1+1,...,q + I} such that its induced edge labeling function
g - E(St,) — {1+1,2+1,...,q+ 1} with ¢g*(e) = |g(u) — g(v)|, V e = (u,v) € E(St,)
defined by

g(w) = f(w), when f(w) <

= f(w) +1, when f(w) >

N N



Now for each e = (u,v) € E(St,), we see that
g*(e) = g*((u,v))
= lg(u) = g(v)]
= |f(u) — f(v)|+1, asfor any e = (u,v) € E(St,) one of {f(u), f(v)} is
less than £ and another is greater than or equal to 4
= g*(e) = f(e) + 1,V e € E(St,).
Therefore ¢g* is a bijection as f* and ¢*(E) = {1 + 1,2+ 1,...,q + (}. Thus St, is
smooth graceful.
Theorem—2.3 :  Path union of ¢ copies of a semi smooth graceful graph H is graceful.
Proof : Let G be a path union of ¢ copies of a semi smooth graceful graph H with
p=|V(H)|and ¢ = |E(H)|. Let [ be an arbitrary non-negative integer and f : V(H) —
{0,1,...,t =1L, t+1t+1+1,...,q+1} be a semi smooth graceful labeling for some ¢ €
{0,1,...,q}. Then its induced edge labeling function f*: E(H) — {1+{,2+1,...,q+1}
with f*(e) = |f(u) — f(v)|, V e = (u,v) € E(H) is a bijection.
Let V(H) = {v1,v,...,v,} and take v;1,v;2,...,v;, as vertices for i'" copy of H in
G,Vi=12...,twithv; =v;,Vj=12 ... pin first copy of H in G. Obviously
=|V(G)|=tpand Q = |E(G)|=tqg+1t—1.
Define the vertex labeling function g : V(G) — {0,1,...,Q} as follows

g(v1;) = f(vy), if flv;) <t
(W) +(Q—q) =1, if flu)>t,Vji=12...,p;
9(v23) = g(vi) +(Q —q), if g(v1;) < ¢
=g(v15) — (@ — q), if g(vi;) > ¢, Vi=12,...,p;
g(vis) = g(viay) + (g +1),  ifg(viay) <%

=g(viiiy) — (q+1),  ifglviay) >L, Vi=34,...,t,Vji=1,2,...,p
Now choose a vertex v of H® and each corresponding vertex to v in each copy H*Y
join by an edge to form path union G, V¢ = 1,2,...,f — 1. The above edge labeling
function g give rise graceful labeling for G. Thus G is graceful.
Ilustration—2.4:  Semi smooth graceful labeling for St5 and graceful labeling for path

union of 5 copies of St; are shown in figure—3 and figure—4 respectively.
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Flgure—B Smooth graceful labeling for Sts.
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Figure_4 Graceful labeling for path union of 5 copies of Sts.
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Theorem—2.5:  Star of a semi smooth graceful graph is graceful.

Proof : Let H be a semi smooth graceful graph and G = H*, where p = |V(H)|,
q = |E(H)|. Let [ be an arbitrary non-negative integer and f : V(H) — {0,1,...,t — 1,
t+1,t+1+1,...,q+1} be a semi smooth graceful labeling for for H, where t € {0,1,...,q}.
Let V(H) = {v1,vq,...,0,}.

Let vo1 = v1,V02 = V2, ...,V = Vp be vertices of the central copy H in G. Take v;

(1 < j < p) as vertices for i copy H® in G,V i=1,2...,p. Define the vertex labeling

function ¢ : V(G) — {0,1,...,Q}, where Q = pq + p + ¢ as follows
9(vo;) = f(v;), if f(v;) <t
= flv) +(Q@—-q) -1 if flvj) 2t Vji=12....p
9(v1) = 9(vog) + (@ —a), if g(vo) < §
= g(vo;) — (@ — q), it g(vog) > %, Vi=12....p;
9(vig) = g(vi2;) + (¢ + 1), if g(vi_a;) < £
= g(vi2;) — (¢ +1), if g(vi-a;) > 4,

Vi=2,3,....,p,Vj=1,2,...,p.
Now join each vertex of central copy H® with its corresponding vertex of other copies
H® by an edge, Vi = 1,2,...,p. Above labeling pattern give rise graceful labeling to
the graph G and so it is graceful.

Ilustration—2.6 :  Semi smooth graceful labeling for H = (5 with twin chords and

graceful labeling for the star of H are shown in figure—5 and figure—6 respectively.

