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Abstract

Let G = (V, E) be a graph without isolated vertices. A dominating set S of G is a neighbor-
hood total dominating set (ntd-set) if the induced subgraph (N (.S)) of G has no isolated vertices.
The neighborhood total domination number 7,,:(G) is the minimum cardinality of a ntd-set. The
minimum number of colours required to colour all the vertices such that no two adjacent vertices
have same colour is the chromatic number x(G) of G. In this paper we find an upper bound for sum

of the ntd-number and chromatic number and characterize the corresponding extremal graphs.
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1 Introduction

By a graph G = (V, FE)) we mean a finite, undirected graph with neither loops nor multiple edges.
The order and size of GG are denoted by n and m respectively. For graph theoretic terminology we refer
to Chartrand and Lesniak [2].

Let G = (V, E) be a graph and let v € V. The open neighborhood and the closed neighborhood of
v are denoted by N (v) and N[v] = N(v) U {v} respectively. If S C V, then N(S) = |J,cg N(v) and
N[S] = N(S)US. A support is a vertex with at least one of its neighbor has degree one.

A subset S of V is called a dominating set of G if N[S] = V. The minimum cardinality of a
dominating set is called a domination number of G and is denoted by 7(G). S. Arumugam and C.
Sivagnanm [1] introduced the concept of neighborhood total domination. A dominating set S of a graph
G is called a neighborhood total dominating set (ntd-set) if the induced subgraph (N (.S)) has no isolated
vertices. The minimum cardinality of a ntd-set of (G is called the neighborhood total domination number
(ntd-number) of G and is denoted by 7,,+(G). The chromatic number x(G) of a graph G is defined to
be the minimum number of colours required to colour all the vertices such that no two adjacent vertices
receive the same colour.

Several authors have studied the problem of obtaining an upper bound for the sum of a domination
parameter and a graph theoretic parameter and characterizing the corresponding extremal graphs. In [3],
J. Paulraj Joseph and S. Arumugam proved that v + x < n + 1. They also characterized the class of
graphs for the upper bound is attained. In this paper, we obtain upper bounds for the sum of ntd-number

and chromatic number and characterize the extremal graphs. We need the following theorems.
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Theorem 1.1. [2] For any graph G, x < 1+ A.

Theorem 1.2. [2] If G is a connected graph that is neither an odd cycle nor a complete graph, then
x <A

Theorem 1.3. [1]Let G be a graph with A = n — 1. Then 7,,4(G) = 1 or 2. Further 7,,4(G) = 2 if and
only if G has exactly one vertex v with deg v = n — 1 and v is adjacent to a vertex of degree 1.

Theorem 1.4. [1] For any path P,

[%] if n=1 (mod3),
1+ 1 otherwise.

’Ynt(Pn) = {

Theorem 1.5. [1] For the cycle C,,,

+
=

if n=2(mod3),

otherwise.

-/
w3 wIs
—_

’Ynt(cn) — {

Theorem 1.6. [1] For any graph G, v..(G) < [%].
Theorem 1.7. [1] For any graph G, v,+(G) <n — A+ 1.
Theorem 1.8. [1] Let GG be a connected graph with A < n — 1. Then v,,:(G) < n — A.

2 Definitions and Notations
Definition 2.1. H(mi,mo,--- ,m,) denotes the graph obtained from the graph H by attaching m;
edges to the vertex v; € V(H), 1 <i < n.

Definition 2.2. H(P,,,, Pp,, - , Py, ) is the graph obtained from the graph H by attaching an end
vertex of Py, to the vertex v; in H,1 < ¢ < n.

Definition 2.3. Let Hiand Hs be two copies of Cs with vertex sets V(Hy) = {vgl), vél), vél)} and
V(Hq) = {viz), vg), v§2)}. Then the graph C§2) is obtained from H; U H» by joining the vertices vz(l)
and 052), 1 <1 < 3, by an edge.

2.1 Graphs and Notations

We define the following graphs.

(1 is the graph obtained from C3(Ps, P>, P,) by attaching a P» to the vertex of degree 2.

G+ is the graph obtained from C3( Py, Py, P1) by attaching a P, to the vertex u ¢ V(C) of degree 2,
where C'is a cycle in C3(Py, P2, Py).

