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The present paper deals with behaviour of approximate solution sequence of boun-
dary problems for the nonlinear elliptic equations of von Karman type constructed
with the employment of the iterative generalized Kantorovich method; the relations
for the generalized solution of equations in question is used as the governing
ones. We revealed correctness of the relations as well as strongly continuity of
the method operator in specific 'weighted’ space that makes it possible to state

sufficient conditions for strong convergence.
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1. Introduction

A wealth of models (with a great number of applications in nano-, bio- and,
space technologies) are described with the employment of boundary problems for
nonlinear elliptic equations of von Karman type. Since the equations in question
are strongly non-linear and their solutions observed experimentally are rather
variegated, it is necessary to develop a numerical method able to construct solutions
of PDE of this class, locate its singular points and (for bifurcation points) trace
the respective bifurcation paths. Notwithstanding the finite element method is
popular in actual practice, attempts to utiltize it to analyze non-linear boundary
problems for von Karman equations encounters with difficulties [11]. This makes
explicable constant interest to meshfree (meshless) numerical algorithms and to
their applications to the non-linear problem under study. A review |9] discuses a
group of method based upon functions with bounded definitional domain that used
to approximate unknown functions in the neighbourhood of discretization nodes;
similar concepts are introduced in non-parametric regression [10] and artificial
neural networks using the radial basis functions [3]. Another group of methods
employed to solve non-linear boundary problems for partial differential equations
is associated with an adaptive basis; as opposed to conventional numerical methods
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that imply that a basis is fixed and does not depend on features of the problem
to be solved (one can vary only basis coefficients only), these methods adjust
basis functions according to the problem at hand. For example, the paper [2]
considers adaptive wavelet collocation; the paper [6] deals with its modification
grounded upon second generation wavelets. This approach combines adaptability
characteristic to the methods using adaptive wavelets with flexibility of collocation
methods. In such methods, one employs wavelets to adjust meshing and finite
differences to approximate partial derivations. Alternative approach to construct
an adaptive optimal basis is traced back to the generalized Kantorovich method
[4,5]. It implies that unknown functions are presented as a sum of products of
single-variable unknown functions to solve a sequence of non-linear boundary
problems for ODEs in order to solve the initial non-linear boundary for PDEs.
The paper [1] applies the method under discussion to a linear boundary problem,
allowing close solution due to its linearity. If the methods is applied to non-
linear boundary problem (such as von Karman-type one), then it is necessary to
establish iterative process [12] that incorporates algorithms used to solve non-
linear boundary problems for ODEs; such method is named the iterative genera-
lized Kantorovich method (IGKM). The present paper examines applicability of
IGKM to non-linear elliptic of von Karman-type equations.

2. The generalized solution of von Karman-type equations

Non-linear elliptic von Karman-type equations (in orthogonal coordinate system
(21, 22)) reads as the following system of PDEs

aiV¥uy + T (uy,ug) — V%UQ =q, (2.1)

1
CLQVQmUQ - iT (ul,ul) - V%ul = 0,

where ¢ = ¢ (x1,x2) is the function describing external influence;

Mo = Z
max%axzm 2

0a 0’a
Via = klaix% + kZTl%;
m € N+;
P
T 8) = e (T (0, 8) + T2 (0, 8)) (2:2)
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k1, ko, a1, a2, ¢, are positive constants.
The problem is defined on the domain

0= {xmm x1 < J/‘IlnaXaZCIan < T < :Egla.x}7
bounded by
=980 = min min max max mm < < pmax

The operator of boundary conditions, defined on I' is denoted as

S(uylr, uz|r)=0. (2.3)

0
C(™) () symbolizes a set of continuous (with its derivatives up to order m)
functions, which satisfy the homogeneous boundary conditions

{ ‘I‘ =0,2 S lr=0,... " la Ir=0 } Then Hj () is the Sobolev space due
0

78nm1

to closure of C(™ (Q) in the norm [, K (o, &) dzidzs = |ee||3;, where

K (a,p) = Z bpq (2.4)

mgp) + mgp) =m
q: mgq) + mgq) =m
lodde! omp lo ke’ o™
mP m(P) m D mD + ) m(q) mP m® |’
Oz, ' Oxy? Oxy' Oxy° Oxy ' O0xy” Oz Oxy?
2(—1)" 3 bpg = C! i = 0,m, (2.5)
p: m( ?) + m( ) = 9
q: mg)+m()—2m—21
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> bpg = 0,
p:m® +m@ =i # 2
»)

q:my —I—m;q) = jo # 2m — 2i
signbpg = (—1)™ .