11+1

Flgure_5 Semi smooth graceful labeling for H = C12 with twin chords.
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Figure—6  Gracetul labeling for H*, where H is a cycle C1a with twin chords.
Theorem—2.7 :  C(t- H) is graceful, where H is a semi smooth graceful graph and
t=0,3 (mod 4).
Proof : Let G be a cycle graph formed by ¢ copies of a semi smooth graceful graph H,
t=0,3 (mod 4). Let p=|V(H)|, ¢ = |E(H)|, V(H) = {v1,v9,...,v,}. For an arbitrary
non-negative integer [, let f : V(H) — {0,1,...,t—1,t+1,t+1+1,...,¢+1} be a semi
smooth graceful labeling for some ¢ € {0,1,...,q}.

Obviously P = |V(G)| = pt and Q = |E(G)| = t(¢+1). Let u;; (1 < j < p) be
vertices of i copy of H® in G, Vi=1,2,... ,t withu,; =v;,Vj=12,...,p. Join u;y
with ;414 by an edge, Vi =1,2,...,t—1 and u;y, with uy x to form cycle graph C(t- H),
for some k € {1,2,...,p}. Define vertex labeling function g : V(G) — {0,1,...,Q} as

follows

10



= flv)) +(Q@—q) -1,
9(uz5) = g(ury) +(Q — q),

= g(u1;) = (Q — ),
9(uij) = g(ui—2;) — (¢ +1),

= g(ui2;) + (¢ + 1),

Vi=TL]+3,[5]+4,....t,Vj=12 ..

Y

) D-

Above labeling pattern give rise a graceful labeling to the graph C(¢- H) and so it is

graceful.
Illustration—2.8 :

shown in figure—7.
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Graceful labeling for C(7 - H), where H is a tree on 13 vertices and take | = (Q — q) = 79.
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Cycle of a tree on 13 vertices with 7 copies and its graceful labeling
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Theorem—2.9 :  Every semi smooth graceful graph is odd graceful.

Proof : Let GG be a semi smooth graceful graph with semi smooth vertex labeling function
g:V(G) —{0,1,...;t—1,t+1,t+1+1,...,qg+!}, whose induced edge labeling function
g E(G) — {1+1,2+1,...,q+1} defined by g*(e) = |g(u) —g(v)|, ¥V e = (u,v) € E(G),
for some t € {1,2,...,¢q} and an arbitrary non-negative integer .

Since G is a bipartite graph, we will take V(G) = V3 UV, (where V) # ¢, Vo # ¢ and
ViNVy = ¢) and there is no edge e € E(G) whose both end vertices lies in V; or V5.
Moreover

{g(u) Jue W} C{1,2,...,t—1}
{g(uw) JueVo} C{t+l,t+14+1,...,q+1}.
Otherwise by taking [ sufficiently large, the induced edge function g* produce edge

label which is less than [, gives a contradiction that G admits a semi smooth graceful

labeling g.
Now define h: V(G) — {0,1,2,...,2¢ — 1} as follows
h(u) =2 - g(u), VueV; and
h(v) =2-g(v) —1—2I, Vovels.

Above labeling function h give rise odd graceful labeling to the graph . Because
for any edge e = (u,v) € E(G) [where v € V; and v € V3], ¢g*(e) = i + [, for some
ie{1,2,....q}.

Also for any e = (u,v) € E(G) h*(e) = h(v) — h(u)
= 29(v) — (1+21) — 2g(u)
= 2(g(v) = g(u)) — (1 +20)
— 20g(v) — glu)| — (1 +21)
= 2¢g*(e) — (1 +2I)
=200 +1)—(1+20)
= 20— 1.

Thus G is an odd graceful graph.

Ilustration—2.10 :  Semi smooth graceful labeling and odd graceful labeling for St

are shown in figure—8.

12
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Figure—8  semi smooth graceful labeling and odd graceful labeling for St

Theorem—2.11:  Cycle graph C(¢- H) is smooth graceful, when ¢ = 0 (mod 4) and H
is a semi smooth graceful graph.
Proof : It is obvious that if we join two bipartite graphs by a path then the resultant
graph is also bipartite graph. So P(k - H) are bipartite graphs, V k = 2,3,...,t, as H is
a bipartite graph. To get C'(t - H), we have to add one more edge in P(t- H) between
first and last copy of H in P(t- H). Thus we have to add ¢ edge in U!_, H® for the
construction of C(t - H). If these added edges does not form a cycle of odd length then
C(t- H) is also a bipartite graph.