G3 is the graph obtained from C3(Ps, P2, Py) by attaching a P» to the vertex u ¢ V(C') of degree
2,where C' is a cycle in C5(Ps, P3, Py).
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Gy is the graph obtained from C5(Py, Py, P1) by attaching a P» to the vertex u ¢ V(C) of degree
2,where C'is a cycle in C5(Py, Py, Py).

G5 is the graph obtained from C3(Ps, Py, P;) by attaching a P, to the vertex u ¢ V(C) of degree 2,
where C'is a cycle in C3(Ps, P, Py).

G is the graph obtained from C5(Py, P;, P;) by attaching a P» to the vertex of degree 3.
G is the graph obtained from C5(Ps, P;, P1) by attaching a P» to the vertex of degree 3.
Gy is the graph obtained from C3(Ps, P1, P;) by attaching a Ps to the vertex of degree 3.

Gy is the graph obtained from C5(2,1,0) by attaching a P, to a pendant vertex whose support has
degree 4.

G is the graph obtained from C3(2, 0, 0) by attaching a P to the vertex u € V(C') of degree 2, where
C'is acycle in C3(2,0,0).
G111 is the graph obtained from C5(2, 1, 0) by attaching a P, to the vertices whose support has degree 4.

G12 is the graph obtained from C53(2,1,1) by attaching a P to a pendant vertex whose support has
degree 4.

2.2 Sets of graphs

We define the following sets of graphs.

A ={C5(3,0,0)}

Ag = {Cy(Ps, P, P, Py), C4(1,0,0,0)}
Az ={C7}

Ay ={G1,C3(P3, P3, P2), C3(P3, P2, )}

As = {G2,G3,C5(Ps3, Py, Py, P1, P1),Cs5(Ps, P, P, P1, Py),C5(Ps, Py, P1, Py, Py),C5(Pa, P, P,
P17P1)’ 03(P5aPQaPl)’03(P47P2aP1)aC3(P3aP37P1)}

Ag = {G4,G5,C5(Py, P1, Py, P1, P1),Cs(Ps, P, P, P, P1),C3(Ps, P1, P1),C3(Py, P1, P1)}
A7 = {C5(2,0,0,0,0), C3(2,1,0),C3(2,1,1) and G; : 6 < i < 12}

A8: {047 03(27070)7 C3(17171)7 03(17170)7 CS(P17P27P3)7 CS(P17P17P3)7
C5(1,0,0,0,0)}

2.3 Family of graphs

Let .#; be the family of connected unicyclic graphs of order n with odd cycle C' = (vi, v, -+ , vk, v1)
satisfy the following conditions: (i) 6 <n <9 (ii) A =3 (iii) s = [{v € C : degv = A}|.
Let .75 be the family of connected unicyclic graphs of order n with odd cycle C' = (vy, v, -+ , vk, v1)

satisfy the following conditions (i) 6 <n <9 (i7) A = 4.

We assume through out that the graph G has no isolated vertices.
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3 Main Results

Theorem 3.1. Let GG be a graph without isolated vertices. Then v,:(G) + x(G) < n + 2 and equality
holds if and only if G is isomorphic to s K.

Proof: By Theorem 1.7, v,,:(G) < n — A + 1 and by Theorem 1.1, x(G) < A + 1. Hence 7,4 (G) +
X(G) <n+2.

Let G be a graph with v,,:(G) + x(G) = n + 2. Then v,:(G) = n — A+ 1and x(G) = A + 1.
Suppose G is connected. Then G is either a complete graph or an odd cycle. If G = K,;,n > 3 or an
odd cycle, then 7,,;(G) < n — A. Hence G is isomorphic to K.

Suppose G is disconnected. We claim that A(G) = 1. Suppose A(G) > 2. Let G be a component
of G with A(G1) = A(G) and let |V (G1)| = ny. Since 7, (G) = n— A+ 1, it follows that v, (G1) =
n1—A+1.If A(G1) < np—1then v, (G1) < np— A and hence 7,4 (G) < n—A.If A(G1) = n1 —1,
then v,.(G1) = 1 or 2. If 7,4 (G1) = 1, then v,,,(G) < n — A. If v,,(G1) = 2 then G; contains a
support vertex and hence Y < A, which is a contradiction. Thus A = 1 and each component of G is

isomorphic to Ks. |

Theorem 3.2. Let G be a connected graph. Then 7,,:(G) + x(G) = n + 1 if and only if G = C5 or
K,;(n>3)or K, —Y where Y is a set of edges incident with a vertex of K,, with |Y| =n — 2.

