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Abstract

In this paper we have shown that the the splitting graph of the complete bi-partite graph
Km, n is graceful and the tensor product of the complete bi-partite graph Km, n and a path
graph Pk(k > 1) is also graceful.
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1 Introduction

In 1967, Rosa[3] introduced the concept of labeling the edges and Golomb[2] gave the name
graceful for such labelings. Gallian[1] has given a dynamic survey of graph labeling. Many
graceful graphs are constructed from standard graphs by using various operations. Sekar[4]
proved that the splitting graph of a path Pk and the splitting graph of even cycle Cn are odd
graceful graphs. Vaidya et al.[6] proved that the splitting graph of K1, n as well as the tensor
product of K1, n and P2 admits odd graceful labeling. Sudha et al.[5] proved that the splitting
graph of K1, n admits graceful labeling and the tensor product of K1, n and P2 admit odd-even
graceful labeling.

In this paper we show that the splitting graph of the complete bi-partite graph Km, n and
the Tensor product of the complete bi-partite graph Km, n and the path Pk for any integer
values of m, n, k > 1 are graceful. Also we establish that the odd-even graceful labeling of the
tensor product of K1, n and Pk which is the generalization of the result in [5].

2 Basic definitions

Definition 2.1. A graph G = (V (G), E(G)) with p vertices and q edges is said to admit graceful
labeling if f : V (G) −→ {0, 1, 2, . . . , q} such that distinct vertices receive distinct numbers and
{| f(u)− f(v) | /uv ∈ E(G)} = {1, 2, 3, . . . , q}.

Definition 2.2. A graph G = (V (G), E(G)) with p vertices and q edges is said to admit odd-
even graceful labeling if f : V (G) −→ {0, 1, 2, . . . , 2q} is injective and the induced function,
f∗ : E(G) −→ {2, 4, 6, . . . , 2q} defined as f∗(uv) =| f(u)− f(v) | is bijective.
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It should be noted that the vertices take both odd and even labelings whereas the edges take
only even labelings. That is the reason we call it as odd-even gracefulness.

Definition 2.3. For any graph G, the splitting graph is obtained by adding to each vertex v,
a new vertex v′ so that v′ is adjacent to each and every vertex that is adjacent to v in G.

Definition 2.4. The tensor product of two graphs G1 and G2 denoted by G1 ⊗ G2 has the
vertex set V (G1⊗G2) = V (G1) × V (G2) and the edge set E(G1⊗G2) = {(u1, v1)(u2, v2)/u1u2

∈ E(G1) and v1v2 ∈ E(G2)}.

3 The splitting graph of the complete bi-partite graph Km, n is graceful

Theorem 3.1. The splitting graph of the complete bi-partite graph Km, n is graceful.

Proof: Let u1, u2, . . . , um and v1, v2, . . . , vn be the vertices of the complete bi-partite graph
Km, n.

Let G be the splitting graph of Km, n. Let u
′
1, u

′
2, . . . , u

′
m and v

′
1, v

′
2, . . . , v

′
n be the newly

added vertices in Km, n to form G. G has 2(m + n) vertices and 3mn edges.

Define f : V (G) −→ {0, 1, 2, . . . , 3mn} as follows:

f(u′
i) = i− 1, 1 ≤ i ≤ m

f(vi) = (3n + 1− i)m, 1 ≤ i ≤ n

f(ui) = mn + (i− 1), 1 ≤ i ≤ m

f(v′
i) = (2n + 1− i)m, 1 ≤ i ≤ n

The above defined function f is a graceful labeling for the splitting graph of the complete
bi-partite graph Km, n.

Hence, the splitting graph of the complete bi-partite graph Km, n is graceful.

Illustration 3.2. The splitting graph of the complete bi-partite graph K5,7 consists of 24
vertices and 105 edges. A graceful labeling of K5,7 is given in Figure 1.
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Figure 1. Splitting graph of K5,7

4 Gracefulness of the tensor product of the complete bi-partite graph Km, n

with the path P2 and P3

Theorem 4.1. The tensor product of the complete bi-partite graph Km, n for m, n > 1 and
the path P2 admits graceful labeling.

Proof: Let u1, u2, . . . , um+n be the vertices of the complete bi-partite graph Km, n and let
v1, v2 be the vertices of the path graph P2. The tensor product of the complete bi-partite
graph Km, n and the path P2 is denoted by Km, n ⊗ P2.

