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Abstract

A labeling of a graph G of type (a, b, ¢) assigns labels from the set {1, 2, ..., av + be + cf} to the
vertices, edges and faces of G such that each vertex receives a label, each edge receives b label
and each face receives ¢ label and each number is used exactly once as a label. We restrict a, b
and c to be not greater than one. The weight of face w(f) under a labeling is the sum of labels of
the face itself together with labels of vertices and edges surrounding that face. A labeling is said
to be magic, if for every positive integer s, all s-sided faces have the same weight. In this paper,
we examine whether vertex and edge duplication on families of graphs admit face magic labeling
of types (1, 0, 1), (1, 1, 0), (0, 1, 1) and (1, 1, 1) or not.

Keywords: Face magic labeling, Bijective function, Duplication graphs.

1. Preliminary

Throughout this paper, all graphs are finite plane graphs without loops and multiple edges. Let G
= (V, E, F) be afinite plane graph where V, E and F are its vertex set, edge set and set of interior
face with |V| =v, |E| = e and |F|=f. A labeling of type (a, b, c) assigns labels from the set {1, 2,
..., av + be + cf} to the vertices, edges and faces of G such that each vertex receives a label,
each edge receives b label and each face receives c label and each number is used exactly once as
a label. We restrict a, b and c to be not greater than one. Labeling of type (1, 0, 0), (0, 1, 0) and
(0, 0, 1) are called vertex, edge and face labeling, respectively. The weight of face w(f) under a

labeling is the sum of labels of the face itself together with labels of vertices and edges
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surrounding that face. A labeling is said to be magic, if for every positive integer s, all s-sided
faces have the same weight. We allow different weights for different s. A labeling is said to
consecutive if, for every positive integer s the weight of all s-sided faces constitute a set of

consecutive integers. For standard terminology and notation we follow Bondy and Murty [6].

The notions of magic and consecutive labeling of plane graphs were defined by Ko-Wei Lih in
[8]. However, the subject of magic labeling can be traced back to the 13th century when similar
notions were investigated by the Chinese mathematician Yang Hui (1275). This concept was
further developed by Chang Chhao (1670). Ko-Wei Lih [8] clarified the concepts after Pao
Chhi-Shou’s labeling by using modern notions of the graph theory and extend these classical
labelings of platonic polyhedral to certain families of plane graphs. Lih [8] described face-magic
labeling of type (1, 1, 0) for the wheels, the friendship graphs, the prisms and some of the
platonic polyhedra. Martin Baca [2] has described the magic and consecutive labeling for fans,

planar pyramids and ladders. The face-magic labeling of type (1, 1, 1) for Mobius ladder L}, n >

m

3 odd, m >1I, grid graphs G.', n > 2, m > 1, n +m #3 and the hexagonal planar graphs H
(honeycomb) are proved in [3], [5] and [4], respectively. In [9] the face-magic labeling of type
(1, 1, 1) for special families of planar graphs with 3-sided faces, 5-sided faces, 6-sided faces and
one external infinite face are shown. In [10], magic labeling of type (a, b, ¢) for families of
wheels are proved. Martin Baca and others investigated the face magic labeling for some planar
graphs. For further details we refer the recent survey of graph labeling by Gallian [7]. In this
paper, we investigate the results of face magic labeling of types (1, 0, 1), (1, 1, 0), (0, 1, 1) and
(1, 1, 1) on duplication graphs.

Definition 1.1 Duplication of a vertex v, by a new edge e = vv" in a graph G produces a new
graph G'such that N (v/) = {v, v'}and N (v") = {v, v'}.

Definition 1.2 Duplication of an edge e = vjvi.; by a vertex v’ in a graph G produces a new
graph G'such that N (v') = {vvi+1}.