Proof: Let G be a connected graph with v,:(G) + x(G) =n + 1.
Casel: A <n—1.

Then 7, < n — A. Since vy, + x = n + 1, it follows that Y > A + 1 and hence x = A + 1. Thus
G is an odd cycle and v,y =n — A =n — 2. Hence G = (5.
Case2: A =n—1.

Then ~y,; < 2. If 7, = 1 then x = n and hence G is isomorphic to K,,,n > 3. Suppose v+ = 2.
It follows from Theorem 1.3 that G has exactly one vertex v with degy = n — 1 and v is adjacent to a
vertex of degree 1. Since x(G) = n — 1, it follows that G — v has exactly two components H; and H,
where H; = K; and (V(H2) U {v}) = K,,—1. Hence G = K,, — Y where Y is a set of edges incident

with a vertex of K, with |Y| = n — 2. The converse is obvious. [ |

Corollary 3.3. Let G be a graph with v,,+(G) + x(G) = n+1. Then G is isomorphic to s K2 U H where
H is isomorphic to C5 or K95 (n — 2s # 2) or K,,_o; — Y where Y is the set of edges incident with

a vertex of K,,_9s with |Y| =n — 25 — 2.

Theorem 3.4. Let T be a tree of order n. Then ~,,; + x = n if and only if 7" is isomorphic to P, or Ps
or Ky 3.

Proof: Suppose v,: + x = n. Since xy = 2 for any nontrivial tree, v,y = n — 2. f A = n — 1, then
Ynt = 2sothatn = 4and T = K 3. Suppose A < n — 1. Then vy,; < n — A. Since v,y =n — 2, it
follows that A < 2, so that 7' is a path. Hence s < [% | which implies n < 5. Since A < n —1, T is

isomorphic to either P4 or Ps. The converse is obvious. |
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Theorem 3.5. Let G be a connected unicyclic graph of order n with cycle C' = (v1,ve, ..., vk, v1).
Then 7y, + x = nif and only if G € Ag.

Proof: Suppose v,: + x = n.
Casel: A=n-1.

Then v,; < 2. If 4,4 = 1 then GG is K3 and in this case v,+ + x = 4 > n. Hence v,; = 2 and
x =n—2.Ifkiseventhen y = 2and n = 4 and k = 4 so that A # n — 1 which is a contradiction.
Hence k is odd, y = 3, so that n = 5 and A = 4. Hence k = 3 and G is isomorphic to C3(2, 0, 0).
Case2. A<n-—1.

If k is even, then x = 2 and 7,y = n — 2. Since v, < [%] , it follows that n < 5. If n = 5, then
k = 4 and there exists a vertex not in C which is adjacent to a vertex in C'. For this graph v,,; + x # n.
Hence n = 4 and G is isomorphic to Cjy.

If k is odd, then x = 3 and ~,,; = n — 3. Since A < n — 1 we have 7, < n — A and hence A < 3.
Also v < {%] , which givesn < 7.

If A = 2, then G is isomorphic to C5 or Cs or C7 and for these graphs v+ + x # n. Thus A = 3.

Let X be the set of all pendent vertices of G. Since v, = n — 3, |X| < 3 and C contains at
most three vertices of degree 3. Suppose C' contains three vertices of degree 3. Then £ = 3. Let
C = (v1,v2,v3,v1) and uv; € E,i = 1,2,3. Since v,¢ + x = n, it follows that deg u; = 1 for all 4
and G is isomorphic to C5(1,1,1).

Suppose C' contains two vertices of degree 3. Then k = 3 or 5. If £ = 5, then n = 7, and in this
case Ynt + x # n. Hence k = 3. Let C' = (v1, va, v3,v1), deg v1 = deg v = 3 and ujv1, ugve € E. If
deg u; = deg ug = 1, then G is isomorphic to C3(1,1,0). If deg u; = deg uy = 2, then v, + x # n.
Hence we may assume that deg u; = 1 and deg us > 2. Since v,,; + x = n, it follows that deg us = 2
and if uow € E(G), then deg w = 1. Hence G is isomorphic to C5(Py, P, Ps).