The expression ([, K (o, ) dzidzs meets all demands on scalar products
defined in Hilbert space. The sole fact to be proved is

Lemma 2.1. If [[al| g, ) = 0 then a = 0 in Q.

Proof. Constraints (2.5) ensure in particular that o :

oM 2
HO‘HH(Q) =0 for all //Q <W> dz1dzo = 0.

Therefore, if one considers the boundary conditions for functions belonging to
0

C(™) (Q), one finds that & = 0 in Q. O

The space H is a closure of a set of functions C"™ (©2) in the same norm,
while boundary conditions defined on I' are assumed to guarantee that Lemma
2.1 holds true.

The generalized solution of the non-linear boundary problem in question is
a pair of function U = (uq, ug), uj € WQ(m) (Q), ug € Hy(Q), satisfying the
integral equations

ay // K (u1,v1) dzydze = // [Viugur — Q1 (u1, ug, v1) — qui| dzrday,  (2.6)
Q Q

az // K (u2,v2) dzides = // [Vivour — Qo (u1, v2)] da1das
0 Q

for arbitrary functions v; € WQ(m) (Q), v € Hy ().
Expressions (2.6) use the following notations

P
Ql (CK,B,'Y) = ZCP
p=1

ok e’ o 3 0ry 0% o ot 3 0%y .
H_ @ 0 @ 0 @ o o o oo |
ox? Oxy 0Oz Ovy OxF 0z¥ Oxl Oxy Ox) Oxy 0Ox}’ Oxy’
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P
9% a dma ot 3
Q2 (@, ) = ZCP O @ e W @) (2.7)

— P Sp dp
p=1 Oz} Oz’ Ox" Oxs 83:1 81:2

ap € R,0 < sp,qp,t, < m.
The immediate corollary of the Sobolev embedding theorem is [13], [15]:

Theorem 2.1. Ifa € ng) (Q), then % €L, (), mi+ma=p, 1<p<
— 1, for any q = 1. In doing so the embeddmg operator is strongly continuous
and thus weak convergence oy, — g in Wz( m) (Q) guarantees strong convergence

Pan oP
8x';n1gxm2 = 5 mlg w5 in Ly (Q) for any ¢ > 1. Furthermore,
oPa
AT AT < el m) o - (2.8)

Another theorem of consequences [15] is a theorem that states sufficient conditions
of functional coercitivity.

Theorem 2.2. Let two-dimensional plane region ) be that of the Sobolev class
(2, m, 2). Let quadratic functional WQ(m) (Q) be as follows

o o
usyi [&eg (a on m) Ry (W)] W0+ R (U),  (29)

where U is a two-dimensional vector; Ro is a quadratic form with coefficients
continuous in 2; Ry is a linear form of derivatives of order m with coefficients
that are linear form of derivatives of order less than m, and Ry thereby is a

quadratic functional in WQ(m) (Q2). Moreover, let Ry (U) be weakly continuous in
WQ(m) (Q). Finally, let the following conditions be true:

1. R(U) =20 and R(U) = 0 results in U =0 in §;

2. ifU, =0 inWQ(m)( Q) and R(U,) — 0, then‘(%f?;niaz?g @) — 0, for
2
arbitrary my + mo = m.
In that case
R(U) =m ||U||W<m) @ (2.10)

Theorem 2.3. For all elements o € W2m) (Q) the following inequality holds true

lallr = m o] (2.11)

wim(Q) -
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Proof. Theorem 2.2 is employed to prove that statement. Let R (a) = |||} be
with 1 (o) = Ro (o) = 0. The condition 1 is a direct sequence of the Lemma 2.1.
To verify the condition 2 let us assume that o, — 0 in WQm) (Q) and ||a, ||y — 0.
In virtue of (2.5), expression ||a||3; can be reduced to

2
- oMo
K (0, p) =2 ) bpg SO0 7
p:m§p)+mgp):m 8.%'1 8'%'2 L2(2)
l_)pq > 0.The last proves the condition 2 and thereby the theorem. O

0
Theorem 2.4. Spaces H (2)(Hy (2)) and WQ(m) (Q)(WQm) (Q)) are equivalent

and contains the same elements.

