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Abstract

An L(2, 1)-labeling (or distance two labeling) of a graph G is a function f from the vertex set
V (G) to the set of nonnegative integers such that |f(u) − f(v)| ≥ 2 if d(u, v) = 1 and |f(u) −
f(v)| ≥ 1 if d(u, v) = 2. The L(2, 1)-labeling number λ(G) of G is the smallest number k such
that G has an L(2, 1)-labeling with max{f(v) : v ∈ V (G)} = k. In this paper we find λ-number
for some cacti.
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1 Introduction

The assignment of channels to the transmitters is one of the fundamental problems for any network

which is widely known as channel assignment problem introduced by Hale [3]. The interference be-

tween two transmitters plays a vital role in the assignment of channels to transmitters in the network. If

we divide interference in two categories - avoidable and unavoidable, then as suggested by Roberts [4],

the transmitters having unavoidable interference must receive channels that are at least two apart and

the transmitters having avoidable interference must receive different channels.

The channel assignment problem can be linked with distance two labeling of graphs in which trans-

mitters are represented by vertices of graph and interference by edges with definite rule - transmitters

having unavoidable interference are joined by direct edge and transmitters having avoidable interfer-

ence are put distance two apart while interference free transmitters are at distance three or more than

three. Motivated through this problem Griggs and Yeh [2] introduced L(2, 1)-labeling which is defined

as follows:

Definition 1.1. A distance two labeling (or L(2, 1)-labeling) of a graph G = (V (G), E(G)) is a func-

tion f from vertex set V (G) to the set of nonnegative integers such that the following conditions are

satisfied:

(1) |f(u)− f(v)| ≥ 2 if d(u, v) = 1

(2) |f(u)− f(v)| ≥ 1 if d(u, v) = 2
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The span of f is defined as max{|f(u)−f(v)| : u, v ∈ V (G)}. The λ-number for a graphG, denoted

by λ(G), is the minimum span of a distance two labeling for G. The L(2, 1)-labeling is explored in the

past two decades and received the focus of many researchers like Chang and Kuo [1], Sakai [5], Yeh

[13], Vaidya et al. [6] and Vaidya and Bantva [7, 8, 9, 10, 11].

Proposition 1.2. [2] The λ-number of a star K1,∆ is ∆ + 1, where ∆ is the maximum degree.

Proposition 1.3. [2] The λ-number of a complete graph Kn is 2n− 2.

Proposition 1.4. [1] λ(H) ≤ λ(G), for any subgraph H of a graph G.

Proposition 1.5. [2] Let G be a graph with maximum degree ∆ ≥ 2. If G contains three vertices of

degree ∆ such that one of them is adjacent to the other two, then λ(G) ≥∆ + 2.

2 Main Results

We begin with a finite, connected and undirected graph G = (V (G), E(G)) without loops and multi-

ple edges. A complete graph Kn is a simple graph in which each pair of distinct vertices is joined by an

edge. A vertex v of a graph G is called a cut vertex if its deletion leaves a graph disconnected. A block

of a graph G is a maximal connected subgraph of G that has no cut-vertex. If H is a block of graph

G then H has no cut vertex but H may contain vertices that are cut vertices of G and two blocks in a

graph share at most one vertex. The block cutpoint graph G is a bipartite graph H in which one partite

set consists of the cut vertices of G and the other has a vertex bi for each block Bi of G. We include vbi
as an edge of H if and only if v ∈ Bi. A spider is a tree that has at most one vertex (called the center)

of degree greater than 2. We denote a spider by Sn1,n2,...,nk
with n1 ≥ n2 ≥ ... ≥ nk, k ≥ 3, where

ni ∈ Z+ is the length of the ith leg. Hence, |V (Sn1,n2,...,nk
)| = n1 + n2 + ... + nk + 1. The vertex

set of spider is denoted by V (Sn1,n2,...,nk
) = V1 ∪ V2 ∪ ... ∪ Vk, where each Vi is the vertex set of the

ith leg; that is assuming vi,0 = v0,0, Vi = {vi,j : 0 ≤ j ≤ nk}, where vi,jvi,j+1 ∈ E(Sn1,n2,...,nk
), 0 ≤

j ≤ nk − 1. A lobster is a tree with the property that the removal of the endpoints leaves a caterpillar.

A caterpillar is a tree with the property that the removal of its endpoints leaves a path. For terms not

defined in this paper, readers shall refer West [12].

Definition 2.1. A linear cactus Pm(Kn) is a connected graph in which all the blocks are isomorphic to

a complete graph Kn and block-cutpoint graph is a path P2m−1.