Suppose C' contains exactly one vertex of degree 3. Then k = 3 or 5. If £k = 3, and ujv; € F, then
degu; = 2 and if uyw € E, then deg w = 1. Hence G is isomorphic to Cs(Ps, Py, Py).

If k =5 and ujv; € E, then deg u; = 1 and G is isomorphic to C5(1,0,0,0,0). The converse is

obvious. [ |

Remark 3.6. There is no cubic graph of order n with v,,; + x = n.

Proof: Let GG be a cubic graph with ,,; + x = n. If G is a complete graph then ~,,; + x = n+ 1, which
is a contradiction. Hence x < 3. Then v,,; > n — 3. It follows from Theorem 1.8, v,,; < n—3. Thus we
have 7,; = n — 3 and then x = 3. Theorem 1.6 gives v,; < [ 5| which implies n < 7. Since G is not
a complete graph, we have n = 6. Then v,,; = 3 and y = 3. Since each vertex v of G dominates four
vertices, and all the vertices have degree 3, two vertices are sufficient to dominate six vertices. Hence

there does not exist a cubic graph with v,; + x = n. |

Theorem 3.7. Let T be a tree of order n. Then v,,; + x = n — 1 if and only if T is K 4 or P or it is
obtained from K 3 by subdividing at least one edge.
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Proof: Let T be a tree with v,,; + x = n — 1. Since x = 2, we have v,; = n — 3 and hence n > 5.
If A =n—1then vy, = 2sothatn = 5and T' = K 4. Suppose A < n — 1. Then v,; <n — A
and hence A < 3. Now from Theorem 1.6, v,y < [§]. So that n — 3 < [§] which gives n < 7.
Hence 5 < n < 7. If A = 2 then T is a path and hence T' = FPs. Let A = 3. If n = 5 then T is
obtained from K 3 by subdividing exactly one edge. Suppose n = 6. Let v € V such that degv = A
and let N(v) = {vi,v2,v3}. Letug, ug € V. — N[v]. If uy, ug € N(v;) for some ¢ = 1, 2, 3 then
Yne = 2 which is a contradiction. Hence w; is adjacent to v; and us is adjacent to v, j # ¢. Thus T"is
isomorphic to a graph obtained from Ky 3 by subdividing two edges once.

Suppose n = 7. Let v be a vertex of degree A and let N(v) = {vi,v2,v3}. Let uj,u,us €
V — NJ[v]. Suppose degv; = 1. If degvy = 2 and degvs = 3 then v,; = 3 # n — 3 which is a
contradiction. If degvy = 1 and degvs = 3 then wuj v3, ugvs € E(T). Since T is a tree without
loss of generality we assume w3 is adjacent to u; then 7,;, = 3 # n — 3 which is a contradiction.
Let degve = 1 and degvs = 2 and uq v3 € E(T). If ujug, ugug € E(T) then v,y = 3 #n —3
which is a contradiction. If uj ug, ugus € E(T) then vy, # n — 3 which is a contradiction. Hence
degv; = 2, 1 < ¢ < 3. Thus T is isomorphic to a graph obtained from K 3 by subdividing all the

edges once. The converse is obvious. |

Lemma 3.8. Let G be a connected unicyclic graph of order nand A =n — 1. Then v, + x =n — 1
if and only if G € A;.

Proof: Let G be a connected unicyclic graph with cycle C' = (v, ve,- -+ , vk, v1), A = n — 1 and let
Ynt + X =n — 1. Then v, < 2. If 4, = 1 then G is K3 and v,; + x = n + 1. Hence ~,; = 2 and
x=n—3Ifk >4then A <n—1. Hence k = 3. Thus x = 3, n = 6 and A = 5. Hence G is

isomorphic to C3(3,0,0). The converse is obvious. [ |

Lemma 3.9. Let GG be a connected unicyclic graph with even cycle C' = (v, v9,- -+ , vk, v1) and A <
n — 1. Then vy, + x = n — lif and only if G € A,.

