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Abstract

Let G = (V,E) be a (p, q) - graph. A shortest path P is called an odd path if l(P ) is an odd
positive integer. Odd distance graph OD(G) of a graph G is defined as the graph with vertex set
V (G) and two vertices are adjacent if the distance between them is odd. In this paper, we deal
with the odd distance graph of standard graphs such as path, cycle, star, wheel, complete graph,
complete bipartite graph and corona of a complete graph etc. Also we give some properties and
characterizations for odd distance graphs.
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1 Introduction

By a graph, we mean a finite undirected graph without loops and multiple edges. For terms not

defined here, we refer to Harary[7].

Distance between the two vertices in a graph is the length of the shortest path between them. In this

paper, we find the odd and even distance graphs of some standard graphs such as path, cycle, wheel,

star, complete graph, complete bipartite graph, corona of a complete graph etc. It is also found that there

are some properties and characterizations for odd and even distance graphs.

Definition 1.1. Let a, b be positive integers, 1 ≤ a < b. A graph G is said to be (a, b)- bi- regular if its

vertices have degree either a or b.

2 Main Results

Definition 2.1. Let G= (V,E) be a (p, q)-graph. A shortest path P is called odd path if l(P ) is an odd

positive integer.

Definition 2.2. Let G= (V,E) be a (p, q)-graph. Odd distance graph OD(G) of a graph G is defined as

the graph with vertex set V (G) and two vertices are adjacent if the distance between them is odd.

Example 2.3. A graph G and its odd distance graph OD(G)are shown in Figure 1.
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Figure 1: A graph G and its odd distance graph OD(G).

Now, the graph OD(G) is redrawn below. Note that OD(G) ∼= K2,4.
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Figure 2

Observation 2.4. Since every edge is an odd path, G is isomorphic to a spanning subgraph of OD(G)

for any graph G.

Result 2.5. If G is complete, then OD(G) ∼= G.

Proof: Since G is complete, d(vi, vj) = 1, for all i 6= j. We observe that the only odd paths in G are

edges of G and hence OD(G) ∼= G.

First, we see that the odd distance graph of a path is either regular or bi-regular graph.

Theorem 2.6. For a path Pp, OD(Pp) is either p
2 - regular or (p−1

2 , p+1
2 )- regular when p is even or odd

respectively.

Proof: Suppose p is even.

Then in Pp, it is clear that the number of vertices having odd distance from each vi is p
2 . So, in

OD(Pp), degree of each vertex is p
2 . Hence, OD(Pp) is p

2 - regular.
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Suppose p is odd.

Let v1v2v3 . . . vp−1vp be a path. We note that in Pp, the number of vertices having odd suffix is p+1
2

and that of even suffix is p−1
2 . Since the distance between the odd suffix vertices and even suffix vertices

is odd, in OD(Pp) we join each odd suffix vertex to every even suffix vertices. So, in OD(Pp), degree

of each odd suffix vertex is p−1
2 and that of even suffix vertex is p+1

2 . Thus, OD(Pp) is (p−1
2 , p+1

2 )-

regular.

Example 2.7. The paths P8, P9 and their odd distance graphs OD(P8) and OD(P9)are given in Figure

3.
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Figure 3: The paths P8, P9 and their odd distance graphs OD(P9) and OD(P9).

Now the graphs OD(P8) and OD(P8) are redrawn as below.
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Note that OD(P8) is 4- regular and OD(P9) is (4, 5)- regular.

Next, we shall find the formula for the number of edges in odd distance graph of a path.

Corollary 2.8. For a path Pp,

q(OD(Pp)) =


p2

4 if p is even.
p2−1
4 if p is odd.

Proof: Suppose p is even. Since OD(Pp) is p
2 - regular, we see that 2q(OD(Pp)) =

∑
di = p(p2) and

so, q(OD(Pp)) =
p2

4 .

Suppose p is odd. From Theorem 2.6, OD(Pp) is (p−1
2 , p+1

2 )- regular and p+1
2 vertices of degree p−1

2

and p−1
2 vertices of degree p+1

2 . Then, we see that 2q(OD(Pp)) =
∑

di = (p+1
2 )(p−1

2 )+(p−1
2 )(p+1

2 ) =

2(p
2−1
4 ). Hence, q(OD(Pp)) =

p2−1
4 .