Here we will add ¢ edges to U!_, H® between corresponding vertices in each copy to
a vertex v from H to form the cycle graph C(¢- H), where t = 0 (mod 4). Thus C(-H) is
a bipartite graph.

In Theorem—2.7 we proved that C(t- H) is a graceful graph with the vertex labeling
function g : V(G) — {0,1,...,Q} defined as follows

g(u1;) = f(v)), if f(v) <t

= f(v) +(Q—q) — 1, if f(v;) > Vi=12....,p;
g(uz;) = g(ur;) +(Q — q), if g(ur;) < %

= glury) — (@ = a), ifgluy) 2§,  Vji=L2...p

13



Vi=34,...,5Vji=12...,p;
g(ueyq ;) = glue_y ;) + (¢ +2), if g(ug—l,j) < %
=g(us_y;) — (g +1), 1f9(ug—1j)>%» Vi=12,...,p;
glus i) = glus ;) + (a+2), if g(us ;) <9
= g(uz ;) — (g +1), ifglus;) >4, Vji=12....p
g(uiz) = g(ui—ay) — (¢ + 1), if g(uiay) > 2
= g(ui—2;) + (¢ + 1), if g(uiag) < %,

Vi=Lt+4+3L4+4,..,t,Vj=12,...,p
Where Q = t(qg+ 1), ¢ = |E(H)|, p=|V(H)| and f: V(H) — {0,1,...,t — 1,t + 1,
t+14+1,...,q+1} (t €{1,2,...,q} and [ be an arbitrary non-negative integer) be a semi
smooth graceful labeling for the semi smooth graceful graph H.

From above defined labeling patter g on C(t- H), we can see that for any e = (u,v) €
E(C(t- H)), either g(u) < % and g(v) > % or g(u) > € and g(v) < &. Thus if we define
h:V(C(t-H)) — {0,1,...,%—1,%+l,%+l+1,...,@+l} as follows.

h(v) = g(v), when g(v) <

<3
=g(v)+1, when g(v) > %

, for any arbitrary non-negative integer [, we can
observe that the induced edge labeling function h* : E(C(t-H)) — {14+1,2+1,...,Q+!}
defined by h*(e = (u,v)) = |h(u) —h(v)| = |g(u) —g(v)|+I = g*(e)+I, becomes a bijection,
as W"(E(C(t-H))) ={14+1,2+1,...,Q+1} and so h is a smooth graceful labeling to the
graph C'(t - H) and hence C(t - H) is a smooth graceful graph.
Theorem—2.12:  C*(m - C,) is graceful, when m,n =0 (mod 4) and t € N.
Proof : Since C,, (n = 0 (mod 4)) is a smooth graceful graph, by Theorem—2.11 C(m-C,,)
is also a smooth graceful graph, where m,n = 0 (mod 4). By applying same argument
C(im-C(m-C,)) = C*(m-C,) is a smooth graceful graph.

Similarly C(m - C?*(m - C,)) = C*(m-C,), ..., C(m-C*"Ym-C,)) = C*(m-C,) are
smooth graceful graphs, where m,n =0 (mod 4) and t € N.

Particularly C*(m - C,,) is graceful graph, where m,n =0 (mod 4) and ¢t € N.

14



Ilustration—2.13:  C3(4-C}) and its graceful labeling shown in figure—9, where Q =
|E(C3(4-Cy))| = 340 and P = |V (C3(4 - Cy))| = 256.

o 339 4, 338 13 329 20 322 258 83 260 82 269 73 276 66

11 80
3 330 259 74
340 0] 336 300 19 84  [256 267 164 975
9, 33167335 326 | 324 65 262" 79 270 2712, g
16 75 70
264
333 10 /334 8 338 15| 323 18 [ 266(78 72 271 67 274
40, 302 37 397 30313) 32 312 206 46 (293 51 286 57/ 288 56
38 28 49 58 54
303 305~ 36 3147 310 31391 AT 104 292 284 | 287
315 278
41 299 |33 309 25 > 297 289 53 281 5 63
24 43 001 280
301 42 308 35 317 26 318 45 208 52 61 282 62
173 169 17° 168 184 459 191 152 \ 88 254 90 253 99 244 106 237
171 174 182 251 235
1 89 5
170 166 60 150 190 255 g6 2451 j0s
180 161 165 455 156 154 | o5 92 250 100 102 239
163 e 248 96 94
181 [ 164 158 186 153 189 249 243 101 238 104
211 132 1208 137 201 143/ 203 142 126 217\123 222 116 228) 118 227
209 199 220] 229 235
133 | 135207144 140] 202\ 218" Tigg 122 14 | 117
212,12 139 145 127, 19 22444y 108 2%
204 196 193 214 230

121 110
131 213 138 206 147 197 148 1% oo 128 9223 232112 233

Figure—9  c3(14. cy4) and its graceful labeling.

