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Abstract 

For a graph   (   )  total edge Lucas irregular labeling f :V(G) E (G)  {1,2,…,K} is 

defined as a labeling on V(G) and E (G)  in such a way that for any two different edges      and 

      , their weights   ( )   (  )   ( ) and  (  )   (    )   (  ) are distinct Lucas 

numbers.The total edge Lucas irregularity strength, tels(G), is defined as the minimum K for which 

G has  total edge Lucas irregular labeling.  In this paper we prove the graphs    , Cn ,K1,n and Book 

(with 3 sides and 4 sides) admits total edge Lucas irregular labeling and we determine the total 

edge Lucas irregularity strength for those graphs. 

Keywords: Total edge Lucas irregular labeling, prime labeling, prime graph, strongly prime 

graph. 
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1    Introduction 

By a graph, we mean a finite, undirected graph without loops and multiple edges, for terms not 

defined here, we refer to Harary [3]. By labeling we mean any mapping that carries a set of graph 

elements to a set of numbers (usually positive integers), called labels. The concept of total vertex 

irregular labeling and Edge irregular total K-labeling were introduced by Baca et.al [2] and the 

definitions are given as follows: 

A total vertex irregular labeling on a graph G with p vertices and q edges is an assignment of 

integer labels to both vertices and edges so that the weights calculated at vertices are distinct. The 

weight of a vertex v in G is defined as the sum of the label of  v and the labels of all the edges incident 

with v, that is,  wt(v)= ( )  ∑  (  )    .The total vertex irregularity strength of G, denoted by 

tvs(G), is the minimum value of the largest label over all such irregular assignments. 
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For a graph G = (V,E), define a labeling   f :V(G) E (G)  {1,2,…,K} to be an edge irregular total 

K-labeling of the graph G if for any two different edges xy and      of G the edge weights 

  (  )   (    ) are distinct . The total edge irregularity strength, tels(G), is defined as the minimum 

K for which has an edge irregular total K- labeling.  

Kristiana wijaya et al.[4] proved that tvs(      ) = 3for all n≥3, tvs(    )=3 for all n≥3.  Ali Ahmad 

and Martin Baca [1] proved that tes (     ) =⌈
  (   )  

 
⌉ for m ≥ 2, n ≥ 4 and m, n are even. 

2    Total edge Lucas irregular labeling 

Definition 2.1. A total edge Lucas irregular labeling  f :V(G)  E (G)  {1,2,…,K} of a graph     

(   ) is a labeling of vertices and edges of G in such a way that for any two different edges      and 

       their weights   ( )   (  )   ( ) and  (  )   (    )   (  ) are distinct Lucas numbers 

where the Lucas series is given by the recurrence relation                    L1 = 1, L2 = 3, L3 

= 4, L4=7 and so on. 

The total edge Lucas irregularity strength, tels (G) is defined as the minimum K for which G has 

total edge Lucas irregular labeling. 

Observation 2.2. Since every edge is incident with two vertices   ( )     for every edge    ( ) 

and the weights of  ( ) are distinct Lucas numbers,      ( )       for every edge    ( )  

Also,  ( )   (  )   ( )     this implies   
 

 
 (  )  for every      ( ). Therefore,       

⌈
    

 
⌉. 

Theorem 2.3. The path    of n vertices admits a total edge Lucas irregular labeling with      (  )  

      if     . 

Proof: Consider a path    with n vertices. 

Let V (Pn) = nvvvv ,....,,, 321 ;    E (Pn) = 1321 ,....,,, neeee , Here, q= n-1. 

Define f: V (G) E (G)  {1, 2,…, Ln-2} as follows: 

 (  )    

 (  )    

 (  )    

 (  )           ,       

 (  )    

 (  )    

 (  )    

 (  )              ,      -1 

By this labeling, 

  (  )    (  )   (  )   (  ) 

              =        = 3 
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              =    

  (  )     (  )   (  )   (  ) 

               =        =   

               =    

  (  )     (  )   (  )   (  ) 

               =         =   7 

               =       

In general, 

  (  )       (  )   (  )   (    ) 

                =                 

                =         

                = (   )    (   )   

                = (   )   ,             

Thus, the weights of           ….        are            ….     respectively. 

Therefore, the path    of n vertices admits a total edge Lucas irregular labeling. Also,     (  )          

if     .                          ■ 

Theorem 2.4. The cycle Cn of length n admits a total edge Lucas irregular labeling with     (  )  

                    . 

Proof: Consider a cycle    of length n.  

Let    (  )   *         ….  +     ;     (  )    *         ….  +  

Define f: V (G) E (G)  {1, 2,…,            } 

 (  )    

 (  )    

 (  )    

 (  )           ,       

 (  )    

 (  )    

 (  )    

 (  )              ,      -1 

 (  )                

By this labeling, 

  (  )   (  )   (  )   (  ) 

              =        =   

              =    

  (  )    (  )   (  )   (  ) 

              =        =   

               =    
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  (  )      (  )   (  )   (  ) 

                =          =     

                =       

In general , 

  (  )       (  )   (  )   (    ) 

                =                 

                =         

                = (   )    (   )   

                =  (   )   ,             

  (  )      (  )   (  )   (  ) 

                                      

                       

Thus, the weights of neeee ,....,,, 321  are             .....       respectively. Therefore, the cycle Cn of 

length n admits a total edge Lucas irregular labeling.  