Proof. An obvious inequality

el < m el (2.12)

wi™ ()
and the inequality (2.11) proved by the theorem 2.3 insure that the two norms

are equivalent. As far as both spaces are closures of the same functional space
0

Cm (Q)(C™ (Q)) in the equivalent norms, they coincide. O

Theorem 4 proves the important statement: For all elements of H the embedding
theorem 1 holds true:
Theorem 2.5. If o € H then M% €Ly(Q), m+me=p 1<p<m—1
1 2
for any q = 1. Moreover, the embedding operator is strongly continuous and thus a

weak convergence o, — g in H (Q) guarantees a strong convergence Mﬁ% =
1 2
P .
W in Lq (Q) for any ¢ > 1.
Besides that
oPa
_ o I <elalug- (2.13)
H 0" 05" || (o @

Similar theorem is valid for elements of Hy.

Theorem 2.6. Let
1. A definitional domain of the non-linear boundary problem (2.1), (2.3) is a
smooth manifold of the class C (Q), where Q is a Sobolev region of the
class (2, m, 2).

2. The respective boundary I' is piecewise-continuous (of the class Cﬁl)).
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3. Boundary conditions on T' (2.3) allow constructing the space H.

Then the definition of the gemeralized solution is correct that is each Tight-
hand term of the integral relations (2.6) is determined if uy € Wz(m) (Q), ug €
H (). Furthermore, these terms are linear and bounded functionals of vy, vy in

Proof. If uy,v1 € WQ(m), ug, vy € Hp then (due to the theorems 2.1 and 2.4) all
co-products defining the right-hand terms (2.6) belong to the space H. Besides
that,in virtue of the theorems indicated the following is true:

) el

2

’// V%UQ’UldiL‘ldl‘g
Q
2
<m Ykl [ually vl
=1

82uz

<Hvzu2HL2 [villf, < <Ez 1

(in virtue of the Theorem 2.5 and of the sequence of inequalities [due to the
Theorem 2.4] [[vally, < lloallyem < mlvi]g).

Analogously, the following inequality holds true for the second term

drd - aspul atPUQ 8(11”01
Ql L1072 = ZCP o RONNNE Ne
p=0 "oz ||, 8931 Ozy ||, 890 Lo
8un1 atPUQ 851’1)1
+ (1) ( ) (4@ (1) (2) )
ox{ ozl Ly 8$1 Ox ” Ly ox” Ozl Lo
P
<2my lap| lJurll g lluzll g ol
p=1

and for the third one:

'// quidzridry
0

This proves the theorem with respect to (2.4).
For the terms of the second equation, the following is valid

< mllglp, o]l s

81)2

) luill,
Lo

< mz il lluall g [lo2l g ;

’/ vkv2uldl‘1d$2

Hka2HL2 HU1||L2 (
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P
o%ruq 0% uy 9"y
//Q Qodridrs < Zcp a @) 1) (2) tél) t1(f>

)
— Sp Sp dp dp
p=0 ||0x1" Oxy” ||, ||0x)" Oz ||, ||0xy" Oz ||,

P
2
<2) eplullF llvall -
p=1

3. The iterative generalized Kantorovich method

To construct solutions of the non-linear boundary problem (2.1), (2.3), given
by relations of its generalized solution (2.6), approximate sequence is generated
with the employment of the representation the vector of unknown functions

w? (@1,w2) = 1Y () 22) + 17 (2 g5 (22) ) = 12,0 = o0,

WY (@) 31 (@2) + B (1) 9t (22) € H (), (3.1)

hs) (1) 35 (w2) + 15 (1) g5 (w2) € Ho (©)

on the iterations of the method. The representation considered is grounded on
the analogies with [14], [7], [8]. Each iteration comprises calculation both hj(l) (x1)
and gj(.i) (z2). The functions with overbars are known from the previous iteration.
The representation (3.1) implies that a solution of the non-linear boundary
problem (2.1), (2.3) is sought as the sequence of solutions for ordinary differential

equations

dh

Gy =7 (@) B @™ q) ey € [P (3.2)
dg 9 _ T min, _,max
dil'g == f (9 ($2))g(x2)aa 7q),$1 S [1:2 ) :| . (33)

For the sake of brevity, the superscripts corresponding to iteration are omitted
in (3.2), (3.3). The vectors h(z1) and g (x2) are h(x1) = {dshl(xl), d*ha(z1) },

S S
dx3 dz}

g(z1) = {ngl(xz), dsg2(12)}’ s=0.3:h (z1) = p(i—1) (z1), G (z2) = g(i—l) (z2).

dz3 dz3
 Elements of the vectors a™, a*? are definite integrals of components of h (1),
h(z1) and g (z2), g (z2), respectively. If the components of g (x2) are calculated
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first then components of h (x1) are replaced by the appropriate components of
h (x1) while the vector a® is formed.