Definition 2.2. A spider cactus Sn1,n2,...,nk
(Kn) is a connected graph in which all the blocks are iso-

morphic to complete graph Kn and block-cutpoint graph is a spider S2n1,2n2,...,2nk
.

Definition 2.3. A caterpillar cactus is a cactus obtained by replacing each edge of a caterpillar by a

complete graph Kn.

Definition 2.4. A lobster cactus is a cactus obtained by replacing each edge of a lobster by a complete

graph Kn.

Theorem 2.5. For Pm(Kn),

λ(Pm(Kn)) =

{
∆ + 1; if m = 3

∆ + 2; if m ≥ 4
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Proof: Let Pm(Kn) be the linear cacti whose vertex set is V (Pm(Kn)) = {vji , v1
m+1 : 1 ≤ i ≤m, 1 ≤

j ≤ n− 1} and E(Pm(Kn)) = {vji v1
i+1, vji v

k
i : 1 ≤ i ≤m, 1 ≤ j, k ≤ n− 1, j 6= k}. The graph K1,∆

is a subgraph of Pm(Kn) and hence by Proposition 1.2 and Proposition 1.4, it follows that λ(Pm(Kn))

≥ ∆ + 1. For m = 3, define f by f(v1
1) = 3, f(vl1) = 2l+1, f(v1

2) = 0, f(vl2) = 2l-2, f(v1
3) = ∆ + 1,

f(vl3) = 2l-3, f(v1
4) = 2n− 3, where 2 ≤ l ≤ n− 1 which is an L(2, 1)-labeling of P3(Kn) and hence

λ(P3(Kn)) = ∆ + 1. For m ≥ 4, in the graph Pm(Kn), the close neighborhood of each v1
i where i =

3, ..., m− 1 contains three vertices with degree ∆ and hence by Proposition 1.5, λ(Pm(Kn)) ≥∆ + 2.

Now for each i = 1, 2, ... ,m + 1 and j = 1, 2, ... ,n − 1 define f : V (Pm(Kn))→ {0, 1, 2,..., ∆ + 2}
as follows:

f(v1
i ) = 0 if i ≡ 1 (mod 4)

f(v1
i ) = ∆ + 1 if i ≡ 2 (mod 4)

f(v1
i ) = 1 if i ≡ 3 (mod 4)

f(v1
i ) = ∆ + 2 if i ≡ 0 (mod 4)

f(vji ) = 2j − 2 if i ≡ 1 (mod 2)

f(vji ) = 2j − 1 if i ≡ 0 (mod 2)

In above defined function, redefine f at f(v2
i ), where i ≡ 3 (mod 4) as f(v2

i ) = ∆ − 2 then f is an

L(2, 1)-labeling for Pm(Kn) and from the definition of f it is clear that λ(Pm(Kn)) ≤∆ + 2, for m ≥
4.

Thus we have,

λ(Pm(Kn)) =

{
∆ + 1; if m = 3

∆ + 2; if m ≥ 4

Example 2.6. In Figure 1, an optimal L(2, 1)-labeling of linear cactus P7(K4) is shown for which

λ(P7(K4)) = ∆ + 2 = 6 + 2 = 8.
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Figure 1: An optimal L(2, 1)-labeling of linear cactus P7(K4) with λ(P7(K4)) = 8.

Theorem 2.7. λ(Sn1,n2,...,nk
(Kn)) = ∆ + 1.

Proof: Let Sn1,n2,...,nk
(Kn) be the spider cactus whose vertex set is V (Sn1,n2,...,nk

(Kn)) = {vli,j ,
vlnl+1,1 : 1≤ l≤ k, 1≤ i≤ nl, 1≤ j ≤ n−1 where v1

1,1 = v2
1,1 = ... = vk1,1 = v0} andE(Sn1,n2,...,nk

(Kn))

= {vli,jvli+1,1, vli,jv
l
i,m : 1 ≤ l ≤ k, 1 ≤ i ≤ nl, 1 ≤ j,m ≤ n − 1, j 6= m }. The graph K1,∆

is a subgraph of Sn1,n2,...,nk
(Kn) and hence by Proposition 1.2 and Proposition 1.4, it follows that

λ(Sn1,n2,...,nk
(Kn)) ≥∆ + 1. Now define f : V (Sn1,n2,...,nk

(Kn))→ {0, 1, 2,..., ∆ + 1} as follows:
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f(v0) = ∆ + 1

f(v1
1,2) = 0

f(v2
1,2) = 1

... ... ...

