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Abstract

A graph G(V, E) with n vertices and m edges is said to be even-odd harmonious if there exists
an injection f : V(G) —-{ 1, 3, 5,..., 2n-1} such that the induced mapping f *E(G) —
{0,2,4,...,2(m-1)} defined by f*(uv) = [f(u) + f(v)] (mod 2m) is a bijection. The function f is
called even-odd harmonious labeling of G. In this paper, we prove that the bistar graph By, , cycle
with one pendent edge, crown graph, the graph Ky . the prism graph C;Y, and the graph nP,
are even-odd harmonious graphs.
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1 Introduction

In this paper, we consider finite, undirected, simple connected graphs. For notations and terminology
we follow Bondy and Murthy [1].

A graph labeling is an assignment of integers to the vertices or edges or both subject to certain
conditions. Graph labeling was introduced in the late 1960s. For a detailed survey on graph labeling
we refer to Gallian [2 ]. Harmonious graphs naturally arose in the study by Graham and Sloane [3] of
modular versions of additive base problems. Odd and even harmonious graphs were introduced in
[4,6].

The even - odd harmonious labeling of a graph G with n vertices and m edges is an injection
f:V(G) =»{13)5,...,(2n-1)} such that the induced mapping f *:E(G) — {0,2,4,...,2(m-1)} defined by
f*(uv) = [f(u) + f(v)] (mod 2m) is a bijection. The function f is called even-odd harmonious labeling of
G.A graph which admits an even-odd harmonious labeling is called an even-odd harmonious graph.

In this paper we prove that the path P, cycle C,, complete bipartite graph Kn., star graph K, ,
bistar graph B, , cycle with one pendant edge, crown graph, comb, the graph Ky . the prism graph
C3Y, and the graph nP; are even-odd harmonious graphs.

23



24 N. Adalin Beatress and P.B. Sarasija

Definition 1.1. The graph obtained by joining a pendant edge at each vertex of a path P, is called a
comb and is denoted by P,® K; The graph obtained by joining a pendant edge at each vertex of a
cycle C, is called crown and is denoted by C,® Kj.

Definition 1.2. The graph obtained by joining a single pendant edge at one vertex of a cycle C, is
denoted by C, @ K;.

Definition 1.3.The graph obtained by joining n pendant edge at one vertex of the cycle C; is denoted
by C; ® nK;.

Definition 1.4.The bistar graph By, is the graph obtained from K, by joining m pendant edges to one
end of K, and n pendant edges to the other end of K.

Definition 1.5. Pnk , the k™ power of P,, is the graph obtained from the path P, by adding the edges
that join all the vertices u and v with distance d(u,v) = k.

2 Main Results

Theorem 2.1. Every path P, is an even-odd harmonious graph.
Proof: Let vy, v ,. .. ,V, be the vertices of the path P,. We consider two cases.
Case (i): niseven.
Definef :V (P,) =»{1,35,....2n-1)} by f(v)) =2i-1,1<i<n.
Case (ii): n is odd.
Definef :V (P,) =»{ 1,3,5,...,(2n -1)} as follows:
f(va) =2i-1,1<i<[2 andf(vz)=n+2i,1<i< [ n2].

In both the cases, the edge labels are distinct. Hence, P, is an even —odd harmonious graph. n

Theorem 2.2. Any cycle of odd length is an even-odd harmonious graph.

Proof: Let C,,.1 (N> 2) be the cycle of odd length with vertices Vy,V,...,Var-1. Since the odd cycle has
(2n — 1) edges, the modulo taken is 2(2n-1).

Define f: V(Cyy.1) =»{ 1,3,5,...,4n -3} by f(vj) =2i-1, 1< i < 2n-1.The edge labels are distinct.
Then f is an even —odd harmonious labeling of odd cycles. [

Theorem 2.3. The comb P,® K; is an even-odd harmonious graph.

Proof: Let P,® K; be the comb graph with 2n vertices. Let uy,us,...,u, be the vertices of the path P,
and vy,v,,...,V, be the vertices adjacent to each vertex of the path P,. The edge set of the graph is given
by EP,OK: )={uiti:1<i<n-Liuvi:1<i< n} |V|=2nand |E|=2n-1=m.