Remark 2.9. From Example 2.7, it can be noted that q(OD(P8)) = 82

4 = 16 and q(OD(P9)) =
92−1
4 = 20.

Next, we prove some results regarding the regularity of the odd distance graph of a cycle.

Theorem 2.10. For a cycle Cp, p > 3, OD(Cp) is p
2 - regular, if p is even and p−1

2 or p+1
2 - regular, if p

is odd.

Proof: Let v1, v2, · · · , vp be the vertices of Cp.

Case (i): Suppose p is even.

Then, diamCp is p
2 .

Since p is even, there are two paths between vi and v p
2
+i . Consider the vertex vi in Cp and the two

paths of length p
2 from vi namely vi, vi+1 . . . v p

2
+i and v p

2
+i, v p

2
+i+1 . . . vi for all i= 1, 2, ..., p.

Note that the end vertices of these paths are the same and internal vertices of these paths are distinct.

Subcase (i): Suppose p
2 is odd.

Then, the above paths have p
2 + 1 vertices and that is even. By Theorem 2.6, the degree of vi in

OD(P p
2
+1) is

p
2
+1

2 = p+2
4 .

Since p
2 is odd, vi is adjacent to v p

2
+i in OD(P p

2
+1). But we have two paths between vi and v p

2
+i and

in OD(P p
2
+1), these paths form multiple edges from vi to v p

2
+i. Since OD(P p

2
+1) is a simple graph,

the degree of vi is 2(p+2
4 )− 1 = p

2 . Thus, the degree of each vi in OD(Cp) is p
2 .

Subcase (ii): Suppose p
2 is even.

Then, p
2 + 1 is odd. Hence by Theorem 2.6, the degree of vi in OD(P p

2
+1) is

p
2
+1−1

2 = p
4 . Since p

2 is even, vi is not adjacent to v p
2
+i in OD(P p

2
+1). Hence, degree of vi is 2(p4)=

p
2 .

Thus, the degree of each vi in OD(Cp), is p
2 and so, OD(Cp) is p

2 - regular.

Case (ii): Suppose p is odd.

Then, diamCp is p−1
2 . In Cp, we observe that for each vi there exist exactly two vertices vj and vk,

for all i 6= j and i 6= k, such that d(vi, vj) = p−1
2 and d(vi, vk) = p−1

2 . Also the paths vi − vj and

vi − vk are distinct and each path have p+1
2 vertices.
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Subcase (i): Suppose p−1
2 is odd.

Then by Theorem 2.6, the degree of each vertex in OD(P p+1
2
) is p+1

4 . Here we have two paths, so

the degree of each vertex in OD(Cp) is p+1
2 . Thus, in this case OD(Cp) is p+1

2 - regular.

Subcase (ii): Suppose p−1
2 is even.

Then by Theorem 2.6, the degree of each vertex in OD(P p+1
2
) is

p+1
2

−1

2 = p−1
4 . Here we have two

paths, so the degree of each vertex in OD(Cp) is p−1
2 .

Thus, in this case OD(Cp) is p−1
2 - regular.

Hence, OD(Cp) is either p−1
2 or p+1

2 - regular if p is odd.

Example 2.11. The cycle C10 and its odd distance graph are given in Figure 5.

s

ss
s
s

s s

s
s
s

v1
v2

v3

v4

v5
v6

v7

v8

v9

v10

C10

s

s

s
s

s
s

s

s
s
s

v1
v2

v3

v4

v5
v6

v7

v8

v9

v10

OD(C10)
Figure 5: The cycle C10 and its odd distance graph OD(C10).

Note that OD(C10) is 5- regular.

Example 2.12. The cycle C8 and its odd distance graph are given in Figure 6.
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Figure 6: The cycle C8 and its odd distance graph OD(C8).

Example 2.13. The cycle C11 and its odd distance graph are given in Figure 7.
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Figure 7: The cycle C11 and its odd distance graph OD(C11).

Note that OD(C11 is 6- regular.

Example 2.14. The cycle C9 and its odd distance graph are given in Figure 8.
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Figure 8: The cycle C9 and its odd distance graph OD(C9).

Note that OD(C9) is 4- regular. Next, we find the formula for the number of edges of the odd distance

graph of cycle.

Corollary 2.15. For a cycle Cp, p > 3, q(OD(Cp)) =


p2

4 if p is even
p(p−1)

4 or p(p+1)
4 if p is odd.