Theorem—2.14 :  P(t- H) is a semi smooth graceful graph, where H is a semi smooth
graceful graph and t € N.
Proof : It is obvious that P(¢- H) is a bipartite graph as H is bipartite. In Theorem—2.3
we proved that path union of ¢ copies of semi smooth graceful graph is also graceful. Let
G =P(t-H)and V(H) = {v1,v9,...,v,} with p = [V(H)|, ¢ = |E(H)|.

Since H is a semi smooth graceful graph, it admits a semi smooth graceful labeling
say f:V(H) —{0,1,...,y—1, y+ly+Il+1,...,q+1} forsomey € {1,2,...,¢q} and

an arbitrary non-negative integer [ € N.
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Let Q =tqg+1t—1 and k be an non-negative integer. Take w = %q, when ¢ is even or
|£]g+y, when t is odd. Define the vertex labeling function h : V(G) — {0,1,...,w—1,
w+kw+k+1,...,Q+k} as follows

h(vi;) = f(v;), if f(vj) <y

=fl)+@—-a)+(k—vy), iffly)=yVi=12....p
h(vej) = h(vi;) +(Q — q) + k, if h(vy ;) < %

=h(v;) —(Q —q+k), if h(vy;) > g,Vj =1,2,...,p;
h(vi;) = h(vi—aj) + (¢ + 1+ k), if h(via;) < €

= h(vi—2;) — (¢ + 1+ k), if h(viay) > ¢,

Vi=3,4,....t,Vj=12,...,p.
Above labeling pattern give rise semi smooth graceful labeling to the graph G =
P(t- H). Thus G is a semi smooth graceful graph.

Theorem—2.15:  P'(k-T) is graceful tree, where T is a semi smooth graceful tree and
t,keN.

Proof : We have T is a semi smooth graceful tree. By last Theorem—2.14 P(k-T) is
also semi smooth graceful tree, as path union of k£ copies of a tree is also a tree. Applying
similar theory P*(k - T) is semi smooth graceful. Therefore it is a graceful tree.
Ilustration—2.16 :  P3(2-T) and its graceful labeling shown in figure—10, where Q =
|E(P?(2-T))| = 103 and P3(2-T) contains 8 copies of T inside it.

97 95 q 6 82 919 17 L 84
98 7 20 g5 85
. 5 e 18 r © o
3 91 94 93 81 65 16 15
o S - 80 440 40
% 2 92 Y 79— 21 80 14 47'
100 12,91 9 25 78 9y 90 13 8
; 0 ( ; 10 ; : ; 88
101 M 24 78 23 89
45 43 s 98 30 o 71 69 032
55 13 42 41 29 39 68 67
ey [-[() e .
27 54 40 4; 27— 73 28 66 e
52 48 04 39 6 26 74 38 65 35
51 62 77 36
50; :49 63: 76; 26:75 37:
Figure— 10 PS(Q - T) and its graceful labeling, where T' is a semi smooth graceful tree given in figure—2.
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Corollary—2.17:  P(k-C(t-P,x P,,)) is graceful, where t = 0 (mod 4) and m,n,k € N.
Proof : This follows from Theorem—1.11 and 1.14, as P, x P,, is a smooth graceful graph
proved by Kaneria and Jariyal[4].

Illustration—2.18 :  P(3-C(4- P3 x P3)) and its graceful labeling shown in figure—11,
where |E(P(3-C(4- Py x P3)))| =158 and |[V(P(3-C(4- P; x P3)))| = 108.

Flgure_ 1]_ P(3-C(4- P3 x P3)) and its graceful labeling.

Theorem—2.19 : _, P,, x B, is graceful, where n;(1 <i <t), my(1<i<t),t€ N.
Proof : Let G = U._, (P,, x P,,,), where P,, x P, is the grid graph on n; x m; vertices
and ¢; = |E(P,, X Py,)| = 2min; — (m; +n;),Vi=1,2,... ¢

Let w;jr (1 <j <mn; 1<k <m,;) be the vertices of P,, x P, (assuming m; > n;),
Vi=1,2,...,t. Obviously P = |V(G)| = Xi_, pi, where p; = |V (P,, X Pp,)| = mun;, ¥V
i=1,2,...,tand Q = |E(G)| = ¥!_; ¢;. Kaneria and Jariya [4] proved that P, x B,
(1 <i < t) are smooth graceful graphs.