It is worth stressing that an order of the equations (3.2), (3.3) does not depend
on the way the initial PDEs (2.1) are approximated, but does depend only on their
order. Ordinary differential equations (3.2), (3.3) must be completed by point-wise
boundary conditions derived from boundary conditions (2.3).

IGKM refers to an iterative process such that the subsystems (3.2), (3.3)
are resolved separately and consequently; therefore solution of the non-linear
boundary problem for PDEs is found using solutions for the sequence of boundary
problems for ODEs. The process is completed, if the norms of solutions differences
for several consequent iterations are small.

4. Investigation of convergence
Linearity and boundness of the functional || fQ quidzridzs allows its representation

(due to the Riesz theorem) [[, quidzidry = (u*,v1)y, and, in turn, (owing to
u; — uj + u*) representation of the generalized solution

aq // K (uy,v1) dridey = — aq // K (u*,vy) dridxs (4.1)
0 0
+ // [V%Uﬂﬂ = Q1 (w1 +u*, ug,v1)] doidwy,
Q

a9 //Q K (ug,v9) dz1dxy = //Q [V%’Ug (up +u*) — Q2 (ug + u*,vg)} dridxy (4.2)

The representation (3.1) makes it necessary to study specific 'weighted’ func-
tional spaces Hy, g € WQ(m) ([e;d]), defined as a closure of a set of functions
W2(m) ([a; b]) in the norm

Inl2, = S b | B ) g ()

(p) (p)

p:my  +my =m
q:mg‘Z)—l—ng:m

(p) (q)
where dpg = 2bp, fg(m2 >g(m2 >dac2.
The obvious equality ||hg||; = ||kl 5, = llgll g, is true.

Lemma 4.1. Spaces Hy ([a,b]) and WQ(m) ([a, b)) and contains the same elements
(if the function g is not the null equation).

Proof. The proof is carried out along similar lines with that of the theorem 2.4. [J
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Lemma 2.2 leads to the following lemma:

Lemma 4.2. Let approximate sequences of the iterative generalized Kantorovich
method {ggl)}, {hgl)} belong to bounded domains of Wg(m) ([a:rlnin;mrlnax]) and

Wz(m) ([x51m; 25x]), respectively. Then the spaces Hg ([a,b]) and Hg, ([a,b]) are
equivalent and contain the same elements.

Proof. The proof is carried out along similar lines with that of the theorem 2.4. [J

In the framework of the considered representation, the integral relations (4.1),
(4.2) on the iterations of the method are equivalent to two pairs of integral
equations for ¢ and A9, respectively.

aq // K (legl,Blﬁpl) dl‘ldl’g = —al // K (hlgl, 711(,01) dl‘ldl'Q (4.4)
Q Q
—ai // K (hfgi‘ + B’fgf, 711@1) dridxe + //QV% [hzgg + Eggg] ingoldﬂflde
Q

- // Q1 (@1 + hag1 + PigT + higi, haga + haga, hipr) deydas,
Q

as ﬂ K (iL292, 712%02) d.ﬁld.%’g = —ay // K (hQéQ,?LQSOQ) dxldg;'Q (45)
Q Q

+ // V% [BQQDQ} (hlgl + 7119 + thT + ﬁ?g?) dIldﬂjg
Q

[ @2 (g + g + gt + Ftgh o) o
Q

and

a1 ﬁ K (]_7]191,1[)1@1) dridrs = —ay // K(h1§1,¢1g1) dxidzs (46)
Q Q
—a //ﬂ K (higy + higi, 1g1) derdas + //ﬂ Vi [h2d2 + hago] ¥1g1dardes

— // Q1 (h1gy + higy + B1GT + higy, haga + hago,¥1G1) doidas,
Q

a2// K (Ezgzﬂl}zéz) dridxy = —ag// K (haga, 2ge) dzydxy (4.7)
Y Q
+ //Q Vi [282) (Mg1 + hig + hig; + hig}) dardas

- // Q2 (g1 + hig + higi + higy, aga) daids.
Q
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In the expressions(4.4)—(4.7), for the sake of brevity, the superscript correspon-
ding to iterations is omitted. One assumes that arbitrary functions v; are presented
as u; (xl,xg) = 1/Jj (a;l)gj(l) (.732) + iLJ(l) (xl) Pj (.TQ) , ] = i:i, 1 — 0.