Proof: Suppose p is even. From Theorem 2.6, OD(Cp) is p
2 - regular, we see that 2q(OD(Cp)) =∑

di = p(p2) and so, q(OD(Cp)) =
p2

4 .

Suppose p is odd. From Theorem 2.6, OD(Cp) is either p−1
2 or p+1

2 - regular .

Suppose OD(Cp)
p−1
2 - regular, we see that 2q(OD(Cp)) =

∑
di =

p(p−1)
2 and so q(OD(Cp)) =

p(p−1)
4 .

Suppose OD(Cp)
p+1
2 - regular, we see that 2q(OD(Cp)) =

∑
di =

p(p+1)
2 and so q(OD(Cp)) =

p(p+1)
4 .
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Remark 2.16. From Examples 2.12, 2.14 and 2.13, it can be noted that, q(OD(C8)) = 82

4 = 16,

q(OD(C9)) =
9(9−1)

4 = 18 and q(OD(C11)) =
11(11+1)

4 = 33.

Next, we shall find the necessary and sufficient condition for a graph is isomorphic to its odd distance

graph.

Theorem 2.17. For any graph G, OD(G) ∼= G if and only if diam G is at most 2.

Proof: Suppose OD(G) ∼= G.

Then, we prove that diamG is atmost 2.

Suppose diamG is greater than 2. Then in G, we have paths of length greater than or equal to 3. Take

one path of length 3. In OD(G), the end vertices of this path must be adjacent and so, OD(G) � G.

This is a contradiction. Thus, diamG is at most 2.

Conversely, Suppose diamG is atmost 2.

Then the maximum length of any path in G is 2 and the end vertices of this path are not adjacent in

OD(G). Thus, edges are only odd paths in G.

Hence, OD(G) ∼= G.

Remark 2.18. Since the graphs Km,n, Wp and K1,p have diameter 2, they are isomorphic to their

respective odd distance graphs.

Next, we shall find the necessary and sufficient condition for odd distance graph of a graph is iso-

morphic to a cycle.

Theorem 2.19. Let G be a (p, q)- graph. Then OD(G) ∼= Cp if and only if G is a cycle of diameter

atmost 2 or G ∼= P4.

Proof: Suppose G is a cycle of diameter atmost 2.

Then, by Theorem 2.17, OD(G) ∼= Cp. Suppose G ∼= P4.

Then, OD(G) ∼= C4.

Thus, in both the cases, OD(G) ∼= Cp.

Conversely, suppose OD(G) ∼= Cp.

Then, from the Observation 2.4 , G is isomorphic to a connected spanning subgraph of Cp. But, Pp

and Cp are only connected spanning subgraphs of Cp. Hence G is isomorphic to either Pp or Cp

Case (i): Suppose G is isomorphic to Pp. Suppose p 6= 4, then OD(G) is a path if p ≤ 3 and OD(G)

has atleast one vertex of degree atleast 3 which is a contradiction. Hence, G isomorphic to P4.

Case (ii): Suppose G is isomorphic to Cp.

Suppose diam(Cp) ≥ 3, then OD(G) has atleast one vertex of degree 3 and hence OD(G) is not

isomorphic to Cp .
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Next, we shall find the necessary and sufficient condition for odd distance graph of a graph is iso-

morphic to a path.

Theorem 2.20. Let G be a (p, q)- graph. Then OD(G) ∼= p if and only if G is a path of length atmost

two.

Proof: Suppose G is a path of length atmost 2.

Then by Theorem 2.17, OD(G) ∼= Pp.

Conversely, assume that OD(G) ∼= Pp.

From the Observation 2.4, G is a spanning subgraph of Pp. Also we observe that, the spanning

subgraph of Pp is Pp only.

We claim that G is a path of length atmost 2.

Suppose G is a path of length greater than 2. Then, OD(G) is either a cycle or has atleast one vertex

of degree atleast 3. Thus, OD(G) � Pp. Hence, G must be a path of length atmost two.

Next, we shall find the necessary and sufficient condition for odd distance graph of a graph is iso-

morphic to a complete graph.

Theorem 2.21. Let G be a (p, q)- graph. Then OD(G) ∼= Kp if and only if G ∼= Kp.