2. Main Result

In this section, face magic labeling of vertex and edge duplication of graphs are discussed.
Theorem 2.1 Let G be a tree of order n>2. Then the vertex by edge duplication at all vertices
simultaneously on G admits face magic labeling of types (1, 0, 1), (1, 1, 0), (0, 1,1) and (1, 1, 1).
Proof

Let G (V, E, F) be an arbitrary tree of order nand let V ={v; :1<i<n}, E={g; :1<i<n-1}.
Let G' (V', E', F’) be the graph obtained by duplicating all vertices in G by edges and let V'=V U
{v;",v;":1<i<n}, wherev;', v;" are adjacent tov;, edge set
E'=Eu{vv;'.v;v;",v;'v;":1<i<n} and face set F'={f;:v;v;'v;":1<i<n}.
The four types of labeling are discussed separately.
Type (i): (1, 0, 1)-Face magic
Define a mapping f,:V'OUF'—>{2,---,4n} in the following way:
Fori=1ton; fi(v;)=i, fi(v;")=2n+1—i, f,(v;")=2n+i, f(f;)=4n+1-i.
Clearly, the common weight of all 3-sided faces is W( f;) = 8n+2.
Type (ii): (1, 1, 0)-Face magic
We construct a mapping f, :V'UE'—>{, 2,---, 7n—1}as follows:
Fori=1ton; f,(v;)=i, f(v;')=2n+1—i, f,(v;")=2n+i,
fo(viv;)=4n+1—i, fo(v;vi") =4n+i, fo(v'v;") =6n+1—1i.
Fori=1ton-1; f,(e)=6n+i.
Clearly, the common weight of all 3-sided faces is w( f;) =18n+3.
Type (iii): (0, 1, 1)-Face magic
Define a bijective mapping f3:E'OF'—>{L, 2,---, 5n—1}as below:
Fori=1ton; fy(v;v;") =1, f3(v;v;"")=2n+1-i, f3(v;'v;"") =2n+i, f3(f;)=5n-i.
Fori=1ton-1; f3(g)=3n+i.

The common weight for all 3-sided faces isw( f;) = 9n+1.



Type (iv): (1, 1, 1)-Face magic
Define a bijective mapping f, :V'UE'UF'>{, 2,---,8n—1}as follows:
Fori=1ton; f,(v;)=1, f,(vi')=2n+1—i, f4(v;") =2n+i,

fa(vivi") =4n+1-1i, f,(v;vi'") =4n+i, f,(vi'vy")=7n+1-2i, f,(f;)=7n-1+1.
Fori=1ton-1; f,(g)=7n-2i.
The common weight for all 3-sided faces is w( f;) = 26n+2.

Illustration 1: The graph obtained by vertex by edge duplication at all vertices on T and its face
magic labeling is shown in figure 1.

Illustration 2: The graph obtained by edge by vertex duplication at all edges on Tg and its face
magic labeling of type (0, 1, 1) is shown in figure 2.

Figure 1: Figure 2:

Theorem 2.2 Let G be a tree of ordern>2. Then the edge by vertex duplication at all edges
simultaneously on G admits face magic labeling of type (0, 1, 1).

Proof

Let G (V, E, F) be an arbitrary tree of order n and assign the labels uy,u,, ---, u, to vertices and

€,€,, -, &,¢t0 edges. Let G’ (V', E', F') be the graph obtained by “edge by vertex duplication”



at all edges in G simultaneously. LetE'=Eu{g',g";1<i<n-1}, where ¢;' and e;"are
adjacentto e;, faceset F'={ f; :e;g;'¢;"" :1<i<n-1}.

We construct a mappingg : E'U F'—{1,2,---,4n} in the following way:

Fori=1ton-1; g(g)=1,9(e")=2n-1-1, g(&")=2(n-D) +i, g(f;) =4n—-3—1i.

We compute the common weight of all 3- sided faces is
w(f;)=g(g)+9a(e)+a(e'")+a9(f)=i+@n-1-1)+2(n-D+i)+(4n—-3—-i) =8n-6.

Theorem 2.3 For n,m>3, the graph G’ obtained by duplicating all vertices by edges on mP,

admits face magic labeling of types (1, 0, 1), (1, 1, 0) and (0, 1, 1).