When h is replaced by h in (4.4), (4.5), in compliance with IGKM procedure,
one can consider the left-hand side of (4.4) as a linear functional of w9 in H R
Consequently, the right-hand one can also be presented as
(P(i) (g@) ,wg)H ,(due to the Riesz theorem), that leads to

)

RS
g = PO (4"} (48)

Here, the superscript i in the notation P signifies that its definition depends
(i-1)

on definite integrals of functions hj

IGKM.
Substituting relations (4.8) into the right-hand side of (4.5), one obtains a
linear functional of ¢; in H (=1 which can be presented (due to the Riesz

theorem) as (G(i) (gy)) ,801)H likewise.
7(1)
hl

calculated on the previous iteration of

Since ¢y is arbitrary, the resultant expression is
g =G0 (g, o). (4.9)
Combined expressions (4.8) and (4.9) form the operator representation of the

governing equations used to determine the vector-function g in the frameworks of
IGKM:

g® = A® (Qm) (4.10)

The operators N H () and Aﬁf used to determine the vector-function h are
introduced along similar lines

@) = A®) (hm) (4.11)

In these terms, IGKM is considered to be a sequence of operator equations
defined using operators A,, and A,, such that their action for the i-th iteration
coincide with the action of Agl) and AQ(ZQ) :

Theorem 4.1. It is necessary and sufficient for hi, ha, h1, ha, g1, g2, G1, Go to
satisfy the generalized solution of the problem (2.1), (2.3), taking into account the
representation (3.1), to satisfy the operator equations (4.10) and (4.11).
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Theorem 4.2. The following representations hold true:

P=Fy+ P+ P, (412)

G =Gy + Gr+ G + Gs, (4.13)
where Ps, G5 are homogeneous operators of order s.

Proof. If one takes into the equivalence of spaces given by Lemma 4.2, then the
relation (4.4) for the operator P results in

(Pos p2) i / [V [howa] (R1g1 + u*) — a2 K (haga, hows)

- Q3 (h1gl, higi, hawa) — Qs (hgy, B35, hawa) — Q3 (h1gi, higl, haws)
- Q3 (fﬁ?ﬁ, h1g1, @2@2) — Qs (higy, higt, ’}2@2) - Qs (higT, ’ffgik, @2@2)
— Q3 (hig1, higi, hawa) — Qs (P1g7, RiGT, haws) — Q3 (h1g1, higi, haps)] deidas;

(P1’902)Hﬁ2 = /Q (V3 [howa] higi — Q3 (R11, hugr, hows) (4.14)

— Q3 (h1g1, b1, hawa) — Qs (h1g1, higy, hawa) — Qs (R1g, higr, hao)
— Q3 (h1g1, P19y, haps)|dardxy;

(P27902)HB2 =-— //Q Qs (hig1, higi, hows) daqdas,

where the Riesz theorem implies the existence of Py, P, P> € Hj,. Here, the
operator (3, introduced for the sake of convenience, is defined as

0P« o p Otrry
Z N N O S R (P )
p=1 Ox)" Oy’ Oxf" O0xy Ox} Ovy
(it coincides with Q2 («, 8) for a = ).

Substitution of (4.14) to (4.4) leads to the following expression to determine
Gy

(GO,SOQ)HE1 = //Q (V7 [h2ga] hipr — a1 K (higr, hipr) — an K (Rig; + higt, hier)

= Q1 (g1, hago, hapr) = Q1 (hagr, haPo, hupr) — Q1 (higy + Rigy, hage, hier)
— Q1 (hig1 + higi, haPo, hipr)] daydas;
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(G17802)H]_11 = - //Q[Ch (R1G1, haPr, haigr) + Q1 (R1gr, hago, higr)  (4.15)

+ Q1 (h1g1, haPo, higr) + Q1 (R1GT + higy, haPy, hapr)]dazidas;

(G27<102)H;L1 =- //Q[Ql (h1g1, haPa, hir) + Q1 (higi, haPr, higt)

+ Q1 (hig7 + higi, haPa, hipr)]deidas;
(G37 @2)[{}31 = — //QQl (Elghﬁgpg,ﬁlgol) dridzs.