Proof: Since & is even x = 2 and ,,; = n — 3. It follows from Theorem 1.6 that ,,; < (%1 and hence
n<T7.
Casel: n=1.

Then k = 4 or 6. If & = 4 then C' = (vy, vy, v3,v4,v1). Let uy, ug, us be the vertices not on C.
If degu; = 1 for all i = 1,2,3 then G is isomorphic to C4(1,1,1,0) or Cy4(2,1,0,0) or C4(2,0,1,0)
or C4(3,0,0,0). For this graphs 7,,; # n — 3. Letdegu; = degus = 1. If degug = 2 then G is
isomorphic to Cy(Ps, Py, P, Py) or C4(Ps3, Py, Py, P). But v,y = 3 # n — 3. If deguz = 3 then
G is a graph obtained from Cy(Ps, Py, P;, P1) by attaching a P; to the vertex u ¢ V(C') of degree 2.
For this graph v,; = 3 # n — 3. If degu; = 1 and degu; # 1,7 = 2, 3 then degus = deguz = 2.
Hence G is isomorphic to Cy(Py, Py, P1, P1). But v, = 3 # n — 3. If k = 6 then G is isomorphic to
Cs(1,0,0,0,0,0). But v,y = 3 # n — 3.
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Case 2: n = 6.

Then k = 4 or 6. If & = 6 then G is Cs.But 7,:(Cs) = 2. Hence k = 4. Then G is any one of the
following graph (i) H; = C4(1,1,0,0) (i1) Hy = C4(2,0,0,0) (#ii) Hs = Cy4(Ps, Py, Py, P). But
Ynt(H1) = Yt (H2) = 2. Hence G is isomorphic to Cy(Ps3, Py, Py, P).

If n = 5 then k = 4 and G is isomorphic to C4(1,0,0,0). If n = 4 then G is Cy and ~,,y # n — 3.
The converse is obvious. n

Lemma 3.10. Let G € %7 and s = 3. Then~y,,; + x =n — lifand only if G € Ay.

Proof: Since k£ is odd y = 3 and v,,; = n — 4, also s = 3 gives k = 3 or 5. If £ = 5 then G is isomor-
phic to C5(Ps, Pa, Py, P1, Py) or C5(Py, Pa, Py, Py, P1) or C5( Py, Pa, P1, Pa, P1) or C5(Ps, P1, Py, Ps,
Py) or C5(Ps, Py, Py, P1, Py) or C5(Ps3, Py, P, Ps, Py). For this graphs v,,; # n — 4 which is a contra-
diction. Thus k = 3. Let C' = (v, v2,v3,v1) and w;v; € E;, 1 <7 <3.Ifdegu; =1, 1 <i < 3 then
G is isomorphic to C3(1,1,1). But v,,4[C3(1,1,1)] = 3 # n —4 which is a contradiction. If degu; = 3
then at most one of wy and us has degree 2. Let degus = 2. Then degus = 1. For this graph
Ynt = 4 # n — 4 which is a contradiction. If deg us = 1 and deg u3 = 1 then the graph G is isomorphic
to G1. Suppose degu; = 2. Then (degus = 2 and degug = 2) or (degug = 2 and degug = 1) or
(degug =1 and degus = 1).

If degu; = 2, degug = 2 and degug = 2 then G is isomorphic to C3(Ps3, P, P3). But v, [C5(Ps,
P;, P3)] = 4 # n — 4 which is a contradiction. If degu; = 2, degus = 2 and degus = 1 then G
is isomorphic to C3(Ps, P3, Py). If degu; = 2, deguy = 1 and degus = 1 then G is isomorphic to
C3(Ps, Py, P;). The converse is obvious. [ |

Lemma 3.11. Let G € %7 and s = 2. Then ~y,,; + x =n — 1 ifand only if G € As.

Proof: Since kisodd y =3 and v,y =n — 4. Alsos =2 givesk =3 or5or 7.
Casel: k=171.

Then G is isomorphic to the graph obtained from C'; by attaching P» to any two vertices. But
Ynt < m — 4 which is a contradiction.

Case 2: k = 5.

Let C = (v1,v2,v3,v4,v5,v1) and let x be a pendant vertex in G. It is clear that d(z,C) < 3. If
d(xz,C) = 3 then G is isomorphic to C5(Py, Py, P1, P1, Py) or C5(Py, P, Py, Py, P1). For this graphs
Ynt # n — 4 which is a contradiction.

