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Abstract

In this paper, we investigate the neighborhood-prime labeling for union of two cycles,

union of two wheels and union of a finite number of paths.
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1 Introduction

In the past thirty years several research papers investigating the primality of various graphs
have been published. In [4], [6] and [7] fans, helms, flowers, stars, wheels Wa,, books, the
(m,n)-gon star ST(Lm) are shown as prime graphs. In [8], it is shown that the union of stars
Sm U Sy, the union of cycles and stars C, U S,, are prime graphs. For a comprehensive list of
results regarding prime graphs, readers may refer to [2]. It is a well-known result that the cycle
Cy, is a prime graph for all n. Further in [1], it is shown that the graph C, U C), is prime if
either n is even or m is even.

Motivated by the study of prime labeling of graphs, we introduced neighborhood-prime
labeling for graphs in [5] and showed that the path P, is a neighborhood-prime graph for all n
and the cycle C,, is a neighborhood-prime graph if and only if n # 2 ( mod 4). Also we showed
that certain path and cycle related graphs are neighborhood-prime graphs.

In the present work, we derive necessary and sufficient conditions under which the graph
C, U}y, is neighborhood-prime. We also show that union of two wheels and a union of a finite
number of paths are neighborhood-prime graphs.

Note that all graphs considered in this paper are simple, finite and undirected. We follow

Gross and Yellen [3] for graph theoretic terminology and notations.

Definition 1.1. Let G = (V(G), E(G)) be a graph with n vertices and for v € V(G), let
N (v) denote the open neighborhood of v. A bijective function f : V(G) — {1,2,3,...,n} is
said to be a neighborhood-prime labeling of G, if for every vertex v € V(G) with deg(v) >
1, ged{f(u) :uw e N(v)} = 1. A graph which admits neighborhood-prime labeling is called a
neighborhood-prime graph.
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Remark 1.2. If in a graph G, every vertex is of degree at most 1, then such a graph is

neighborhood-prime vacuously.
2 Some important lemmas

In this section we derive some important lemmas which are used to prove our main results.
Lemma 2.1. Let n be any integer of the form 4k+2. Suppose vy, v9, ..., v, are the consecutive
vertices of the cycle C,, which are all labeled with 0 or 1 in such a way that the vertices labeled

with 0 and the vertices labeled with 1 are equal in number. Then there exists at least one i,

1 <t < n, such that v;—; and v;4; are labeled with 0 where the indices are taken modulo n.

For the proof of this lemma we refer to [5]. Note that this lemma immediately implies the

following lemma.

Lemma 2.2. Let n be any integer of the form 4k+2. Suppose v1,v2, ..., v, are the consecutive
vertices of the cycle C),, which are all labeled with 0 or 1 in such a way that the vertices labeled
with 0 are greater than or equal to the number of vertices labeled with 1. Then there exists at
least one 7, 1 < i < n, such that v;_; and v;4; are labeled with 0 where the indices are taken

modulo n.
We use Lemma 2.2 to derive a similar result for the cycle Cyy.

Lemma 2.3. Let n be any integer of the form 4k. Suppose vi,v9,...,v, are the consecutive
vertices of the cycle C), in which 2k 4+ 1 or more vertices are labeled with 0 and the remaining
vertices are labeled with 1. Then there exists at least one 7, 1 < ¢ < n, such that v;_; and v;41

are labeled with 0 where the indices are taken modulo n.

Proof: Suppose the lemma fails for some cycle Cyx, with consecutive vertices as vy, va, ..., Vak, -

This means that there exists a function f : {vi,ve,...,v4k,} — {0, 1} such that:
(i) Cardinality of the set {v; : f(v;) = 0} is at least 2ko + 1;
(ii) f(vi—1) and f(vi+1) are simultaneously not equal to zero.
Now consider the cycle Cyy,42 with consecutive vertices as w1, ug, ..., Udky, Udkg+1, Udko+2 and

define g : {ur, ua, ..., Usky, Uskg+1, Udko4+2} — {0, 1} by

f(vz) 1§i§4k0
1 i =4ko + 1,4k + 2

g(u;) =

The definition of g clearly suggests that cardinality of the set {u; : g(u;) = 0} is at least 2ko + 1
and moreover, g(u;—1) and g(u;+1) cannot be simultaneously zero for 1 < ¢ < 4kg + 2. But this