Definef: V(P,O K; ) =»{1,35,...,4n- 1} by

f(uzs) =2n+4i-3,1<i<[ZT]and fux)=4i-1,1<i< [ n2].

f(var) = 4i-3,1<i<[?Tand f(vz) =2n+4i-1,1<i< [ n2].

Then f induces a bijection f * : E(P,® K; ) = {0,2,4,...,4n-4}. Hence the comb P,© K; isaneven -
odd harmonious graph. ]
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The following example shows that the graph Ps® K is an even-odd harmonious graph.

uj=11 =3 'l'|-_=.=15 =7 =19
o - 4

vi=1 i':'l.:" ‘n.'_;-_": =] 7 Vgm 9
Figure 1: An even-odd harmonious labeling of Ps® K.

Theorem 2.4. The complete bipartite graph Ky, is an even-odd harmonious graph for all m and n.

Proof: Let uy,Us,...,Uuy and vy,v,,...,V, be the vertices of the graph K, .
Define f: V(Knn) ={ 1,3,5,....2mn + 1} by
flu)=2i-1, 1<i< mandf(v)=2mj+1,1<j< n.

Then f induces a bijection f * : E(Kyn) = {0, 2, 4,..., 2mn -2}
Then the complete bipartite graph is an even —odd harmonious graph. ]

Corollary 2.5. The star graph Ky, is an even —odd harmonious graph.

Proof: Replace m =1 in Theorem 2.5.

Let u be the vertex of degree n and vy, v», ...,v, be the pendant vertices of K, .. Total number of vertices
is (n+1). Define f : V(Ky,) ={1,3,5,....2n +1} by f(u)=21and f(v;j)=2i+ 1,1 < i < n.Hence, f isan
even - odd harmonious labeling of the star graph. ]

Theorem 2.6. An odd cycle with a single pendant edge attached, C,n.; @ Ky, (n>2) is an even-odd
harmonious graph.

Proof: Let u;,Up,...,Usn.1, Uon bE the vertices of the graph Cyyy @ K;. We label the vertices of Cyn.y @ K,
so that the pendant vertex is adjacent to the vertex u,,.; as shown in Figure 2.

u3 u 1
»

Figure 2: CZn—l @ Kl_

Here, |V |=|E|=2n.

Define f: V(Cony @ K;) »{ 1,3,5,...,4n -1} by f(uy1)=2i-1for 1 <i<nandf(uy) =2(n+)- 1
fori<i<n

Then f induces a bijection f * : E(Cyy @ Ky) = {0, 2, 4,..., 4n - 2}. Hence the graph is an even-odd
harmonious graph. ]
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Theorem 2.7.The crown graph C,.1 © Ky, (n>2) is an even-odd harmonious graph.

Proof : Let uy,U,,...,Uxn be the vertices of the cycle C,,y and vy,v,,...,Von1 be the vertices adjacent to
each vertex of the cycle. We label the vertices of C,,.1 © Ky, (n>2) as shown in Figure 3. Here, |V| =
|E| =4n-2.

Define f: V(C2.1© Ky ) »{ 1,3,5,...,8n -5} by

flu)=2i-1, 1<i<2n-—1andf(v) =22n+i)-3,1<i< 2n-1. Then f is even-odd harmonious
and hence, C,,.; © Ky is an even-odd harmonious graph. ]

Figure 3: C,, 1 ® K.

Theorem 2.8.The graph C;® nK; is an even-odd harmonious graph.
Proof: Let u ,v, w be the vertices of the cycle C; and wy,ws,...,w, be the vertices of the n pendant
edges. We denote the vertices of C3 © nK; as shown in Figure 4. |V| = |E| = n+3.