Suppose d(x,C) = 2. Thenn = 8 or 9. Suppose n = 8. Let degv; = 3 and (v, z1, ) be a path
in G. Since n = 8 there is a vertex x2 in V(G) and z5 is adjacent to vg or v3 or v4 or vs. Hence G
is isomorphic to C5(Ps, Py, P, Py, Py) or C5(Ps, P, P2, Py, P1). Suppose n = 9. Then there are two
vertices o, x3 € V(G). If degxy = degxs = 1 then x9 vy or x9v3 € F and x; x3 € E. For these
graphs v,; # n — 4 which is a contradiction. If degzs = 2 then degx3 = 1 and x2 23 € E. Hence G
is isomorphic to C5(Ps, P3, P1, Py, P1) or C5(Ps, Py, P3, Py, Py). For this graphs 7y,,; # n — 4.
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If d(.%', C) = 1then G is iSOHlOI‘phiC to C5(P2, Pg, Pl, Pl, Pl) or C5(P2, Pl, PQ, Pl, Pl)
Case 3: k = 3.

Let C = (vy,v2,v3,v1) and let « be a pendant vertex in G. Then d(z,C) < 5. If d(x, C) = 5 then
n = 9 and G is isomorphic to C3(Ps, P2, P1). But ,,; # n — 4 which is a contradiction.

Sub Case 3.1: d(z,C) = 4.
Let (v1, x1, T2, 23, z) be the v1 — = path. Then n = 8 or 9. Suppose n = 8 then G is isomorphic to
C3(Ps, P2, P1). If n = 9 there exist two vertices x4 and x5 such that z4 v € E and x5 is adjacent to

any one of x1, x9, z3 and x4. All these cases v, # n — 4.

Sub Case 3.2: d(z,C) = 3.

Let (v1,21,x2,2z) be the v1 — x path. Then 7 < n < 9. If n = 7 then G is isomorphic to
C3(Py, P2, Py). Letn = 8 and x3vy € E. Then there is a vertex x4 which is adjacent to any one of
x1,z2 and x3. Hence G is isomorphic to Cs5(Py, P3, P1) or Ga. But v, (C5(Py, P3, P1)) # n — 4.
Hence G is isomorphic to Ga.Let n = 9 and x3vy € E. Then there are two vertices x4 and x5 with

Toxy, T3Ts € K orxgxy, xr125 € Eorxy xs, x3x4 € E. All these cases Vs # n — 4.

Sub Case 3.3: d(z,C) = 2.

Let (v1, 21, ) be the v; —x path and let zo v € E. Then 6 < n < 9. If n = 6 then G is isomorphic
to C3(Ps, Py, Pp). For this graph 7,y # n — 4. If n = 7 then G is isomorphic to C3(Ps, P3, P) or
Gs. If n = 8 then G is a graph obtained from C3(Ps, P3, P;) by attaching a P» to the vertex u ¢ V(C)
of degree 2. For this graph v,y # n — 4. If n = 9 then G is a graph obtained from C5(Ps, P3, P;) by
attaching a pendant vertex to all the vertices of degree 2 which are not on C'. For this graph v,,; # n—4.

If d(z,C') = 1 then G is isomorphic to C3( Pz, Py, P). But v, # n — 4 which is a contradiction.

The converse is obvious. [ |
Lemma 3.12. Let G € %7 and s = 1. Then v, + x =n — 1 ifand only if G € Ag.

Proof: Since kisodd, x =3 and v,y =n —4. Alsos =1givesk =3 or5or 7.

Casel: k=T.

Then G is isomorphic to C7(Ps, Py, Py, P, P1, Py, Py) or C7(Ps, Py, P, Py, Py, P, P;). For these
graphs v, # n — 4.

Case 2: k = 5.