contradicts Lemma 2.2 and so our supposition is wrong. |
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Lemma 2.4. Let n be any integer of the form 2k+41. Suppose v1,v9, ..., v, are the consecutive
vertices of the cycle C,, in which k£ + 1 vertices are labeled with 0 and k vertices are labeled
with 1. Then there exists at least one ¢, 1 < ¢ < n, such that v;_; and v;4; are labeled with 0

where the indices are taken modulo n.

Proof: We prove the lemma by induction on k. For k£ = 1 and k£ = 2, the lemma follows
easily. Now assuming the lemma for all the cycles Cor11 with k < kg, we prove it for the cycle
Co(ko4+1)+1- The proof is by contradiction.

Let w1, ug, ..., ug(ry+1)+1 be the consecutive vertices of the cycle Cyyy1)41 and suppose
there does not exist ¢ (1 <14 < 2(kg+1)+1), such that uw;—1 and w;41 are labeled with 0. But if
this happens then since there are kg + 2 vertices labeled with 0 and kg +1 vertices labeled with 1
in the cycle Cy,11)41, there must exist two consecutive vertices in Cy(x,11)41 labeled with 0. So
let u; and u;11 be some consecutive vertices labeled with 0. This in addition to our above suppo-
sition that no two alternate vertices are labeled with 0, implies that u;_2,u;_1,ujy2,uj43 are la-
beled with 1. Now consider the cycle C' with vertices w1, ug, ..., uj—2, Uj+3, Uj+d - - ., Ug(ko41)+1-
Note that C' is a cycle of length 2kg — 1 in which u;_» and u;43 are labeled with 1. This along
with our supposition suggests that C' does not contain a pair of alternate vertices labeled with
0. But C is a cycle of length 2ky — 1 and so this is a contradiction to our induction hypothesis.

By the principle of mathematical induction the lemma follows for all k.

We now observe that Lemma 2.4 immediately implies the following lemma.

Lemma 2.5. Let n be any integer of the form 2k+1. Suppose v1,v9, ..., v, are the consecutive
vertices of the cycle C), in which k£ 4 1 or more vertices are labeled with 0 and the remaining
vertices are labeled with 1. Then there exists at least one ¢, 1 < ¢ < n, such that v;—1; and v;+1

are labeled with 0 where the indices are taken modulo n.

3 Main Results

We begin with the investigation about neighborhood-prime labeling for C, U C,, in all
possible cases. Later we prove that union of two wheels and union of a finite number of paths

are neighborhood-prime graphs.

Theorem 3.1. If n and m are odd integers, then the graph G = C,, U C), is not neighborhood-

prime.

Proof: Let f: V(G) — {1,2,...,n+m} be any bijective function. Assuming that n = 2k; +1
and m = 2k9+1 for some positive integers k1 and ko, it follows that either the cycle C), is labeled
with k1 4+ 1 or more even integers or the cycle C,, is labeled with k3 + 1 or more even integers
under f. Thus if we identify all even and odd integers of the set {1,2,...,n+m} by 0 and 1
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respectively, then in view of Lemma 2.5 it is quite clear that f cannot be a neighborhood-prime
labeling for G. |

Theorem 3.2. Let m be an odd integer. Then the graph G = (), U}, is neighborhood-prime
if and only if n = 0(mod 4).

Proof: First we show that G is a neighborhood-prime graph if n = 0(mod 4). Let v1,ve,..., v,
be the consecutive vertices of the cycle C,, and w1, us, ..., u,, be the consecutive vertices of the
cycle Cy,. Define f: V(G) — {1,2,...,n+m} by

fosi1) = T+, 1<j<g,
flue) = n+1,

flv) = 7, 2§j§g
flugj1) = n—i‘mT_-i'j, 1§j§mT+1,
flug) = 1,

fluz) = n+d, 2<j< Mt

We claim that f is a neighborhood-prime labeling. For this we need to show that if w is an
arbitrary vertex of G and S = {f(p) : p € N(w)}, then the ged of the numbers in the set S is
1. If w is a vertex different from vy, vs, v,, u1,u3 and u,, then this follows because S consists
of two consecutive integers in such cases. The remaining cases are discussed below.

