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Abstract

For a graph G = (V, G), total edge Lucas irregular labeling f :V(G) UE (G) — {1,2,...,K} is
defined as a labeling on V(G) and E (G) in such a way that for any two different edges xy and
x'y" , their weights f(x) + f(xy) + f(y) and f(x')+ f(x'y") +f(y") are distinct Lucas
numbers.The total edge Lucas irregularity strength, tels(G), is defined as the minimum K for which
G has total edge Lucas irregular labeling. In this paper we prove the graphs B,, C, Ky, and Book
(with 3 sides and 4 sides) admits total edge Lucas irregular labeling and we determine the total
edge Lucas irregularity strength for those graphs.

Keywords: Total edge Lucas irregular labeling, prime labeling, prime graph, strongly prime
graph.
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1 Introduction

By a graph, we mean a finite, undirected graph without loops and multiple edges, for terms not
defined here, we refer to Harary [3]. By labeling we mean any mapping that carries a set of graph
elements to a set of numbers (usually positive integers), called labels. The concept of total vertex
irregular labeling and Edge irregular total K-labeling were introduced by Baca et.al [2] and the
definitions are given as follows:

A total vertex irregular labeling on a graph G with p vertices and g edges is an assignment of
integer labels to both vertices and edges so that the weights calculated at vertices are distinct. The
weight of a vertex v in G is defined as the sum of the label of v and the labels of all the edges incident
with v, that is, Wt(vV)=A(v) + X,ves A(uv).The total vertex irregularity strength of G, denoted by
tvs(G), is the minimum value of the largest label over all such irregular assignments.
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For a graph G = (V,E), define a labeling f:V(G) UE (G) — {1,2,...,K} to be an edge irregular total
K-labeling of the graph G if for any two different edges xy and x'y’ of G the edge weights
wt(xy),wt(x'y") are distinct . The total edge irregularity strength, tels(G), is defined as the minimum
K for which has an edge irregular total K- labeling.

Kristiana wijaya et al.[4] proved that tvs(k;, ,,+1) = 3for all n>3, tvs(k,, ,)=3 for all n>3. Ali Ahmad

2n(m—-1)+2

3 ]form22,n24andm,nareeven.

and Martin Baca [1] proved that tes (C,, X Py,) =[

2 Total edge Lucas irregular labeling

Definition 2.1. A total edge Lucas irregular labeling f:V(G) U E (G) — {1,2,....K} of a graph G =
(V,G) is a labeling of vertices and edges of G in such a way that for any two different edges xy and
x'y" their weights f(x) + f(xy) + f(y) and f(x") + f(x"y") + f(y") are distinct Lucas numbers
where the Lucas series is given by the recurrence relation L, =L,_; + L,_,,n>1,L,=1,L,=3, L3
=4, L,=7 and so on.

The total edge Lucas irregularity strength, tels (G) is defined as the minimum K for which G has
total edge Lucas irregular labeling.

Observation 2.2. Since every edge is incident with two vertices, wt(e) # L, for every edge e € E(G)
and the weights of E(G) are distinct Lucas numbers, L, < wt(e) < Ly, for every edge e € E(G).

Also, f(x) + f(xy) + f(¥) < 3K this implies K > %W(xy) for every xy € E(G). Therefore, tels >

Lg41

|41

Theorem 2.3. The path P, of n vertices admits a total edge Lucas irregular labeling with tels(P,) =
L,_, if n>4.

Proof: Consider a path B, with n vertices.

LetV (P = {vl,vz,vs,....,vn}; E (P)) ={el,ez,e3,....,enfl},Here, g=n-1.

Define f: V (G) UE (G) — {1, 2,..., Ln2} as follows:

f(v) =1
f(w) =1
fvy) =2
fw)=L_, ,4<i<n
fle) =1
fle) =1
fes) =2

fle)=L_; ,4<i<n-1

By this labeling,

wt(ey) = f(v1) + f(er) + f(v2)
=1+1+4+1=3
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=L,
wt(ey) = f(vy) + f(ex) + f(v3)
=14+1+42=4
=1,
wt(ez) = f(vs) + fe3) + f(va)
24243=17
= L,
In general,
wt(e;) = f(w)+ fle) + f(wiya)
=Lip+Liog+Liy
=Li+Li

=Li+1)-2 + Lii+1)-1
=Ly » 4<isn-1
Thus, the weights of e, ey, es,....,e,_1 are Ly, Ls, Ly,...., L, respectively.
Therefore, the path P, of n vertices admits a total edge Lucas irregular labeling. Also, tels(P,) = L,,_»

if n>4. n

Theorem 2.4. The cycle C, of length n admits a total edge Lucas irregular labeling with tels(C,) =
Lpyi —Lp—y —1 ifn>4.

Proof: Consider a cycle C,, of length n.

Let V(C,) ={vi,vyvs,... 0} ; E(C,) = {ey, ey es,....4}

Definef: V(G) VE (G) —» {1,2,...,Ly41 — Lp_» — 1}

f(v) =1
f(w) =1
f(vy) =2
fw)=L_, ,4<i<n
fle) =1
fle)) =1
fes) =2

f(ei)=Ll-_1 ,4Si§n—1

flen) =Lpt1— Ly —1
By this labeling,
wt(ey) = f(vy) + f(ey) + f(v7)

=1+1+1=3
:L2

wt(ey) = f(v,) + f(ex) + f(v3)
=1+1+2=4

=L;
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Wt(e3) :f(v3)+f(€3)+f(v4)
2+2+3 =7
= L4

In general ,
wt(e;)) = f)+ f(e) + f(Wiy1)
=LiatLig+Lig
=L;+Li_,
=Li+1)-2 + Lii+1)-1
=L+ » 4<is<n-—-1
wt(en) = f(v) + flen) + f(vn)
=14+Lyq—Ly,—1+L,
= Ln41
Thus, the weights of e,,¢e,,€;,....,, are L,, L3, Ly, ....., L1 respectively. Therefore, the cycle C, of
length n admits a total edge Lucas irregular labeling.