Let C = (v1,v2,v3,v4,v5,v1) and let x be a pendant vertex in G. Also let us assume degv; = 3.
Then d(z,C) < 4. If d(z,C) = 4 then n = 9 and G is isomorphic to C5(Ps, Pi, P, P;, P1). But
Yt #n — 4. Let d(x,C) = 3 and let (vq, 21,2, x) be the v — x path. If degx; = 3 or degzy = 3
then 7,,+ # n — 4. Hence G is isomorphic to C5(Py, Py, Py, P1, P1). Let d(z,C') = 2 and let (vy, 21, x)
be the v; — x path. Then n = 7 or 8. If n = 7 then G is isomorphic to C5(Ps, P1, P, Py, P). If n =8
then there is a vertex xo such that zo x; € E. For this graph 7,y # n — 4. If d(z,C) = 1 then G is
isomorphic to C5 (P, Py, P1, P, Py). But v, # n — 4.
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Case 3: k = 3.

Let C = (v1,v2,v3,v1) and let = be a pendant vertex in G. Also let us assume degv; = 3. Then
d(z,C) <6.Ifd(xz,C) = 6 then n = 9 and G is isomorphic to C5(Py, Py, P1). But vy,,; # n — 4.

Let d(x,C) = 5 and let (v1, 1, X2, x3, x4, x) be the v1 — x path. If degz; =2, 1 < i <4then G
is isomorphic to Cs(Pg, P1, P1).But v, (C3(Ps, P1, P1)) # n — 4. If degz; = 3 for some i, 1 < i < 4
then v,y # n — 4.

Let d(z,C) = 4 and let (v1, 21, x2, x3,x) be the v1 — = path. If degz; = 2,1 < i < 3 then G is
isomorphic to C3(Ps, Py, Py). If deg z; = 3 for some 4, 1 < i < 3 then 7,y # n — 4.

Let d(xz,C) = 3 and let (v1,z1, 22, x) be the v — = path. Then 6 < n < 9. If n = 6 then G is
isomorphic to C5(Py, P1, Py). If n = 7 then degxz; = 3 or deg xo = 3. Hence G is isomorphic to Gy.
Ifn =8thendegz; = 3,1 <i < 2ordegx; = 3 and degxo = 2 and x; is not a support vertex. For
these graphs v,; #n —4.If n = 9 thendegx; = 3,1 < i < 2 and z; is not a support vertex. For this
graph v,; # n — 4.

Let d(z,C) = 2 and let (v1,z1,x) be the v; — x path. If degx; = 2 then n = 5 which is a
contradiction. Thus deg 1 = 3 and hence G is isomorphic to Gs.

If d(z,C') = 1 then n = 4 which is a contradiction. The converse is obvious. |

Lemma 3.13. Let G € %5. Then v, + x = n — lif and only if G € Ay.

Proof: Since £k is odd x = 3 and v,,; = n — 4.

Case 1: C contains a vertex of degree A.
Then k =3 or5or 7. If K = 7 then G is isomorphic to C7(2,0,0,0,0,0,0) and v,,¢ # n — 4.

Sub case 1.1: k£ = 5.

Let C = (v1,v2,v3,v4,05,v1). If x is a pendant vertex then d(z,C) < 3. If d(z,C) = 3 then
Yt # n — 4. If d(x,C) = 2 then by similar arguments given in Lemma 3.11 and 3.12 ~,,; # n — 4.
If d(z,C') = 1thenn = 7or8or9. If n = 8 or 9 we have 7,,; # n — 4. Then G is isomorphic to
C5(2,0,0,0,0).

Sub Case 1.2: £ = 3.

Let C = (v1,v2,v3,v1). If x is a pendant vertex then d(z,C) < 5. If d(z,C) = 5 or 4 then
Yt #n —4. If d(x,C) = 3thenn = Tor8or 9. If n = 8 or 9 then by similar arguments given
in Lemma 3.11 and Lemma 3.12 v,,; # n — 4. If n = 7 then G is isomorphic to Gg. If d(z,C) = 2
then 6 < n < 9. If n = 6 then G is isomorphic to G7. If n = 7 then G is isomorphic to Gg or Gg or
G10. If n = 8 then G is isomorphic to G1; or Gyo. If n = 9 then no graph exists. If d(z, C') = 1 then
6 < n < 9. Then by similar arguments given in Lemma 3.11 and Lemma 3.12 there is no graph of order
8 and 9. If n = 6 then G is isomorphic to C3(2, 1,0). If n = 7 then G is isomorphic to C53(2,1,1).