Proof

Let mP, be the disjoint union of m path graph P, with V ={vij 1<i<m, 1< j<n},

E ={eij :1<i<m,1< j<n-1}. Let G'be the graph obtained by duplicating all vertices in mP,
by edges simultaneously. Let the vertex set V'=V u{uij , Wij :1<i<m,1< j<n}, edge set
E'=Eu{ulv], viw) ulwl :1<i<m 1< j<n} and faceset F'={f;) :1<i<m,1<j<n}
The three types of labeling are discussed below:

Type (i): (1, 0, 1)-Face magic

Define a mapping f,:V'UF'—>{L, 2,---, 4mn} in the following way:

Fori=1ltom,j=1ton; f,(v}))=@{-Dn+j, f,(u))=2mn+({i-Dn+j,
f,(wd)=2mn+1—(-D)n—j, f,(f,))=4mn+1—(i-1)n—j.
Clearly, the weight of all 3-sided faces is w( f; )=8mn+ 2.

Type (ii): (1, 1, 0)-Face magic
Define a bijective mapping f, :V' UE'—>{1,2,---,m(7n—1)} as follows:

Fori=1tom,j=1ton; f2(vij)=(i—1)nqL I fz(uij)=2mn+(i—l)n+ J,



f,(wd) =2mn+1—(@i-n—j, f,Iw)) =4mn+1-(i-Dn—j,
fo(vlw!) = 4mn+(i-Dn+j, fo(ulv})=6mn+1-(i-Dn-j.
Fori=1tom,j=1ton-1; fy(el)=6mn+(j—1)m+i.
Clearly, the weight of all 3-sided faces is w(f;) =18mn+3.

Type (iii): (0, 1, 1)-Face magic
A bijective mapping f3:E'UF'—>{L 2,---, m(5n-1)} is given below:

Fori=ltom,j=1ton; fy(v)wl)=(@-Dn+j, fa(ulwl)=2mn+1-(i-1)n—j,
fauivl) =2mn+ (i —D)n+ j, f3(f;)) =5mn—m+1—-(i-)n-j.
Fori=1tom,j=1ton-1; f2(eij):6mn+(j—1)m+i.

Clearly, the weight of all 3-sided faces is w(f;) =9mn—m+2.
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Figure 3: Labeled graphs for vertex by edge duplication on mP,,



Theorem 2.4 The graph G’ obtained by vertex by edge duplication at all vertices on mPB, which

admits face magic labeling of type (1, 1, 1), where both m and n are not simultaneously even.

Proof
Let mP, be the disjoint union of m path graph P, with V ={vij :1<i<m,1<j<n}and

E ={eij 1<i<m,1<j<n-1}. Let G'be the graph obtained by duplicating all vertices by
edges in mP, simultaneously. Let the vertex set V '=V u{uij , wij :1<i<m,1< j<n}, edge set
E'= Eu{uijvij,vijwij, uijwij :1<i<m, 1< j<n} and face set F':{fij (1<i<ml<j<n}
Define a bijective mapping f, :V'UE'UF'—>{, 2, ---, 8mn—m}as follows:
We consider two cases depending on the values of m and n.

Case (i): when m, n=1(mod2), m,n>3

Fori=1tom,j=1ton;
f,(v)=(-Dn+j, f,l)=2mn+@i-Hn+j, f,(w)=2mn+1—(@i-n-j,

fyulwd) =dmn+1-(@i-Dn—j, f,(viwd) =4mn+(i-D)n+ j,
f,(e))=6mn+ (i —1)(n-1)+ j.
5mn+[%—l+l—(i—1)(g]—[17+lj, if iand jareodd,1<i<m 1<j<n,

6mn—(i—1)(gj+l—(%j, ifiisoddand j iseven1<i<m,2<j<n-1
fauivi)= 1
6mn—(n7_1J—(i—2)(gj+l—[%j, if iisevenand jisodd, 2<i<m-11<j<n,

5mn+[?—l—(n7_lj—(i—2)[gJ—%, if iand jareeven, 2<i<m-1,2<j<n-1.




8mn-m+1- (|—1)( ) (JT] ifiand jareodd,1<i<m,1< j<n,

mn-— m+( w (i—- 1)(%}—(—), ifiisoddand jiseven,1<i<m,2< j<n-1,

f,(f.0) = 7mn— m{ w [”21) (i- 2)( j ( j if i is even and jis odd,

2<i<m-11<j<n,

8mn—m—[n7_lj—(i—2)(gj—%, if iand jareeven,2<i<m-1,2<j<n-1

Clearly, the common weight of all 3-sided faces is w(f;) = 25mn—-m+ [?w +3.