Similar representations take place for the operators N and H.

Remark 4.1. One should emphasize that the operators Py (Ns),s = 0,1,2, and

Gs (Hs), s = 0,1,2,3, are determined with the employment of the spaces Hj,

Hy, (Hg,, Hg,), (not Hy ), Hy ) Hg(i) ,Hg(i)), that is possible due to the equivalence
1 2 1 2

of the respective spaces provided by Lemma 4.2.

Theorem 4.3. Each operator P,Ps (N,Ns), s = 1,2, maps Hy, into Hy, (Hg
into Hg,) strongly continuously, if the sequences {hgi)}, {ggi)} are bounded in

Wz(m) ([l'rfnn;xrlnax]); g(m) ([xgni“;xgm]), respectively.

Proof. The sequence { gii)} ({hgl)}) is bounded infinite set of the Hilbert space

Wz(m); therefore it is feebly compact that is one can extract a weakly-converging
sequence from its infinite part. A weak limit of the sequence is gi(hy). In virtue
of Lemma 4.2, the operator Ps (N;) maps the space Hj, (Hg, ) into the space
HBQ (H§2>

To prove that the operators Py are strongly continuous it is necessary to prove

that if the sequence ggi) converges weakly to g; in Hj, (ggi) — ¢g1), then the

sequence P; gy) converges strongly in Hj,, (‘ Psggi) — Psgl‘ — 0). One should
(4)

stress that the theorem conditions implies the weak convergence both g;” — ¢1
and A\ = hy.
Firstly, one should study the action of the operator P from Hj, into Hj, . The

(Plgﬁi) — Pig1, @2)

hg

addenda of the difference (accounting for (4.14)) can be

ho

presented as



ON AN APPROACH TO SOLVE EQUATIONS OF VON KARMAN TYPE 135

1.
V Vi [Bg)wz} Bgi)gii)dfﬂldm - / % [hoa] higideidas | ;
Q Q
2

// Q3 (h1g1, higi, hows) dydas —/ Q3 glz),hgl)gy) Bé”m) drydra|;

// Q3 (h1g1, higi, hays) dfb‘ld?ﬂz—// Q3 i z) hz) (l) h()902> dxidzs|;
(4.16)

)

‘/ Qs (hig1, higY, hayo) dxldﬂ?z—//Q 1 91 ; 19?%99@) dridxs|;

)

‘/ Qs (higy, higi, hayo) d$1d332—/ Q3 h191a §’)g§),h§“soz) dxidzo

6.

’/ Q3 (h1g1, higy, haws) d$1dw2—/ Q3 1 91 7h1gfjlg)302) dzidzs|.

For the first term, the following holds true:

|// VQ h2 Y2 ll)gpd:vld:vg—/ V% [;LQQOQ] B1g1d$1d$2| =

|// V2 h2* )) <P2} hlgldﬂfld$2+/ Vi 2)902] [hﬁ)gﬁ) h1gl] dydas]

< Hvk [(hz - h2 )@2] HLQ(Q thgluLg(Q)

+ Hvi [ﬁg)m} ‘ La(Q) [Hh(f La() +lgrllLae) thi) B hHLz;(Q)]

(owing to the embedding theorems 2.1 and 2.5)

L4(9) H91 — g1

<M "Bl“L4 lg1ll L, {HVZ {(52 B Bg))]

[l

o

ol @)

oo 7 =]+ ol [5 =], J heal,
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This is grounded on the inequalities following from the Sobolev embedding theorem
(Ls (2) — WQm) (2)), from the embedding theorems 2.1 and 2.5, and from the
Lemma 4.1 as well:

{HvinLg(g) ) HmHLsm)} S Mligallyyom gy = Mlle2llympin o) (4:18)
g M HSD2||H,—L2 [zfznin7x12nax] 5