We know that the vertex labeling functions f; : V(P,, x Py,,) — {0,1,..., ¢} defined

Fluiga) = a — 4527, when j is odd,

Zj(j;2), when jiseven,V j=1,2,... n;;
Fltigm) =% = L4 (~)mH (@S L 10 =y m — 1,1
fluijr) = f(uijo1pe1) + (=1)77F, Vk=m;—1,m; —2,...,m; + 1 —n,,

Vi=ng,n;—1,....m;+1—k;
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Fing) = ftip 1) + (=1 [Eu=DED] 0 when k s odd,
= f(Uin;—11) — (—1)’“[@], when k is even,
Vk:2,3,,mz—nz,
Fuijr) = flugjerp—1) — (—1)7HF, VEiE=23,...,m—1,
Vji=12,....,min{n;,m; —k};Vi=1,2, ...t are graceful.
Using these we shall define g; : V/(P,, X Pp,,) — {0, 1,..., [%] =1, [Z] + L[] +1+1,

gi(u) = fi(u), when fi(u) <%,
= fi(u) +1, when f;(u) > L Vue V (P, X Pn,)
andVi=1,2,...,¢,

where [ is an arbitrary non negative integer. Which are smooth graceful labeling
function Vi=1,2,...,t
Define for each k = 2,3,...,t, hy : V(US| P, x P.) — {0,1,..., 3%, ¢} as follows,

assuming hy = fi.

hie(wi) = gr(wi), when g (wy) < %
= gr(wi) + X1 @ — 1, when gi(wy) > %,V wy, € V(P,, X Pp,);
hi(w) = h—y(w) + (% + 1), when gy, is even,

=g — by (w) + (q’“;?’), when g is odd, ¥ w € V(U] P, x Py,).
Above defined labeling pattern give rise graceful labeling hj, to each disconnected graph
le P, x P, ,Vk=23,...,t Thus Ule P,, x P, are disconnected graceful graphs,

V k=2,3,...,t. Particularly U!_; P,, X By, is graceful.

IMustration—2.20 :  To get graceful labeling for G = (P x P3) U (Py x Py)U(Ps x Ps)U
(Py X Py), we have Q = 12+ 17422410 = 61,q; = 12,9 = 17,93 = 22, ¢4 = 10, we have
computed smooth graceful labelings for Py x P3, Py X Py, Py x Ps and P, X Py in figure—12
by smooth vertex labeling functions g;(1 < i < 4) respectively, graceful labeling for
(P3x P3)U(Psx Py) by ha, in figure—13, graceful labeling for (Ps x P3)U(Psx Py)U(P3 X Ps)
by hs in figure—14 and graceful labeling for G by hy4 in figure—15.
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12+l 8t 17+ 1 13+ °
0 B 0 9+l
9+( 14+1 S
6+l 15+ 8
10+ f ¢ o
2e+l 1 18+L 6 10+L 1 7+l 4
13+1
0 19+1 5 14+
10
8+ 3 S+l
4 15+L 9 11+L
20+l
Flgul"e—12 smooth graceful labeling for P3 X P3, P3 X P4, P3 X Ps, and Py X Py.
1 6
7 18 29 1 25
14
19 0
10 26 et
S
g 13 27 8
15 4 ee
Flgure_l?) Graceful labeling hy for the graph (P3 X P3) U (P3 X Py4).
23 18
1 30 41 13 37
31 26 12 33
ce 38 17
21 25 39 20
27 16 34
St 1 47 6
42
48 5 43
0 10
4 44 S 40
49
Flgure_ 14 Graceful labeling h3 for the graph (P3 X P3) U (P3 X P4) U (P3 X Ps).
I 58 4 57 7 53 12
ol 48
54 11 49
& 16
0 59 3 56
10 50 15 46
55
24
47 19 43 235 36 =
18 39 32
44 23 37 28
45 26 31
ee 40 e’ 33
Flgure— 15 Graceful labeling hy for G.
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Theorem—221: < C,,P,,,Ch, ..., P, Cp,, ., > is graceful, when n; = 0 (mod 4),

Vi=1,3,... 2% +1andn, € N,Vi=1,2,... 2 +1.