Case (ii): When (a) m=1(mod2) and h=0 (mod2)
(b) m=0(mod2) and n=1(mod2)

In this case, labels are assigned to the vertices as in case (i). We define the edge and face labeling
as follows;

Fori=1tom,j=1ton; f4(uijwij) =4dmn+1-(i—-n—j,
fu(viwd) =4mn+ (i —Dn+ j, f,(e)) =6mn+@{i-1)(n-1)—1+ j.

When m is odd and n is even, let

5mn—S(in-n+j+1)+1, if jisodd,2<i<m,1<j<n-1
£ (udvi)= 2
4(u| Vi )— mn 1
5mn+7+1—5(in—n+j), if jiseven,1<i<m,2<j<n.

_ 7mn—m—%(in—n+j—mn+1)+2, if jisodd,2<i<m,1<j<n-1
fo(fi')= 1
8mn—m+1—§(in—n+j), if jiseven,1<i<m,2<j<n.

When m is even and n is odd, let



é6mn+m(n-1)+1, if i=1 and j=1,

7mn+§(mn)—%(in—n+j+1)—(m+n—2), if iand jareodd,3<i<m-1,1<j<n,
f,(f))= 8mn—%(in—n+j)—m+1, if i is odd and jiseven,1<i<m-12<j<n-1,

8mn—%(in—n+ j)-m+1, ifiisevenand jisodd, 2<i<m,1<j<n,

6mn+?—%(in+n+j+1)—m+n+1, fiand jareeven 2<i<m,2<j<n-1.
6mn+1—[17+1} if jisodd, i=1 and j#1,
6mn+(?} if i=1andj=1,

o 6mn—1(in+n+j+1)+1, if iand jareodd,3<i<m-1,1<j<n,
fa(uivi)= 2 .
5mn+?—5(in—n+j)+1, if iisoddand jiseven,1<i<m-1,2<j<n-1,

5mn+?—%(i+n+ j)+1+n, ifiisevenand jisodd,2<i<m,1<j<n,

6mn—%(in+n+ j+1)+n, fiandjareeven, 2<i<m,2<j<n-1.
Clearly, the common weight of all 3-sided faces is w(f;) = 25mn+? —m+4.

Theorem 2.5 For n>4and m> 2, the graph G obtained by edge by vertex duplication at all
edges on mPR, admits face magic labeling of type (0, 1, 1) and also G admits face magic labeling
of types (1, 0, 1) and (1, 1, 0) if n is even.

Proof

Let G (V, E, F) be the graph obtained by duplicating all edges in mPB, by vertices respectively.

LetvV ={v] :1<i<m1<j<npofu) :1<i<mi<j<n-1, E={ulv]/™ ulv] vivi*?:



1<i<m,1< j<n-1} and face set F ={fij :1<i<m,1< j<n-1}. The three types of magic
labeling are discussed below:
Type (i): (1, 0, 1)-Face magic (n is even)

Define a bijective mapping g, :V UF —»{, 2, ---, 3mn—2m}in the following way:

(i—1)[ﬂj+(1—+lj, if 1<i<mand forodd j,1< j<n-1
iy 2 2
g1(vi’) = .
mn—i2+%, if 1<i<mand foreven j,2<j<n.
mn+i(2j+2—%(i+]+2), if i and jareodd,1<i<m,1<j<n-1,
mn+(i+1)(gj+1—%(i+j+l), if iisoddand j iseven,1<i<m,2<j<n-2
91(Uij): N1
2mn—m—(i—1)(§]+§(i—j—1)+1, if iisevenand j isodd, 2<i<m-11<j<n-1,
2mn—m—(i—2)[gj+%(i—j), ifiand jareeven 2<i<m-1,2<j<n-2.
3mn—2m—(i—1)(g]+%(i—j), if iand jareodd,1<i<m,1< j<n-1,
3mn—2m—i(gj+%(i—j—1), if i isodd and j iseven,1<i<m,2<j<n,
gl(fij)z

2mn—m+(i)(gj+1—%(i+j+l), if i is evenand jisodd,2<i<m,1< j<n-1,

2mn—m+ (i —1)(2)—%0 +j)+1 ifiand jareeven,2<i<m,2<j<n.
We can easily see that all 3-sided faces have the equal weight w(f;) = 5mn-2m+2.