Case 1: w = v;.

In this case S = {f(vn), f(v2)} = {5,n+1)}. But § and n + 1 are relatively prime.

Case- 2: w = vs.

Since n is even, here it suffices to observe that S = {n + 1,2}.

Case 3: w = v,.

Note that here S = {n, % + 1}. Since n = 0(mod 4) , the gcd of the numbers in the set S is
once again 1.

Case 4: w = uy,us.

In this case ug € N(w) and so S contains the integer f(u2) = 1 which gives ged of the numbers
in the set S to be 1.

Case 5: w = uy,.

In this case S = { mT‘H +n, mT_l + n}, a set of consecutive integers and hence the ged is 1.
Conversely, assume that n # 0 (mod 4). Then n is odd or n = 2 (mod 4). But if n is odd
then since m is also odd, Theorem 3.1 implies that G is not neighborhood-prime. Now assume
that n = 4k; + 2 and m = 2ky + 1 for some positive integers ki, ko and consider a bijective
function f : V(G) — {1,2,...,n+ m}. Then either the cycle C, of graph G is labeled with
2k + 1 (or more) even integers, or the cycle Cy, of graph G is labeled with k2 + 1 (or more)
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even integers under f. In view of Lemma 2.2 and Lemma 2.5, it follows that f cannot be a

neighborhood-prime labeling for the graph G. |

Example 3.3. The following figure shows the neighborhood-prime labeling of C1o U Cy.

Figure 1: Neighborhood-prime labeling of C2 U Cy.

Theorem 3.4. The graph G = C), U C,;, is not neighborhood-prime, if
(1) n,m =2 (mod 4);
(2) n =0 (mod 4) and m = 2 (mod 4).

Proof: For (1), assume that n = 4k; + 2 and m = 4ky + 2 and consider an arbitrary bijective
function f : V(G) — {1,2,...,n+ m}. Then either the cycle C), of graph G is labeled with
2k1 + 1 (or more) even integers, or the cycle C), of graph G is labeled with 2ks + 1 (or more)
even integers under f. In view of Lemma 2.2, it follows that f cannot be a neighborhood-prime
labeling for the graph G.

For (2), assume that n = 4k; and m = 4k + 2 and consider an arbitrary bijective function
f:V(G) = {1,2,...,n+m}. Then an argument similar to (1), along with Lemma 2.2 and
Lemma 2.3 implies that f cannot be a neighborhood-prime labeling for the graph G. |

Theorem 3.5. Let n and m be multiples of 4. Then the graph G = C,, UC,, is neighborhood-

prime.

Proof: Let vy,vs,...,v, be the consecutive vertices of the cycle C, and uji,uo,...,u, be
the consecutive vertices of the cycle C),. It is easy to prove the theorem if n or m is equal
to 4. Without loss of generlality, assume that m = 4 and define a bijection f : V(G) —
{1,2,...,n+4} by

n . . n
flv2j—1) = 5—1‘]7 133357
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. on

fveg) = ], l<j<g

flugj—1) = n+2+7, Jj=12,
flugj) = n+j, Jj=12.

It is easy to verify that the function f is a neighborhood-prime labeling on G.

Now assume that n,m > 4. We define a bijection between V(G) and {1,2,...,n+ m} as per
the following two cases and show that it is a neighborhood-prime labeling on G.

Case 1: n+ 2 # 0(mod 3).

Define a bijection f: V(G) — {1,2,...,n+m} by

fsi1) = T+, 1<j<3,
flue) = n+1,
flug)) = n+2,
flveg) = ], 3§j§g
flw) = 1,
fluzi) = n+3+j,  2<j<
fluz) = n+Z+1,
flug) = 2,
flug) = n+j, 3<j< 5.