Proof : Obviously p; = ¢ = |[V(Cy,)| = |E(Cy,)| = niy, Vi = 1,3,...,2t + 1 and

p; = V()| =nj, ¢ = |E(Py,) =n; =1,V j=2,4,...,2t. Let G =< Cy,, B, Chs,
s Prgys Crgry >, VI(Cy,) = {uij/1 < j <ni}, Vi=1,3,...,2t+1and V(P,,) = {v;/

1 <k <nj}, Vj=24,...,2t with u;1 = vig1,,, and Vi1 = Uipon,,, for every
i=1,3,...,2t — 1 to from the connected graph G. Here P = |V(GQ)| = X2 p; — 2t and
= |B(G)| =11 5.

Let foi : V(P,,,) — {0,1,..., g2} be graceful labeling for P,,, defined by
foi(vaik) = g2 — (551), when £ is odd,
= (52), when k is even,

\V/k?:1,2,...,p2i,Vi:172,...,t

Let foir1: V(Cryy) — {0,1,.. ., g2ip1 } be graceful labeling for C,,,., defined by
f2i+1(u2i+1,j> = G2i+1 — (%)7 when j is odd,
= (%), when j is even, and j < 225
= (%), when j is even, and j > =5,

Vj:1,2,...,p2i+1,VZZO,l,...,t.
Define for each k = 2,4,...,2t (assuming g1 = f1) gx : V(< Cpyy Py, ooy Poy, >) —

{0,1,...,5F ¢} and gppy : V(< Cpyy Py - - - Crpy >) — {01, .. Z§+1 ¢;} as
follows.
gr(u) = fr(w), when fi.(u) < %,
= fr(w) + X ¢, when fi(u) > % Vu e V(P,,);
ge(w) = gr—1(w) + %, when g, is even,
=Yg+ (270 — gpi(w),  when gy is odd;
VweV(<CuyPoyyoo oy Copy >);
Grer1(v) = frr1(v), when fiy1(v) < %52,

= fr(v) + X521 45, when fiy1(v) > #5%, V o € V(Cy,,,);
gk+1< ) Zf 1qJ (gk+1)_gk<w)> VwEV(< Cm,Pn2,...,an71,Pnk >>'
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Above labeling pattern give rise graceful labelings gi, gx+1 to the graphs < C,,,, P,,,
ooy Py, >and < Cyy, P,,...,C > respectively and so they are graceful graphs,

? M4

Vk=24,.. .t Particularly < C, , P,,,..., P, Cy,,, > is a graceful graph.

Ilustration—2.22 : < Cy, Py, Cy, P7,C1a, P3,Cg > and its graceful labeling g; shown
in figure—20, for this we have computed graceful labelings fi, fs, ..., f7 for Cs, Pig, Cy, P,
C1o, P, Cg respectively in figure—16, < Cg, Py >, < Cg, Pyg, Cy > and their graceful

labelings ¢o, g3 are shown in figure—17, < Cy, Py, Cy, Pr >, < Cg, Pig, Cy, P7,C15 > and
their graceful labeling g4, g5 are shown in figure—18 and < Cg, Pig, Cy, P7,C12, P3 > and

its graceful labeling g shown in figure—19.
12

8 4 8 4
4 2 0
[ J 50 o © S e
2
7 @ 3@ 7 @ 3e
0 3
6 6
1 1
Flgure_16 Cg, P19, C4, P7,C12, P3, Cg and its graceful labelings f1, fa,..., f7 respectively.
& ® @ 5
6 9 7
1 ) 1e
4 13 3 14 2 15 1 16 0 17
G L 17
13 10 12
° 4 5 21
®s Il g 15 19
I3 18
14 7 15 3 20 0

Flgul"e— 17 < Cg, P1g >, < Cg, P19, C4 > and their graceful labelings g2, g3.
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21 6 22 S 24 2 25 1 26 0 27
° 23 3
20

1P e8 9

10 30

13

Flgure_18 < Cg, P19, C4, Py >, < Cg, P19, C4, P7,C12 > and their graceful labelings g4, g5 .

eo 16 25 12 29 10
19 @ ® 24 15 4 @® °g
11 31
26
2l o ®17 Ee e 13
14
18 23 27

Flgul"e— 19 < Cg, P1o, C4, P7,C12, P3 > and their graceful labeling gg.

es 29 2o 33 16 35 4 49
26 @ o1 .9 ®17 46 ® ®0
34 14
19
24 @ [ Rk L e 32 3e ® 43
3t
27 £ 18 47 1