< M| MHh2 = (4.19)

ot i

= M HSD2 ”H}—L2 {xglin’ztznax}

Ls(Q) wim™ (@

<M HQDQHH;L(U [xg*in,zg‘a"] :
2
One should lay emphasis on the fact that, due to strong continuity of the
embedding operators proved by theorem 2.1 and 2.5, coefficient for ||y2]| H, in
2

the right-hand term of (4.17) vanishes as i — oco.
For other terms of (4.16) a structure of Q3 («
estimates

, B,7) substantiate the following

P

g Zcp ‘Qép) (0417517’71) - Q:(gp) (062,62,’72)’

p=0

|Q3 (a1, B1,71) — Q3 (2, B2, 72)|

dl

P (a1 — s, B1, ) ’ ’Q(p) az, f1 — B2,72) HQ(p) (a2, B1,m —72)H7

$

p=0
where
®) 0P o3 Oty
3 (@B =—5 5 W @ W e
0x|" O0xy" 0x’ 8:1: xz’ Oxy
Consequently
P
Qs (a1, B1,71) — Q3 (02, B2,72)| < D 6 ’Q(p) o1 — a2, B1,7)
p=0
+ ’Qép) (a2, B1 — 52,’72)’ + ‘Qgp (o2, 81,7 — 72)‘
? [ag — o] % By d'"r
ZCP NONNNE & g oD t<2>
oxy" Ozl La@) 11921 oxy’ L@ 1921 05" | o
Orag 0% [B1 — Bo] 'y
él) @ o g t(l) RE)
03" || Ly 1 927" 925 |1, 0 oy L2(Q)
0% g 9% By 9" [ — el
RONNC) & g A t<2> ]
Oy 0y ||, (o) 071 oz Ly || 0" Ox La(©)
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For all terms 2-6 of (4.16) the variable v; (72) looks like hggpg(hé )gpg) thereby
(

Py
ROR®)
oz P Oz,
0% [hn-5S] | R .
—m l2]] H, ) using a sequence of inequalities of a kind
o’ L4 (9) ’
of (4.19), (4.18). The variables 1 look like 31 = By (z1) 87? (z2), and thus can

o' [y1—72]
LD ,(2)
811 8m2

the co-products

) can be bounded by
L2(2)

Ly ()

Il

0 B < M g% ' 2 '
axqél)aqu(?) . (Q) X ||Bl ||W2(m) [xrlnm;mtlnax] HBQ HW2(m) I:xanm;wénax]
1 2 4

with the employment of the embedding theorem. Finally, the co-products

be estimated as

Sp _ .
% are equal to zero (if a; = ag)or can be presented as ay, g, —
Oz," Oz, L4(Q)

OO

Qi Oy, and the following

o [N o [y, — of)

NONNE) < llewy ”W;m)(sz) ROBRC) (4.20)
Ox? Oxy La(©) Ox? Oxy Le(©)
o [awl — aé?]
+ ||am2 Hw(m> ) (1 (2)
L P
is valid for them.
This leads to the following estimates for each term 2-6 of (4.16):
(2) i (1) ]
P o5 [am —al) } % [ 0, — O] }
> el |l Il om @ + [latas [ 0m &
2 sp 2 sp
p=0 O0xy Ls O] Ls
(4.21)
1Bexlly o 1ol
(2) i (1) ]
0" |Bay — 8] o [, — ALY
+ 1Bl i + 118z llyygm Ao
dxy Ls Oz Ls
U) i
s g e g 1824 g 1Bz o ™ Vel
Ox Ly

To summarize, as for the first term, for each term 2-6, coefficient for ||psl| Hy
2
0, if giz) — g1 and h(lz) — hy in WQ(m) with ¢ — oo. Therefore, the aggregated

coefficients for |[|¢a| , and thereby HPlggi) - PlngH (the infimum of such
2 R

coefficients), vanishes as i — oco. This proves strong continuity of the operator P;.
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For the operator P, mapping Hy, into Hy,, (4.14) results in

(P29£i) — P, 902>

ha

_ =) (i)
P o [hgt] 0% [0
Zcp |h1HWm> H91H q(l) FONE NI
p=0 O0xy" Oz’ 0xy" 6x Ly

T ol [, B T
1 (m) (m) o @ o @ 2l Hy,,, ()
e R 52 VY "

Inequality (4.20) and the theorem 2.1 ensures that the coefficient for ||¢s]| i,

2
vanishes for that case likewise, and this completes the proof for Ps. Similar proof
allows establishing strong continuity of operators Nj. O

Remark 4.2. The previous theorem proves strong convergence Plgg) = Pig; in

Hy,, and, consequently, due to the lemma 4.2, in Wém).