Type (ii): (1, 1, 0)-Face magic (n is even)

Define a bijective mapping g, :V UE —{L, 2, ---, 5mn—4m}as follows:

Here, labels are assigned to the vertices as in type (i).

g,(vud)=2mn-m+(@{i-)(n-1)+j, ifl<i<mandl<j<n-1.

10



g, (v ud) =4mn-3m+1-(i-)(n-1)—j, if1<i<mandl<j<n-1.

5mn—4m—(i—1)(gj+(%j, if i and jareodd,1<i<m,1<j<n-1

5mn—4m—g—(i—1)(gj+('+12_ JJ, ifiisoddand j iseven, 1<i<m,2<j<n-2,
g, (viv) ) =

4mn—3m+i[2j—['+é+lj+l, if iisevenand jisodd,2<i<m-1,1<j<n-1,

4mn—3m+(i—1)(gj+1—(%), ifiand jareeven2<i<m-1,2<j<n-2.

Clearly, the common weight for all 3-sided faces is w( f;) =13mn—8m+ 3.
Type (iii): (0, 1, 1)-Face magic
A bijective mapping g : EUF —{1, 2, ---, 4m(n —1)}is given below:

Forl<i<mandl<j<n-I gs(vlul)=(i-)(n-1)+],

g3 (v ul) =2m(n-) +1-(I-D-D-j, GV =2m(n-1)+G{-D(-1)+ ],
g3(f)) =4am(n-1)+1- (i -D(n-1) - j.

Clearly, the common weight for all 3-sided faces is w( f;) =8m(n—-1) + 2.

Theorem 2.6 Let G be the graph obtained by edge by vertex duplication at all edges on mR,,,
then the graph G has face magic labeling of type (1, 1, 1) when n, m=1(mod2).

Proof

Let G (V, E, F) be the graph obtained by duplicating all edges in mB,,; by vertices respectively.

LetV ={vij 1<i<m, 1< £n+1}u{uij :1<i<m,1< j<n},

E={udvi™, ulvl, vivi™ :1<i<m 1< j<n}and faceset F={f;) :1<i<m, 1< j<n}.

Define the vertex labeling g, :V(G) —>{L, 2, ---, 2mn+m} as follows:

11



(.-1)[”*1}(’—*1}, if j isodd,1<i<m,1<j<n,

- 2 2
94(v{) = Na1

m(n+1)—i(7j % if jiseven,1<i<m,2<j<n+l.

m(n+1)+( ) (*“ j if i and jareodd,1<i<m,1<j<n,

m(n+1)+(|+1)[ +1j 11 (%ﬂj if iisoddand j isevenl<i<m, 2<j<n-1
94(Uij)—

n+1
2

2mm+m—(i—1)( j+(";‘1j+1, if iisevenand j isodd, 2<i<m-11<j<n,

2mn+m-— (i — 2)(n;lj+[%) ifiand jareeven,2<i<m-1,2<j<n-L1
We construct the edge labeling f, : E(G) > {1, 2, ---, 3mn}in the following way;

gs(vlu)=2m(n+1)—m+({-Yn+j, if 1<i<mandi<j<n
Smn+m— (i —1)[%)44—(]7“) if iand jareodd,1<i<m,1< j<n,

5mn+m—[mW—(i —1)(Ej+1—(ij, if iisoddand j iseven,1<i<m,2<j<n-1,
O4 (Vij+1uij )= 2 2 2

5mn+m—[?}—i(gj+n7+l (ngj+1 if iisevenand jisodd,2<i<m-11<j<n,

5mn+m—i£g)+(nT+lJ—%, if iand jareeven, 2<i<m-1,2<j<n-1.