Flgure_20 G and its graceful labeling gy

Theorem—2.23: < P, X P,,, P, P, X Ppy,..., P, Py, X Py, > is graceful.
Proof : Let G =< P,, x Py, Py, Py, X Py, ..., Py, |, Py, X Py, >. It is obvious that
pi = |V(Py, X Pp,))| =ming, Vi=1,2,...,tand |V(P,)|=r;,Vj=12,...,t—1. Also
G = |E(Py, X Py,)| =2p; — (mi+n;),Vi=1,2,... . tand |E(P,)| = q; =15 — 1,
Vi=12...,t—1.
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Let V(P,, x Pp,) = {uiji/1 <j<ni,1 <k<m},Vi=12....tand V(P,) =
{wp/1<k<r},Vi=1,2,... t—1withu;11 = v;,, and v, = ui+1,ni+1 ;mi, forevery i =
1,2,...,t—1to from connected graph G. Here we see that |V (G)| = X/, pi+ 321 (i —2)
and |E(G)| = X', i+ (q;). Let fi: V(P,, x P,) — {0,1,...,q} be vertex labeling
function forP,, x F,,, defined by

flugn) =g — U=~ 1) , when j is odd,

= 55, when jiseven,V j=1,2,...,n;

C(y— )2 .
flugjm) =% — 1+ (_1)mz+J[% +1, V=m0

flurin) = flugj—1ps1) + (—1)7FF Vk=m—1m—2,....,m+1—ny
Vi=n,m—1,....m+1—k;
S ) = fugn1) + (=1)™ [M]a when £ is odd,
= f(up1) — (— 1)’”[2"’ Lk when kiseven, Vk=2,3, ... ,m—n;
fluin) = flugjorn) + (1Y E=23 ... ,m—1,Vj=1,2,....min{n, m—k},
Vi=12, . ..t

which is a graceful labeling function for P,, x P,,,VI=1,2,...,t
Let f, : V(P,) — {0,1,...,q} be vertex labeling function forP,, defined by
flg) =g — (551), when £ is odd,
= %, when k is even;
Vhk=12.  ,mV¥Il=12 . t—1
which is a graceful labeling function for P, V1 =1,2,...,t — 1.

Define for each | = 2,3,...,t, g, : V(< Pa, X Py, Prryoo oy Pay ) X Py, P >)

—{0,1,..., X2 gi+q)}y and g, : V(< Py X Payy Pry oo Pry Py X Py >) — {0, 1,
N s D 1(% +¢;)} as follows (assuming g; = f1).
g1 (w) = fi (), when f,_,(u) < 2{
= fiy(u) + g1 + X3 (0 + ), when £, (u) > 2,
VueV(P);
gia(w) = gia(w) + ngl, when g, , is even,

g2+ q) + () — ga(w), when gy s odd,
VweV(< Py X Puyy Py Poy , X Py | >);
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9i(v) = fi(v), when fi(v) < %,
= fiv) + ZiZi (g + ), when fi(v) > £,
VoveV(P, X Pn);
gi(w) = ngl(w) + %7 when g, is even,
=Yg+ q) + (257) — g4 (w), when g; is odd.
VweV(< Py, XPy,P,....,Py_, X Py, P, >)

Above labeling pattern give rise graceful labeling g, ;, ¢ to the graphs < P, x

Pn,P,....,P,  xPy, ,P,, >and < P, xP,,,P,,...,P,_,, P, x P, > respec-
tively, V [ = 2,3,...,t. So they are graceful graphs. Particularly G =< P,, x P,,,
P, ...,P, P, x P, > is graceful.
Ilustration—2.24 : < P3 x P3, Ps, P3 x Py, Py, P, x Py > and its graceful labeling g3
shown in figure—24, for this we have computed graceful labelings fi, f2, fs, f; and f, for
the graphs P3 x P3, P3 x Py, Py X Py, Ps and P respectively in figure—21, graceful labeling
g, for < Py x Py, Ps >, graceful labeling g, for < P3 x P3, P5, Py x Py > in figure—22,
graceful labeling g, for < Py x P3, Ps, Py x Py, Py > in figure—23.

4 0 1
7
o4 1 20
17 1 13 6 2 1 8
0 14
21 . ; .
0
14 s ke S
22 1
S 15
15 8 10 6
4 10 4
4 12
16 10
[} 9 9 9 Y Y I}
7 0 6 1 5 2 4 3

Fi 21 ! :
gure— Graceful labeling f1 for P3 X P3, fa for P3 X Py, f3 for Py X Py, f; for P5 and f, for Pg.