Wp= 2n+1

Figure 4: C3® nK;.
Define f: V(C; © nK;) ={ 1,3,5,...,2(n+3) -1} by
flu)=1,f(v)=2n+3,f(w)=2n+5and f(w) =2i+1 1 <i< n. Thenfis even-odd harmonious and
hence, C;® nK; is an even - odd harmonious graph. ]

Theorem 2.9.The bistar graph By, is an even - odd harmonious.
Proof: Let u, v be the vertices of K; inBppand U ={u;, 1< j < m},V={vi, 1 < i< n} bethe
vertices adjacent to u and v respectively.
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Definef: V(Bmn ) ={1,3,5,...,2(m+n) +3} by

f(u) = 1, f(v) = 2(m+n)+3, f(u)) = 2n+2j+1, 1 < j < mand f(v;) = 2i +1, 1 <i < n. Here we take the
modulo 2(m+n+1). Then f induces a bijection f * : E(Cony @ Ky) = {0, 2, 4,..., 2(m+n)}. Hence, f is
an even- odd harmonious labeling of the bistar B, , . n
An even-odd harmonious labeling of the bistar Bsg is shown in Figure 5.

LT

=13

Figure 5: An even-odd harmonious labeling of the bistar Bsg.

Theorem 2.10. The graph Kinmn is an even -odd harmonious graph.

Proof: Let V(c) ={u, u; vi j=12,...mandi=1,2,...,n}

and E(C3Y,) ={ uv;, uy;, viu, =1, 2,....mand i =1,2,...,n}

Also the number of vertices and edges of the graph is (n+ m+1) and ((m+n+mn) respectively.

Define f: V(Kympn) ={ 1,3,5,...,2(n+mn)+1} by

fuy=1,fuy)=2j+1,1<j<mandf(v)) =2(m+1)(n - i+1)+1,1 <i<n.

Then f induces a bijection f *: E(Kymn) = {0, 2, 4,..., 2(m+ n+ mn) -2}.

Therefore, K;n n admits an even -odd harmonious labeling. Hence this graph is an even - odd
harmonious graph. [
The following example shows that the graph K; 34 is an even odd harmonious graph.

U =]

Figure 6: An even-odd harmonious labeling of Ky 3 4.
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Theorem 2.11. The graph Pn2 (n = 4) is an even- odd harmonious graph.

Proof: Let uy,u,,...,u, be the vertices of Pnz. We arrange the vertices of the graph Pn2 as shown in

Figure 7.

1Ly 1k

Figure 7: P?.
Define f(u;)) = 2i—1, 1 < i < n. Since the graph Pn2 has 2n - 3 edges, the modulo is 2(2n-3). Then, f

is an even-odd harmonious labeling. ]

Theorem 2.12. The prism graph C;Y, is an even - odd harmonious graph.
Proof: We denote the vertices of the graph C;Y, as shown in Figure 8.

Uz

Figure 8: C3Y,.
Let the vertices of the prism graph CsY,be { u;, vi, w;, 1 < i < n}. The number of vertices and edges
of the graph are 3n and 6n - 3 respectively.
Define f : V(C3Y,) =»{ 1,3,5,...,6n - 1} by
f(upie) = 12i -11, 1 < i <[], f(uz)=12i- 1, 1<i<[ n/2]
f(vae) =12j- 9,1 <j<[27, f(vy) =12j-5,1<j <[ n/2J
f(Wae1) = 12k— 7,1 < k<[2 T and f(wa) = 12k -3, 1 <k <| n/2].

It can be verified that f is an even - odd harmonious labeling.
Therefore, C3Y, admits an even - odd harmonious labeling. Hence, C3Y, is an even - odd harmonious
graph. ]

Theorem 2.13. The graph nP; is an even odd harmonious graph.
Proof: Let uyv be the k™ copy of the graph nP..
Define f: V(nP,) -»{ 1,3,5,...,.4n- 1} by f(u) =2k-1,1 <k <n; f(vw) =2k -1, n+1 <k < 2n.
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f is an even - odd harmonious labeling. Hence, nP, is an even - odd harmonious graph. ]

An even odd harmonious labeling of nP, is given in Figure 9.

I — A | Lt

n-3® #4n -3
o] % |

Figure 9: An even-odd harmonious labeling of nP,.
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