Proof: Suppose G ∼= Kp. Then diamKp = 1.

Then by Theorem 2.17, OD(G) ∼= Kp.

Conversely, Suppose OD(G) ∼= Kp.

Suppose G � Kp. Then, G contains a path of length atleast two. Thus, in OD(G), we have atleast

two vertices which are non adjacent. Thus, OD(G) � Kp.

Hence, G � Kp.

Theorem 2.22. For a tree T , then OD(T ) is either isomorphic to T or contains a cycle.

Proof: Suppose edges of G are the only odd paths of G, then it is clear that OD(G) ∼= G. Suppose

G has odd paths other than edges, then in OD(G), we join the end vertices of that odd path which

produces a cycle in OD(G).

Next, we shall find the odd distance graph of corona of a complete graph.

Theorem 2.23. For a graph K+
p , p ≥ 3, OD(K+

p ) ∼= Kp�Kp

Proof: Let u1, u2, . . . , up be the vertices of Kp and v1, v2, . . . , vp be the pendent vertices attached to

u1, u2, . . . , up respectively. We note that K+
p has 2p vertices and p(p+1)

2 edges.

In K+
p , we observe that

(i) d(ui, uj) = 1, for all i 6= j.
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(ii) d(vi, vj) = 3, for all i 6= j.

(iii) d(ui, vj)= either 1 or 2, for i = 1, 2, . . . , p and j = 1, 2, . . . , p.

The following table gives the number of vertices having the distance 1 or 2 or 3 from the vertices of

K+
p .

Vertex v Distance D Number of vertices having distance d from v

ui 1 p

2 p− 1

3 0

vi 1 1

2 p− 1

3 p− 1

From the table, it is found that in K+
p , the number of vertices having distance 1 from ui is p and

that of distance 2 from ui is p− 1 and that of distance 3 from ui is 0 .

The number of vertices having distance 1 from vi is 1 and that of distance 2 from vi is p− 1 and that

of distance 3 from vi is p− 1.

From (i), (ii) and (iii) we see that in OD(K+
p ) each ui is adjacent to uj for all i 6= j and each vi is

adjacent to vj for all i 6= j . Then, in OD(K+
p ), the vertices u1, u2, ...up induces a complete subgraph

of order p and so the vertices v1, v2, ...vp . By the construction of K+
p , d(ui, vi) = 1 for i = 1, 2, 3, ...p.

So, in OD(K+
p ) each ui is adjacent to vi for i = 1, 2, 3, ...p. Then, in OD(K+

p ) the corresponding

vertices of these two complete subgraphs are adjacent.

Thus, OD(K+
p ) ∼= Kp�Kp.

Example 2.24. The graph K+
4 and its its odd distance graph are given in Figure 9.
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Figure 9: The graph K+
4 and its odd distance graph OD(K+

4 ).
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Definition 2.25. Let G= (V,E) be a (p, q)-graph. The even distance graph ED(G) of a graph G has

the vertex set V = V (G) and two vertices in ED(G) are adjacent if the distance between them is even

in G.

Example 2.26. The graph G and its even distance graph ED(G) are shown in Figure 10.
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Figure 10: A graph G and its even distance graph ED(G).

Now, we redraw the above ED(G) as follows.
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Observation 2.27. Since every edge is not a even distance path, for any graph G, ED(G) is isomorphic

to a subgraph of G.

Theorem 2.28. For any graph G, ED(G) ∼= OD(G).

Proof: Two vertices in ED(G) are adjacent if they have an even distance path between them and two

vertices in OD(G) are adjacent if they do not have an odd distance path between them. Thus, two

vertices in OD(G) are adjacent if they have an even distance path between them.

Thus, ED(G) ∼= OD(G).

Note 2.29. From the above theorem, we observe that many of the results related to even distance graphs

came from odd distance graphs. We state some results without proof.

Result 2.30. If G is complete then ED(G) ∼= G.
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Result 2.31. For a path Pp,

ED(Pp) ∼=

2K p
2

if p is even

K p+1
2
∪K p−1

2
if p is odd.

Result 2.32. For a cycle Cp, p > 3, ED(Cp) ∼= 2K p
2
, if p is even and p−1

2 or p−3
2 - regular, if p is odd.

Result 2.33. For a graph K+
p , p ≥ 3, ED(K+

p ) is a bi-partite graph.
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