Theorem 4.4. If the conditions of the theorem 4.3 hold true, then each operator
G,H,Gs,Hgs = 1,2, 3, maps strongly continuously Hy, , Hg, into itself, respectively.

Proof. With results similar to those of the previous theorem, the operators G

are proved to map Hj, into itself.

(4)

If ggi) converges weakly to g1 in Hy, (g9;° — g1); then it is required to prove

(%)

that the sequence Gg,’ converges strongly to the limit indicated

<HG59Y) —q1 — 0). As for the previous theorem, one considers only the

hy
numbers corresponding to the weakly-converged (in Hy, ) sequence; the theorem

implies that the sequences {hgi)}, { ggi)} are bounded in WQ(m) ([xrlmn xlinax])’
W2( m) ([ mln’ xénax]).
The relation (4.15) leads to the following terms of the difference
‘(Glggi) - Gigi, 902>
1.

hi

|// Q1 (P1g1, haPigy, hipr) dayday
0

- // Q1 (ﬁﬁi)gy),ﬁé”ﬂg@, Bgi)%) dxidxsl;
Q

‘/ Q1 (h1g1, haga, higr) d$1d$2—//Q 91 e 95)7B§i)801> dridxa|;
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?

’/ Q1 (h191, haPo, hipr) daydag — // Q1 (Bﬁ“g@,ﬁé“Po, B@‘Pl) dxidxs
Q Q

4.
|// Q1 (R1G1 + higl, haPy, hig) doydes
Q
_ // O (h;gf n B’{g;,ﬁg")Pl,B@gol) dzydis).
Q

For terms 2 and 3, the proof that the coefficients for |lo;|| p, vanishes (if the
1

theorem conditions are true) is carried out along similar lines with that for terms
defining the operator P;. For terms 1 and 4 the proof is performed analogously
(1) )
0% |Pig1—P g(z)
[ ! 1(1) o ] ; to prove that
oa’? Ls
such term vanishes one should apply the embedding theorem 2.1 and the previous

but the relation (4.21) comprises the term

theorem that examines convergence of the sequence P; ggi) in WQ(m) (see Remark
4.2).

The above considerations allow bounding HG1 ggi) - Gig1 HH by a vanishing

A
expression and thus proving strong continuity of the operator G;.That of the
operators G9,G3, Hy is proved analogously. O
Strong continuity of both operators G and H leads to the following theorem:

Theorem 4.5. If the sequences of approximations of the iterative generalized
Kantorovich method {ggz)}, {hgz)} belong to bounded regions of spaces Hy,, Hg,,

respectively. Then the sequence

{ugi) (x1,22) = hj(i) (1) g§i) (x2) + hj(i) (1) gj(.i) (:cg)}
converges strongly in H.

Proof. According to theorem conditions, the sequences { ggi)},

{hgi)} are bounded infinite sets of Hilbert spaces Hp, , Hg,; therefore they are

feebly compact. As usual one confines oneself to the numbers belonging to the

subsequences in question with g; and h; as their (weak) limits.
The sequences { g%z)}, {hgl) } are the result of action of the operators G and
H on the weakly-converging sequences { gii)} and {hgi) } Since the operators are

strongly continuous in virtue of the theorem 4.4, the sequences { ggi)}, {hgi)}
converge strongly in these spaces. Theorem 4.3 proves the strong convergence of
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the sequences { géi)}, {hg)} likewise. The inequality th-i) g](-i) — hjngH

<m [ng(z) - ng + th) - th ] completes the proof. O

Hgl Hgl

In actual practice, the criterion to complete the iteration process is that the
norms of differences of solutions are small for several (three to four) consecutive
iterations that allow checking the assumption that the above-mentioned sequences
are bounded. The method demonstrated good practical convergence. It took 6 —8
iterations to converge for maximum relative accuracy 1074,

5. Conclusions

1. The correctness of definition is proved for the non-linear elliptic of von
Karman-type equations.

2. It is ascertained that the iterative generalized Kantorovich method is appli-
cable to solve the non-linear elliptic of von Karman-type equations.

3. It is proved that the approximate sequence generated by the method in
question converges strongly in specific energy space H.
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