Also, tels(C,) = Lpy1 — L, — 1 if n>4. n

Theorem 2.5. The star K;, of n+l vertices admits a total edge Lucas irregular labeling with
— Lpys—1

tels(Ky ) = [—2 ] for all n.

Proof: Consider the star K;, with n+ 1 vertex.
Let V(Kl,n) = {UO,Ul,Uz,....,Un} ; E(Kl,n) = {el, €7,€3, ..., ) en}

Here, g = n.
Define f: V (G) UE (G) — {1,2,..., [%] } as follows:
fwe) =1

f(vi)z[%] ,1<i<n

fle)=Liys—1-|
Now,
wt(e;) = f(vy) + f(e) + f(vy)

= 1+Li+1 —-1- [Li’f;_l] + [Li+;—1]

Liy1-1

! ] 1<i<n

=L(i+1) ) 1<i<n
Thus, the weights of ey, e,, es, .....,e,are L, Ls, Ly, ....., Ly respectively.
Therefore, the star K;, of n+l1 vertices admits a total edge Lucas irregular labeling.  Also,

tels(Ky ) = [%] for all n. o

Theorem 2.6. Books with 3 sides (n copies of C; with an edge is common) admits a total edge Lucas

irregular labeling and its total edge Lucas irregularity strength is < [LZ"T”] — 1 foralln.



Proof: Consider a book
Let V = {u, V,Ug Uy, ...
be the edge set.

Here, [V| =n+ 2 and |
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with 3 sides (n copies of C; with an edge is common).

..,un} be the vertex set and E = {e = uv,x; = uu;, y; = vy, i = 1,2, ....n}

E|=2n+1.

Define f:V(G) VE(G)—> {1,2, ..... , [LZ"T“] - 1} as follows:

fw=1
fw) =2
f(u1)=1

f(x1) =1
Ly
f(xi) = Lajpq — [ >
f(}’1) =4

Lyiyo

fi) = Lajyz — [

By this labeling,

], 2<i<n

]—1, 2<i<n

wt(e) =fw) +f(e)+f(w)

=1+142=4
= L3

wt(xy) = f(w) + f(x) + f(uy)

= 1+1+1=3
=L,

wt(x;) = fw) + fe) + f(w)

- L2i+1 )

Thus, the weights of x,

2
2<i<n

X3, X4 ounnny Xp QT Ls L7 Lg vy Lopya,

wt(y) = f) + f(y) + f(uy)

=244+7=
=L4

13

wt(y) = f(w) + f(yi) + f(u;)

= Lyiya

Thus, the weights of y,

2<i<n

y3' y4’ ..... yYn are L6, L8, L10, ..... f L2n+2.

Hence the weights of x4, e, y1,X2, V2, X3, V3, -+ Xp, Y @€ Ly, L3, Ly, ceeey Lony1, Lanao respectively.
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Therefore, books with 3 sides (n copies of C; with an edge is common) admits a total edge Lucas
irregular labeling.

Also, total edge Lucas irregularity strength is < [LZ"T“] — 1 for all n. n

Theorem 2.7. Books with four sides (n copies of C, with an edge is common) admits a total edge

Lucas irregular labeling and its total edge Lucas irregularity strength is [L?’”T“] for all n.
Proof: Consider a book with four sides ( n copies of C, with an edge is common).
Let V= {u, VU Uz, weveey, Upgy V1 Vg e,y vn} be the wvertex set and = {e =uv,e; = WV, X; =
uu;, y; = v, i = 1,2, ... ,n} be the edge set.
Here |V|=2n+2and |E|=3n+1.
. L3ngz .
Define f:V(G) UE(G)—> {1,2, ..... , [T]} as follows:

fw=5
fw) =1
f(u1)=f(771)=1

Fa) = fw) =[22] 2<isn

fle)=5

flen) =1

fle) = Lajyp — 2 [L3;+2], 2<i<n

flx)) =1

f(xi):L3i+1_5_[% , 2<i<n
fly=2

f(Yi):LSi_l_[%], 2<i<n

By this labeling,
wt(e) = f(w) + f(e) + f(v)
= 54541 =11
= L5
wt(ey) = f(ug) + f(e)) + f(vy)
= 1+1+1 =3
= LZ
wt(e;) = f(w) + f(e) + f(vy)
[ -]
= L3i+2 ) 2<i<n
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Thus, the weights of e, e3 ey .....,e, are  Lg Ly Lqg .oy L3nya.

wt(xy) = f(u) + f(xy) + f(uy)
= 5+1+1=7
= L4
wt(x) = f@) + f ) + f ()
= Lajt1, 2<i<n
Thus the weights of x, x3 .....,x, are  L; Lig Lq3 ooy L3ny1

wt(y) = f(w) + f(y1) + f(v1)
= 1+2+1 =4
= L3
wt(y) = f) + fy) + f(w)
= L3i , 2<i<n

Thus, the weights of y, y3 ¥4 ...,y are Lg Lo Lip .oooey L3y.

Hence, the weights of ey, yi1,e,¥2,%5, €5, coocey Xy, € @€ L3, Ly, L, Lg, Ly, Lg ... L3y, L3pt1, Lansa
respectively. Therefore, books with four sides (n copies of C, with an edge is common) admits a total

edge Lucas irregular labeling. Also, total edge Lucas irregularity strength is [L“T”] [
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