Also,     (  )                if  n  4.                   ■ 

Theorem 2.5. The star      of n+1 vertices admits a total edge Lucas irregular labeling with   

    (    )  ⌈
      

 
⌉  for all n. 

Proof: Consider the star          with n+ 1 vertex. 

Let  (     )    *         ….   +    ;     (    )    *         .....   + 

Here, q = n. 

Define f: V (G) E (G)  {1,2,…, ⌈
      

 
⌉ } as follows: 

 (  )    

 (  )  ⌈
      

 
⌉     ,       

 (  )         ⌈
      

 
⌉     ,      

Now, 

  (  )   (  )   (  )   (  ) 

              = 1        ⌈
      

 
⌉  ⌈

      

 
⌉ 

              = (   )   ,           

Thus, the weights of           .....    are              .....       respectively.  

Therefore, the star      of n+1 vertices admits a total edge Lucas irregular labeling.  Also,  

    (    )  ⌈
      

 
⌉ for all n.                            ■ 

Theorem 2.6. Books with 3 sides (n copies of    with an edge is common) admits a total edge Lucas 

irregular labeling and its total edge Lucas irregularity strength is     ⌈
     

 
⌉     for all n. 
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Proof: Consider a book with 3 sides (n copies of    with an edge is common). 

Let   {          .....   } be the vertex set and    *                         ..... + 

be the edge set. 

Here, | |      and | |      . 

Define    ( )    ( )  {    ..... ⌈
     

 
⌉   } as follows: 

 ( )    

 ( )    

 (  )    

 (  )  ⌈
     

 
⌉                   

 ( )    

 (  )    

 (  )        ⌈
     

 
⌉            

    (  )        

 (  )        ⌈
     

 
⌉              

By this labeling, 

   ( )     ( )   ( )   ( ) 

              = 1+1+2 = 4 

                =    

  (  )   ( )   (  )   (  ) 

              =  1+1+1 =3 

               =    

  (  )   ( )   (  )   (  ) 

             =1+        ⌈
     

 
⌉  +  ⌈

     

 
⌉  -1 

             =         ,               

Thus, the weights of            .....      are                  .....             

  (  )   ( )   (  )   (  ) 

                         

                   

   (  )   ( )   (  )   (  ) 

             =2+        ⌈
     

 
⌉     +  ⌈

     

 
⌉  -1 

             =           ,             

Thus, the weights of            .....,     are                   .....,            

Hence the weights of                              are             .....,               respectively. 
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Therefore, books with 3 sides (n copies of    with an edge is common) admits a total edge Lucas 

irregular labeling.  

 Also, total edge Lucas irregularity strength is    ⌈
     

 
⌉    for all n.              ■ 

Theorem 2.7. Books with four sides (n copies of    with an edge is common) admits a total edge 

Lucas irregular labeling and its total edge Lucas irregularity strength is ⌈
     

 
⌉ for all n. 

Proof: Consider a book with four sides ( n copies of    with an edge is common). 

Let   {          .....,           .....,  } be the vertex set and  {                

                 ....., } be the edge set. 

Here  | |       and  | |      . 

Define    ( )    ( )  {    ....., ⌈
     

 
⌉} as follows: 

 ( )    

 ( )    

 (  )   (  )    

 (  )     (  )  ⌈
     

 
⌉            

 ( )     

 (  )    

 (  )         ⌈
     

 
⌉            

 (  )    

 (  )          ⌈
     

 
⌉            

    (  )        

   (  )        ⌈
     

 
⌉            

By this labeling, 

   ( )   ( )   ( )   ( ) 

              =  5+5+1 = 11 

                =    

  (  )   (  )   (  )   (  ) 

              =  1+1+1 =3 

               =    

  (  )   (  )   (  )   (  ) 

             =  ⌈
     

 
⌉         ⌈

     

 
⌉ + ⌈

     

 
⌉                

             =         ,               
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Thus, the weights of            .....,      are                    .....,     . 

  (  )   ( )   (  )   (  ) 

              =  5+1+1 =7 

               =    

  (  )   ( )   (  )   (  ) 

             = 5+         ⌈
     

 
⌉   ⌈

     

 
⌉               

             =         ,               

Thus the weights of        .....,      are                    .....,           

  (  )   ( )   (  )   (  ) 

              =  1+2+1 = 4 

               =    

  (  )   ( )   (  )   (  ) 

             =1+        ⌈
     

 
⌉   ⌈

     

 
⌉            

             =       ,               

Thus, the weights of            .....,     are               .....,   .      

Hence, the weights of                   .....,       are                         …                   

 respectively. Therefore, books with four sides (n copies of    with an edge is common) admits a total 

edge Lucas irregular labeling.  Also, total edge Lucas irregularity strength      ⌈
     

 
⌉.          ■ 
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