f(vk1,2) = k − 1

f(v1
1,3) = f(vk1,2) + 1

f(v2
1,3) = f(v1

1,3) + 1

... ... ...

f(vk1,3) = f(vk−1
1,3 ) + 1

... ... ...

f(v1
1,n−1) = f(vk1,n−2) + 1

f(v2
1,n−1) = f(v1

1,n−1) + 1

... ... ...

f(vk1,n−1) = f(vk−1
1,n−1) + 1

f(vli,j) = (f(vli−1,j) + 2(n− 1))(mod (∆ + 1))

The above defined function f is anL(2, 1)-labeling of Sn1,n2,...,nk
(Kn) and it is clear that λ(Sn1,n2,...,nk

(Kn))

≤∆ + 1.

Thus, we have λ(Sn1,n2,...,nk
(Kn)) = ∆ + 1.

Example 2.8. In Figure 2, an optimal L(2, 1)-labeling of spider cactus S4,3,2,1(K4) is shown for which

λ(G) = ∆ + 1 = 12 + 1 = 13.
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Figure 2: An optimal L(2, 1)-labeling of spider cactus S4,3,2,1(K4).

Corollary 2.9. For Kt
n(one point union of t complete graph Kn), λ(Kt

n) = ∆ + 1.

Example 2.10. In Figure 3, an optimal L(2, 1)-labeling of K3
4 is shown for which λ(K3

4 ) = ∆ + 1 = 9

+ 1 = 10.
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Figure 3: An optimal L(2, 1)-labeling of K3
4 .

Theorem 2.11. Let G be a lobster cactus then λ(G) = ∆+1 or ∆+2, where ∆ is the maximum degree

of the vertex.

Proof: Let G be a lobster cactus having a vertex with maximum degree ∆. The graph K1,∆ is a

subgraph of G and hence by Proposition 1.2 and Proposition 1.4, it follows that λ(G) ≥ ∆ + 1.

Let v0 be a vertex of degree ∆. Define f(v0) = 0 and let S = {v0}.
Let N(v0) = {v1, v2 ,..., v∆}. By definition of G, N(v0) can be partitioned into sets V1, V2, ... ,Vk such

that for each i = 1,2,...,k the graph induced by Vi ∪ {v0} forms a complete subgraph of G. In addition,

the partitions have the characteristic that for u ∈ Vi and v ∈ Vj with i 6= j, d(u, v) = 2.

Choose a vertex v1 ∈ N(v0) and define f(v1) = 2. Find a vertex v2 ∈ N(v0) such that d(v1, v2) = 2

and define f(v2) = 3. Continue this process till all the vertices of N(v0) are labeled. Take S1 = {v0} ∪
{v ∈ V (G)/f(v) is a label of v}.

For a labeled vertex f(w) = i, find N(w) and define f(v) = the smallest number from the set

{0,1,2,...}−{i − 1, i, i + 1}, where v ∈ N(w) − S such that |f(u) − f(v)| ≥ 2 if d(u, v) = 1

and |f(u) − f(v)| ≥ 1 if d(u, v) = 2 for any u ∈ S. Denote S ∪ {v ∈ V (G)/f(v) is a label of v} =

S2.

Continuing this process we get Sn = V(G), where Sn = Sn−1 ∪ {v ∈ V (G)/f(v) is a label of v}
for some n. Now all the vertices are labeled and we get max{f(v)/v ∈ V (G)} = ∆ + 2. Hence, λ(G)

≤∆ + 2.

Thus, λ(G) is either ∆ + 1 or ∆ + 2.

Example 2.12. In Figure 4, an optimal L(2, 1)-labeling of lobster cactus is shown for which λ(G) =

∆ + 1 = 12 + 1 = 13.
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Figure 4: An optimal L(2, 1)-labeling of a lobster cactus G with λ(G) = 13.

Corollary 2.13. Let G be a caterpillar cactus with maximum degree of vertex ∆ then λ(G) = ∆ + 1 or

∆ + 2.

Example 2.14. In Figure 5, an optimal L(2, 1)-labeling of a caterpillar graph is shown for which λ(G)

= ∆ + 1 = 12 + 1 = 13.
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Figure 5: An optimal L(2, 1)-labeling of a caterpillar graph G with λ(G) = 13.

3 Concluding Remarks

The expansion of transmitter network requires more channels for broadcasting which is free of in-

terference. Keeping this in mind, we introduce some new classes of cacti and investigate bounds on

λ-number for the same. This work has a potential to serve better in the transmitter network.
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