Here we need to show that if w is an arbitrary vertex of G and S = {f(p) : p € N(w)},
then the ged of the two numbers in the set S is 1. If w # v1,v5, Un, U2, U3, Us, Un,; then this
follows because S consists of two consecutive integers in such cases. If w = wo,u,, then §
contains 1 and so we are through. If w = ug,us then S = {n + % + 1,2} and S = {n + 3,2}
respectively. But n + % + 1 and n + 3 are odd numbers and so their ged with 2 is 1. Now if
w = vs, then S = {n + 2,3}. But n + 2 and 3 are relatively prime due to our assumption that
n + 2 # 0(mod 3). The remaining two cases, that is, w = vy, v, follows from the following two

results (under the assumption that n is a multiple of 4) respectively.

ged (F(o2). £(0n)) = ged (n+ 1.7 ) = 1

ged (f(vr), f(vp—1)) = ged (g + 1,n) =1.

Now if n + 2 = 0(mod 3) then we make a minor change in the definition of f and obtain a
neighborhood-prime labeling on G.
Case 2: n+2 =0 (mod 3) (and so n+4 # 0 (mod 3)).
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Define a bijection g : V(G) — {1,2,...,n+m} by

glw) = f(w), w+# ve,ue
glve) = f(ue),
g(ug) = f(ve)-

The reader may verify that g defines a neighborhood-prime labeling on G. |

Example 3.6. The following figures illustrate the two cases of Theorem 3.5.

Figure 3: Neighborhood-prime labeling of Ci U Cs.

Observe that Theorem 3.1, 3.4 and 3.5 together give the following result for the special case
Cr U Cy,.

Theorem 3.7. The graph C,, U C,, is neighborhood-prime if and only if n = 0(mod 4).

C, U C,, is a neighborhood-prime graph only for some restricted values of m and n where

as in case of wheels W,, U W,, is a neighborhood-prime graph for all n and m, which we prove
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in Theorem 3.8. Note that every wheel graph is neighborhood-prime follows from Theorem 2.1
in [5]

Theorem 3.8. The graph G = W,, UW,, is neighborhood-prime.

Proof: Let {vg,v1,...,v,} and {ug,u1,...,u,} denote the vertex sets of W, and W,, re-
spectively where vy and ug are the apex (central) vertices of the two wheels. Suppose p is a
Bertrand’s prime such that %ﬂ < p <n+2. Now consider an arbitrary bijection f : V(W,) —
{2,3,...,n+ 2} and an arbitrary bijection g : V(W) = {1,n+3,n+4,...,n+m+ 2} such
that f(vo) = p and g(up) = 1. Define h: V(W, UW,,) — {1,2,3,...,n+m + 2} by

h(w) = {f(w), %fw e W,
g(w), ifwe Wy,

Now for an arbitrary vertex wg of W, U W,,, consider the set S = {f(w) : w € N(wo)}. We
observe that if wg is an apex vertex, then S contains two consecutive integers and if wy is a
rim vertex, then S contains either p or 1. From this, it follows that A is a neighborhood-prime
labeling on W,, U W,,,. [ |

Example 3.9. The following figure shows a neighborhood-prime labeling of Wi U Wy.

Figure 4: Neighborhood-prime labeling of Wis U Wy.

Theorem 3.10. Let nq,ng,...,n; be any positive integers. Then the graph G = P,,, U P, U
---U P,, is neighborhood-prime.

Proof: Let vy, vy, ..., vy, be the consecutive vertices of Py, Un,+1, Un;+2; - - - , Uny+n, be the con-
secutive vertices of P,,,, and for 3 < j <k, let Ungetng_ 141 Ungbeebnj 1425 - - + s Ungtoetbnj 1+,

be the consecutive vertices of P,
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Thus if we put ny + ng + -+ + ngp = m, then the vertex set of G is {v1,va,..., vy }. Define
f:V(G)—{1,2,3,...,m} as follows:

Case 1: m is even.
m . .
flvj—1) = 5 T 1< <

flvey) = 7, 1<5<

SESE

Case 2: m is odd.

flog) = ot ejisg<
flugg) = J, 1§j§mTfl.
Clearly f is a neighborhood-prime labeling for G because for every u € V(G) with deg(u) > 1,
the labels of the two vertices in N(u) are consecutive integers. [ |
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