14 3 10
1 14
. 33 1 29 6 o4 o3 10 21
2 1
15 0 17
12 30 5 25 ER 13
0 8
6
31 9 12 16
16 4 26 8 18

: ’
Flgure_22 Graceful labeling g, for < P3 X P3, P5 > and g2 for < P3 X P3, P5, P3 X Py >.
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22
3 35 7 30 12 13 26 15
36 s
6 31 11 14 23
S 27 24 20
32 10 28 18

FlgU_I"e—23 Graceful labeling g; for the graph < P3 X P3, P5, P3 X Py, Pg >.

64 1 60 7 14 49 15 47 19 42 24 o5 38 27 34
0 50 48
61 6 54 13 18 43 23 26 35 31
62 S 55 1 12 4 17 [ 32
44 22 40 30
4 56 10 se

Flgure_24 Graceful labeling for G.

Theorem—2.25 : Arbitrary path union of ¢ complete bipartite graphs K, »,
(1 <i<t)byt—1 paths of arbitrary length r; — 1 (1 < j <t — 1) is graceful.

Proof : Let G =< Ky Py Kigngs Proy+ -+ s Kinymy >. Obviously P = |V(G)| =
i (mi+ny) + 321 (r = 2) and Q = |E(G)| = Sy ¢+ X111 ¢;, where gy = |E(Kp, 0| =
m;n; andq;:|E(P,,j)|:rj—l,Vz':1,2,...,tande:1,2,...,75—1.
Let V(Kmn,) = {ui;/1 < 7 < mipU{wir/l < k < n}, Vi =1,2,...,t and

V(P,) = {ve/1 <t <}, with wg = vy, Wigam,, = v VI=1,2,...,t—1.

Let fi: V(Kmn) — {0,1,...,q} be graceful labeling function for K,,, ,, defined by

filw ;) =7—-1, Vi=1,2,...,my;
filwig) =my - k, Vk=1,2,...,n,VI=1,2,...,¢t.
Let f, : V(P,) — {0,1,...,q;} be graceful labeling function for P, defined by
flog) = q — (551, when £ is odd,
=(%2), when k is even, Vk=1,2,...,m

Vi=12 . t—1.
Define for each V [ = 2,3,...,t (assuming g, = f1) g;_1 : V(< Konynss Pros -+ o Konyym 1
P, >) — {0,1,...,5 g + q)} and g1 : V(< Kpymys Prysevos Py Koy >)
— {0,1,..., X5 (g + q;) + @} as follows
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Gia(u) = fi1 (w), when fi,(u) < %
= fia(u) + a1+ 22 (6 + ), when f, ,(u) > %l
VueV(Py);
92-1(“’) = gi1(w) + (qué_l), y when g,_, is odd,
=g+ g+ q) + ( L) — g1 (w), when ¢, , is even,
VweV(<kmyn Py s Ky, >);
g(v) = filv), when fi(v) < my,
= filv) + Zisi(a + 40, when fi(v) > m,
VoveV(Knn);

g(w) =1 (g + g:) +mu — gy (w) — 1,
Vwe V(< knyns Pros oo s Kony_ymgy» Pry >).

Above defined labeling pattern give rise graceful labelings g, ;, g to the graphs
< Kpynyy Pryyo ooy Py > and < Ky, oy, Pry, o oo Ky, n, > Tespectively, VI = 2,3,...,¢
So these are graceful graphs, VI = 2,3,...,t. Particularly G =< Ky, 5y, Prys -0 Kpny >

is graceful.

Illustration—2.26 : < K35, Fs, K33, P5, K34 > and its graceful labeling g3 shown
in figure—28, for this we have computed graceful labelings f1, f, f3, f1, fé for the graphs
K35, K33, K34, Fs, Ps respectively in figure—25, graceful labeling g'1 for < K35, Fs >, g2
for < K35, Fs, K33 > in figure—26 and graceful labeling g'2 for < K35, Fs, K33, P5 > in

figure—2T7.
0 1 2 0 1 2 0 1 2
3 6 9 12 15 3 6 9 3 6 9 12
S5 0 4 1 3 2 4 0 3 1 2
o——e o o o o o—e o 6 o

Flgure_25 Graceful labeling for k3 5, K3 3, K3,4, Ps, Ps.
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Flgul“e—26 Graceful labeling g; for < K3 5, Pg > and g3 for < K3 5, Pg, K3,3 >.

F1gure—27 Graceful labeling for < K35, Pg, K3,3, P5 >.

Figure—28 Graceful labeling g3 for G.
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