Let G = Km, n ⊗ P2. Then G consists of 2(m + n) vertices and 2mn edges. We divide the
vertices of Km, n ⊗ P2 into two disjoint sets

V1 = {(ui, v1) / i = 1, 2, . . . , m + n}

V2 = {(uj , v2) / j = 1, 2, . . . , m + n}

Define f : V (G) −→ {0, 1, 2, . . . , 2mn} by

f(ui, v1) =

(i− 1)n, 1 ≤ i ≤ m

m(n + 1) + 2− i, m + 1 ≤ i ≤ m + n

f(uj , v2) =

(j − 1)n + 1, 1 ≤ j ≤ m

q + m− j + 1, m + 1 ≤ j ≤ m + n

The function f defined above is a graceful labeling for the tensor product of complete bi-
partite graph Km, n and the path P2. Hence, Km, n ⊗ P2 is a graceful graph.

Illustration 4.2. Consider the complete bi-partite graph K3, 4 and the path P2. The resultant
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graph K3, 4 ⊗ P2 consists of 14 vertices and 24 edges. A graceful labeling of K3, 4 ⊗ P2 is given
in Figure 2.

0 4 8 13 12 11 10

1 5 9 24 23 22 21

Figure 2. Tensor product of K3, 4 and P2

Theorem 4.3. The tensor product of the complete bi-partite graph Km, n for m, n > 1 and
the path P3 admits graceful labeling.

Proof: Let u1, u2, . . . , um+n be the vertices of the complete bi-partite graph Km, n and let
v1, v2 and v3 be the vertices of the path graph P3. The tensor product of the complete bi-
partite graph Km, n and the path P3 is denoted by Km, n ⊗ P3.

Let G = Km, n ⊗ P3. Then G consists of 3(m + n) vertices and 4mn edges. We divide the
vertices of Km, n ⊗ P3 into three disjoint sets for each vertex in P3 as V1, V2 and V3 and they
are given as

V1 = {(ui, v1) / i = 1, 2, . . . , m + n}

V2 = {(uj , v2) / j = 1, 2, . . . , m + n}

V3 = {(uk, v3) / k = 1, 2, . . . , m + n}

Define f : V (G) −→ {0, 1, 2, . . . , 4mn} by

f(ui, v1) =

m + ni + 1, 1 ≤ i ≤ m

q −m(i−m− 1), m + 1 ≤ i ≤ m + n

f(uj , v2) =

j − 1, 1 ≤ j ≤ m

j, m + 1 ≤ j ≤ m + n

f(uk, v3) =

n(m + k) + (m + 1), 1 ≤ k ≤ m

q −mn−m(k −m− 1), m + 1 ≤ k ≤ m + n

The function f defined above provides graceful labeling for the tensor product of the complete
bi-partite graph Km, n and the path P3 that is, Km, n ⊗ P3 is a graceful graph.
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Illustration 4.4. Consider the complete bi-partite graph K2, 3 and the path P3. The resultant
graph K2, 3⊗P3 consists of 15 vertices and 24 edges. A graceful labeling of K2, 3⊗P3 is shown
in Figure 3.

0 1 3 4 5

12 15 18 16 14

6 9 24 22 20

Figure 3. Tensor product of K2, 3 and P3

5 Generalization of the tensor product of Km, n with Pk

Theorem 5.1. The tensor product of the complete bi-partite graph Km, n for m, n > 1 and
the path Pk where k > 3 admits graceful labeling.

Proof: Let u1, u2, . . . , um+n be the vertices of the complete bi-partite graph Km, n and let
v1, v2, . . . , vk be the vertices of the path graph Pk. The tensor product of the complete bi-
partite graph Km, n and the path Pk is denoted by Km, n ⊗ Pk.

Let G = Km, n⊗Pk. Then G consists of k(m + n) vertices and 2(k− 1)mn edges. We divide
the vertices of Km, n ⊗ Pk into k disjoint sets

Vj = {(ui, vj) / i = 1, 2, . . . , m + n and j = 1, 2, . . . , k}

We prove the theoren in two cases.

Case 1: k is even.

Define f : V (G) −→ {0, 1, 2, . . . , 2(k − 1)mn} as follows:
For odd j,

f(ui, vj) =

q + m−
(

k
2

)
mn−

(
j−1

2

)
mn−

(
k
2 − 1

)
mn− n(i− 1), 1 ≤ i ≤ m,

q + m−
(

j−1
2

)
mn−m(i−m), m + 1 ≤ i ≤ m + n.
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For even j,

f(ui, vj) =
(

j−2
2

)
mn + (i− 1); 1 ≤ i ≤ m + n.