Case 2: C does not contains maximum degree vertex.
Then k = 3 or 5. If £ = 5 then G is a graph obtained from C5(Ps, P, P1, P;, P;) by attaching two
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P, to the vertex u & V(C') of degree 2. For this graph v,,; # n — 4. If k = 3 then by similar arguments

given in Lemma 3.11 and 3.12 there is no graph. The converse is obvious. |

Theorem 3.14. Let G be a connected unicyclic graph of order n. Then =, + x = n — 1 if and only if
G e L7J A;.

i=1
Proof: Let G be a unicyclic graph with cycle C = (vq,v2, -+ ,vk,v1) and let v + x = n — 1. If
A=n—1orA <n—1withkiseventhen G € A; U As.

Suppose A < n — 1 and k is odd.Then xy = 3 and ~,,; = n — 4. Also it follows from Theorem 1.6
that v,; < [5] so that 6 < n < 9. Further since A < n — 1 we have 7,; < n — A and hence A < 4.
If A = 2 then G is isomorphic to C7 or Cy. But v,,,(Cy) = 3 # n — 4. Hence G is isomorphic to C5.
Thus G € As. Since v,+ = n — 4, GG contains at most four pendant vertices and hence C' contains at
most four vertices of degree 3. Then s < 4. If s = 4 then k = 5. Let v € V(C) of degree 2 and let
ui, ug, us, ug € V(G —C). Thendegu; =1, 1 <i<4and S =V — {v,u1,u2,us, us} is a ntd set
of cardinality n — 5 which is a contradiction. Hence s < 3. Then G € % or .%5. Hence from Lemmas
3.10,3.11, 3,12, 3, 13 the result follows. The converse is obvious. |

Theorem 3.15. Let G be a connected cubic graph of order n. Then ~v,; + x = n — 1 if and only if
G=c{.

Proof: Let G be a connected cubic graph with v, + x = n — 1. If G is a complete graph then
Ynt + X = n + 1 which is a contradiction. Hence xy < 3. Then ~,,; > n — 4. It follows from Theorem
1.8, vt < n — 3. Thus we have v,; =n —4orn — 3.

Case 1: ~v,; =n — 3.

Then x = 2. It follows from Theorem 1.6 that v,; < [%] which gives n < 7. Since G is not a
complete graph we have n = 6. Then ~,; = 3 and x = 2. Since each vertex v of G dominates four
vertices and all the vertices having degree three, two vertices are sufficient to dominate six vertices.

Hence ~,,; < 2 which is a contradiction.

Case2: v, =n—4.

Then x = 3. It follows from Theorem 1.6 that v,; < [%] which gives n < 9. Since G is not a
complete graph we have n = 6 or 8.

Suppose n = 6. Then v, =2 and x =3

Let S = {v1, v} be the y,;-set of G and let V' — S = {uq, ug, us, uq}
Sub case 2.1: (S) = K».

Let v; be adjacent to uy,uz and ws. If vy is also adjacent to uy, ug and ug then uy is adjacent to

u1, U2, and uz. For this graph x = 2 which is a contradiction. Suppose v9 is adjacent to uj, us and
ugq. If uyus € F then G is not a cubic graph. Hence u; is adjacent to us or uy. If ujus € E then
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uguy, usuy € . Then the graph G is isomorphic to the graph Céz). If ujuy € E then usug, uguyg € E.

Then the graph G is isomorphic to C’?E2).
Sub case 2.2: (S) = K.

Let v; be adjacent to u; and ue. If vy is also adjacent to u; and wuo then G is not a cubic graph.
Suppose v, is adjacent to u; and uz. Then uy is adjacent to wu;, ug andus and hence ugoug € FE.
Then G is isomorphic to the graph C§2). Suppose vy is adjacent to uz and uy. If u;us € E then
Ug Uyq, U3 Ug, Ul Ug € F. Then G is isomorphic to C’éz). If uy us & E thenuy us, u1 ug, U U3, sty €
E(G). For this graph x = 2 which is a contradiction.

Suppose n = 8 then v, = 4 and xy = 3. Since each vertex v of G dominates four vertices and all the
vertices having degree three maximum of three vertices are sufficient to dominate eight vertices. Hence

Ynt < 3 which is a contradiction. The converse is obvious. [ |
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