4mn+m—{?w—(i—1)(2}2—(17*1), if i and jareodd,1<i<m,1<j<n,

4mn+m—(i—1)£2j+1—£%j, ifiisoddand j iseven,1<i<m,2< j<n-1

J J+l _
9avivi) = n n+1 +1
4mn+m—i(5j+7 (12 j+1 if iisevenand jisodd,2<i<m-1,1<j<n,
4mn+m—{?}—i(%}+(n7+lj—%+l, ifiand jareeven,2<i<m-1,2<j<n-1.

12



Define the face labeling f;: F(G) > {4, 2, ---, mn}as follows:

6mn+m—(i—1)(n7+1j+(%j, if i and jareodd, 1<i<m,1<j<n,

6mn+m—i(n;1j+(l+12_ JJ, ifiisoddand j iseven,1<i<m,2< j<n-1,
94(fij)=

5mn+m+i(n7+1]+1—('+;+lj, if iisevenand jisodd,2<i<m-11<j<n,

5mn+m+(i—1)[n7+1j—[%]+l, ifiand jareeven, 2<i<m-12<j<n-1

By direct computation that following, we observe that all 3-sided faces have the same weight

(@) Ifiandjareodd,1<i<m,1< j<n, thenthe weight of 3-sided faces is
:((i —1)(n—+1j+(J—+1D+(m(n +1)—i(n—+1]+J—+1J+(m(n +1)+i(”—+1j+2—(' *J +2D
2 2 2 2 2 2
+(4mn+m—[m}2—(i —1)(EJ—J—+1J+[5mn+m—(i —1)(Ej+1—(J—+1D
2 2 2 2 2

+(@mn+m+ (i -1)n+ j)+(6mn+ m—(i —1)(%“}{%)] =19mn+ 6m{?1+4.

(b) Ifiisodd and j is even,1<i<m, 2 < j <n-1, then the weight of 3-sided faces is

j+L j+l jH

W(E ) =950 + 94 (™) + 9, 1) + 95 IV + g v + g (uiv)) + g, ()

e {12 e o)
+[4mn+m—(i—1>(§j+1—%]+(5m“+m{?}(i_1)@”_(3}

+@mneme(i-Dn+ j)+[6mn+m—i(n;1j+['+12_ JDleaner—(?}%.

(c) Ifiisevenandjisodd, 2<i<m-1,1< j <n, then the weight of 3-sided faces is

W(F )= 94 (0) + s ™) + 94 (U)) + g (VI + gu VI + g, V) + g, (1))

13



:((i —1)[%“j+(j7+1jj+(m(n +1)—i(n7+1j+jT+lJ+(2mm+m—(i—l)(n;1J+(i _;_1J+1j
+(4mn+m—i(ﬂj+(n—+1j+l_ﬂ'j+£5mn+m_[m—‘ﬁ_(l_i)[ﬂj_i_l_(ﬂ-jJ
+<2mn+m+(i—1)n+J)+[5mn+m+i(”;1j—(”12+jj+1}19mn+em_[%ﬂ+4.

(d) Ifiandjareeven,2<i<m-1, 2< j<n-1, then the weight of 3-sided faces is

W(f ) =94 (0) + 9, + 94 (U)) + g (VI + gu VT + g, V) + g, (1))

- m(n+1)—i(n—+1j+i + (i—1)(”—+1j+(izj + 2mm+m—(i—2)[”—+1]+(QJ

2 2 2 2 2 2
T TN LY SR n+l -3 smnem-if 4 e (1

2 2 2 2 2 2 2
+(2mn+m+(i—1)n+j)+(5mn+m+(i—1)(”7”}&—(%])=19mn+6m—{?}+4.
Theorem 2.7 The G graph obtained by duplicating all vertices by edges in C,,, n>3, admits face
magic labeling of types (1, 0, 1), (1, 1, 0), (0, 1, 1) and (1, 1, 1).

Proof

Let G (V, E, F) be the graph obtained by duplicating all vertices in C,, :u4,u,, -+, u,,n>3 by
edges. Let V ={u;,v;,w;:1<i<n}, E={uv;,ujw;,v;w; :1<i<npu{uu,,:1<i<n-1}
U{uu, tand F ={f; tuviw, t1<i<npu{f, 4 :uuy Ut

The four types of labeling are discussed below:

Type (i): (1, 0, 1)-Face magic

Define a mapping f; :V UF —>{L, 2, ---, 4n+1} in the following way:

Fori=1ton; fi(u;) =i, fi(v;)=2n+1-1i, fi(w;)=2n+i,

f,(f)=4an+1—i, f,(f,.)=4n+1.