Then f is a graceful labeling for G and hence G is graceful.
Case 2: k is odd.
Define f : V (G) −→ {0, 1, 2, . . . , 2(k − 1)mn} as follows:
For odd j,

f(ui, vj) =

q + m−
(

k+1
2

)
mn−

(
j−1

2

)
mn−

(
k−1

2 − 1
)

mn− n(i− 1), 1 ≤ i ≤ m,

q + m−
(

j−1
2

)
mn−m(i−m), m + 1 ≤ i ≤ m + n.

For even j,
f(ui, vj) =

(
j−2

2

)
mn + (i− 1); 1 ≤ i ≤ m + n.

Then f is a graceful labeling for G.
From both the cases, we have the tensor product of the complete bi-partite graph Km, n and

the path Pk is graceful.

Illustration 5.2. A graceful labeling of the tensor product K4, 4 ⊗ P4 is shown in Figure 4.

52 48 44 40 96 92 88 84

0 1 2 3 4 5 6 7

36 32 28 24 80 76 72 68

16 17 18 19 20 21 22 23

Figure 4. Tensor product of K4, 4 and P4

Illustration 5.3. A graceful labeling of the tensor product K4, 5 ⊗ P5 is shown in Figure 5.
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44 39 34 29 120 116 112 108 104

20 21 22 23 24 25 26 27 28

64 59 54 49 140 136 132 128 124

876543210

84 79 74 69 160 156 152 148 144

Figure 5. Tensor product of K4, 5 and P5

6 Odd-even graceful labeling of the tensor product of K1, n with Pk

Theorem 6.1. The tensor product of the complete bi-partite graph K1, n and the path Pk

where n, k > 1 admits odd-even graceful labeling.

Proof: Let u1, u2, . . . , un+1 be the vertices of the complete bi-partite graph K1, n and let
v1, v2, . . . , vk be the vertices of the path graph Pk. The tensor product of the complete bi-
partite graph K1, n and the path Pk is denoted by K1, n ⊗ Pk.

Let G = K1, n ⊗ Pk. Then G consists of k(n + 1) vertices and 2n(k − 1) edges. We divide
the vertices of G = K1, n ⊗ Pk into k disjoint sets

Vj = {(ui, vj) / i = 1, 2, . . . , n + 1 and j = 1, 2, . . . , k}

.
We prove the theorem in two cases.

Case 1: k is odd.
Define f : V (G) −→ {0, 2, 4, . . . , 2q} where q = 2n(k − 1) as follows:

f(u1, v2j−1) = 2n(j − 1) + 1, 1 ≤ j ≤ k + 1
2

f(u1, v2j) = 2n(j − 1), 1 ≤ j ≤ k − 1
2

For 2 ≤ i ≤ n + 1, 1 ≤ j ≤ k,
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f(ui, vj) =

2q − n(j − 1) + 2− 2(i− 1), for odd j

2n(k − 1) + 3− n(j − 2)− 2(i− 1), for even j
Then f is a graceful labeling for G. Case 2: k is even.
Define f : V (G) −→ {0, 2, 4, . . . , 2q} where q = 2n(k − 1) as follows:

f(u1, v2j−1) = 2n(j − 1) + 1,1 ≤ j ≤ k

2

f(u1, v2j) = 2n(j − 1),1 ≤ j ≤ k

2

For 2 ≤ i ≤ n + 1, 1 ≤ j ≤ k,

f(ui, vj) =

2q − n(j − 1) + 2− 2(i− 1), for odd j,

2n(k − 1) + 3− n(j − 2)− 2(i− 1), for even j.
Then f is a graceful labeling for G. From both the cases, tensor product of the complete bi-
partite graph K1, n and the path Pk where n, k > 1 admits an odd-even graceful labeling.

Illustration 6.2. Consider the complete bi-partite graph K1, 4 and the path P7. The resultant
graph K1, 4⊗P7 consists of 35 vertices and 48 edges. An odd-even graceful labeling of K1, 4⊗P7

is shown in Figure 6.

1

Figure 6. Tensor product of k1,4 and P7

49 47 45 43

88 86 84 82

41 39 37 35

80 78 76 74

33 31 29 27

72 70 68 66
25

16

17

8

9

0

96 94 92 90

Illustration 6.2 Consider the complete bi-partite graph K1, 5 and the path P6. The resultant
graph K1, 5⊗P6 consists of 36 vertices and 50 edges. An odd-even graceful labeling of K1, 5⊗P6

is shown in Figure 7.
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21
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51 49 47 45 43

90 88 86 84 82

100

80 78 76 74 72

98 96 94 92

41 39 37 35 33

31 29 27 25 23

Figure 7. Tensor product of K1,5 and P6
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