14



Clearly, the weight of all 3-sided faces is w; (f;) =8n+2.
The weight of n-side face is

n(n+1) +(4n+ l)_n +9n+2
2

w, (fi) = Zfl(U )+ fi(fr) = ZI+(4n +1) =
Type (ii): (1, 1, 0)-Face magic

We define a bijective function f,:V UE {1, 2,---, 7n}as follows:

Fori=1ton; fo(u;) =i, fo(v;)=2n+1-i, fo(w)=2n+i, fo(v;w;) =4n+1-1i,
fo(uiv;) =4n+i, fo(uw) =6n+1-1i, f,(uu,)=6n+1.

Fori=1ton-1; f,(uujy)=6n+1+i.

Clearly, the weight of all 3-sided faces isw; (f;) =18n+ 3 and the weight of n-side face is

w, (f;) = Zfz(u)+Zf2(u,u,+1)+f2(u1un) Z|+Z(6n+l+|)+(6n+1)

i=1 i=1 i=1l =l
:@Hw +1)(n—1)+@+(6n +1) =7n? +n.
Type (iii): (0, 1, 1)-Face magic
We construct a bijective mapping f3:EUF —{L, 2,---, 5n+1}as below:
Fori=1ton; f3 (uyw)=n+i, f3(uv;)=3n+1-i, f3(v;w;)=3n+i, f3(f;)=5n+2-i.
Fori=1ton-1; fy(uu;y) =i, f3(uu,)=n, f3(f4)=4n+1.

Clearly, the weight of all 3-sided faces is w; (f;) =12n+3 and the weight of n-side face is

n-1 n-1
w, (f;) = Z fa(Uiting) + fa(uuy) + f3(fhg) = Zi +n+(4n+1)
i=1 i=1

2
n(n 1)+(5n+1) n +9n+2.

Type (iv): (1, 1, 1)-Face magic
Define a bijective mapping f,:V UEUF —>{, 2, ---, 8n+1L}as follows:

Fori=1ton; f,(u;) =i, f4(v;)=2n+i, fo(w)=2n+1-i, f,(v;w;) =4n+1-i,

15



fa(uiwi) =4n+i, f,(Uv;) =7n+1-2i, f,(f;)=7n+1+1i.
Fori=1ton-1; fs(uuq)=7n+2-2i, f(uu,)=5n+2, f,(f,,1)=7n+1

Clearly, the weight of all 3-sided faces is w; (f;) = 26n+4 and the weight of n-side face is

n n-1
w,(f;) = Z fa(ui)+ Z fo(Uiuig) + fa(uup) + 4 ()

i—L =]
n n-1
=>i+> (Tn+2-2i)+(5n+2) +(7n+1)
i1 i
B 2
- ”(”2+1) +(7n+2)(n—1)—2”(”2 ) +(12n+3)=w.

The labeling technique used in the proof of the theorems 2.7 and 2.8 are exhibited in the

following figures.

2n-1

2n+2

Figure 4: Figure 5:

Figure 4: Face magic labeling of type (1, 0, 1) for vertex by edge duplication on C,
Figure 5: Face magic labeling of type (1, 0, 1) for edge by vertex duplication on C,
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Theorem 2.8 The G graph obtained by duplicating all edges by vertex in outside the cycle C,
n>3 admits face magic labeling of types (1, 0, 1) and (0, 1, 1). Also G admits face magic
labeling of types (1, 1, 0) and (1, 1, 1) if n is odd.

Proof

Let G (V, E, F) be the graph obtained by duplicating all edges by vertex in

Chivy, Vo, oo, Vg, N3 LetV ={v;,u;:1<i<n}, E={vivj 4, UV 4

1<i<n-JJju
up v du{uy; i1<i<n}and F={f;:1<i<n}U{f, 3 :v1Vy -V}
The four types of labeling are discussed separately below:
Type (i): (1, 0, 1)-Face magic
Define a mapping g; :V UF —>{L, 2, ---, 3n+1} in the following way:
Forl<i<n; g;(v;) =1, g;(uj)=2n+1—-i.
3n—i,if 1<i<n-1,
0,(f;)=43n, ifi=n,
3n+1 if i=n+1.
Clearly, the weight of all 3-sided faces isw; (f;) =5n+ 2 and the weight of n-side face is

n n 2

Wy (F) =3 0u )+ 01 (Foug) = D+ @n+1) = M | 30 1 :”+—;”+2.
i=1 i=1

Type (ii): (1, 1, 0)-Face magic (n is odd)

We define a bijective function g, :V UE —>{L, 2, ---, 5n} as follows:

M1 iisodd1<i<n,
g,(vi) = N i

(——Iﬁt—, ifiiseven, 2<i<n-1.

2 2

an+| o1 i s odd,1<i<n-2,
2 2

92 (Vi Viy) = )

4n+'5, ifiiseven, 2<i<n-1.
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3n+|—, ifi isodd,1<i<n-2,

gz(u V|+1)— n i
3n+b]+5, ifiiseven,2<i<n-1.

Forl<i<n; g,(u;v;) =3n+1-i, g5(vv,)=>5n, gZ(Vlu”)zan{ﬂ'

() = 2n—i,if 1<i<n-1,
920 = o0 it i =n.

Clearly, the weight of all 3-sided faces is w; (f;) = 2{6n + [ 21 +1j

The weight of n-side face is

Wo ()= D20+ D 0 (ViVi)+ D 0o+ D 92(ViViyg) +92 (V)

i=odd i=odd i=even i=even

S Bl S ) 4

S ER CEE R
AR e

N RS R

Type (iii): (0, 1, 1)-Face magic

We construct a mapping g3 :EUF > {1 2,---, 4n+1} in the following way:
Fori=1ton; g3(u;v;)=2n+1-1i, g3(f;) =4n+1-1i, g53(f,,1) =4n+1.
Fori=1ton-1; g3(ViViy) =1 93(UViyg) =2n+i. g3(Vivp) =N, g3(upvy) =3n,
Clearly, the weight of all 3-sided faces is w; (f;) =8n+2.

The weight of n-side face is

18



n-1 ni1 n(n—1 n2+7n+2
Wy (F1) = > 05 (ViVisa) + B (Fout) =Z'+<4n+1)=%+(4n+1>=T-
i=1 i=1

Type (iv): (1, 1, 1)-Face magic (n is odd)
A bijective function g, :V VEUF —{L, 2,---, 6n+1}is given below:

5n+[21+L§}, if i isodd, 1<i<n—2,

94(f; )= 5n+1+|§, ifiiseven,2<i<n-1,

6n+1, if i=n+1.

s+l ifiisodd1<i<n_2,

94 (Uj Vi) = 0l i
3n+[——}+—, ifiiseven, 2<i<n-1.
Fori=1ton; g,(v;) =1, 94(u;) =3n+1—1i, g,4(u;v;) =5n—1i.

Fori=1ton-1; g,(V;Viy1) =2n—i. g4(ViU,) :3n+B—I, 94 (vyvy) =2n.

Clearly, the weight of all 3-sided faces is w;(f;) =18n+ (ﬂ +3.
The weight of n-side face is

n n-1
w,(f;) = 294(Wi )+ 294(uiui+1) +04(Uun) +94(frig)

i=1 i=1

n n-1 —
=i+ (2n—i)+2n+(6n+1) =@+2n(n—l)—¥+8n+l=2n2 +7n+1.
i=1 i=1

Remark
We have considered unique structure of G in the above theorems 2.7 and 2.8. That is, G has

exactly n+1 interior faces of which one is an n-sided face and the others are 3-sided faces.
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Conclusion
In this paper, we have studied face magic labeling for vertex and edge duplication on some
families of graphs. In future, we are interested in extending this idea to some graph operations.

We propose the following problem for further study in this area.

Problem 1 Whether the edge by vertex duplication at all edges simultaneously on an arbitrary
tree has face magic labeling of types (1, 0, 1), (1, 1, 0) and (1, 1, 1) or not.
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