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We discuss solvability and some extra regularity properties for the weak solutions to
one class of the initial-boundary value problem arising in the study of the dynamics
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1. Introduction

It is well known that the cardiovascular system transports oxygen and nutrients
to all the tissues of the body, from where it removes carbon dioxide and other
harmful waste products of cell metabolism. From a physical point of view, the
system consists of a pump that propels a viscous liquid (the blood) through a
network of flexible tubes. The heart provides energy to move blood through the
circulatory system and is one key component in the complex control mechanism
of maintaining pressure in the vascular system [18]. The aorta is the main artery
originating from the left ventricle and then bifurcates to other arteries, and is
identified by several segments (ascending, thoracic, abdominal). There are several
features of the aorta that have an effect on the blood flow, such as the tapering of
the aorta or the fact that ascending aorta is arched (curved). Still, the functionality
of the aorta, considered as a single segment, is worth exploring from a modeling
perspective, in particular in relationship to the presence of the aortic valve.

There has been extensive literature describing the dynamics of the vascular
network coupled with a heart model (e.g. [8-11], [17], [21]), the majority focusing
on either a detailed description of the four chambers of the heart or on the spatial
dynamics in the aorta, but not on both. In fact, there seem to be no studies
addressing the heart rate variability based on the detailed spatial description of
the pressure and flow patterns in the aorta.

©P. 1 Kogut, Yu. A. Maksimenkova, 2017.
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Taking into account the elasticity of the aorta, considered as a single vessel,
together with an aortic valve model at the inflow and a peripheral resistance model
at the outflow, we can capture through simulation the dynamics of the pressure
and flow in the aorta as well as the heart rate variability. In view of this, we make
use of the standard viscous hyperbolic system (see [2], [15], [21]) which models
cross-section area S(x,t) and average velocity u(x,t) in the spatial domain:

aS  o(Su)  9%S

ou ou 10P
§+u%+f— I (1.2)

where (t,2) € @ = (0,7) x (0,L), f = f(x,t) is a friction force, usually taken to
be f = —22umu/S, p is the fluid viscosity, P(x,t) is the hydrodynamic pressure,
L is the length of an arterial segment, and T' = Ty, = 60/(HartRate) is the
duration of an entire heartbeat. Here we include the inertial effects of the wall
motion, described by the wall displacement n=n(z, t)'

n=r—ro= —V/50) =
f 2F
The fluid structure interaction is modeled using inertial forces, which gives the
pressure law (see [3], [8])

(1.3)

g %1 g
P:Pemt‘f'r%n"i_/)whatz = emt+ SO at27 (1'4)
where r(a: t) is the radius, 7o = r(z,0), S = S(x 0), Pegt is the external pressure,
8 = 2h o is the Poisson ratio (usually taken to be o2 = 2), FE is Young

modulus, h is the wall thickness, m = 5%’ P 18 the density of the wall.
This leads to the following Boussinesq system (for the details we refer to [4]):

1
7(77 + TO)uiﬂ = 07

Nt + Nzt + 5
1.5)
9Eh  puh (1.
Ut + Uy + —5 N + — Nt = [y
P P
where p is the blood density. Considering the relation n; = —%rgux, we get the

system:

1
Nt + Nzu + 5(77+7“0)Ux =0,

1.6)
2Eh hrg (
Ug + Uy + 277a:_pw Ugat = f,

Pro 2p

or, rearranging terms in u,

1
M+ Nzt + 5(?7 +ro)uy =0,

1.7)
puho ) 1, ,. 2Eh (
U— ——Upp | + (U )+ —5n:=Ff.
( 2p t 2( ) pT%
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It remains to furnish the system (1.7) by corresponding initial and boundary
conditions.

Since the solvability of the corresponding initial-boundary value problem is
not clear in the case of non-homogeneous Dirichlet boundary conditions, the aim
of this paper is consider a relaxed statement of this problem. Namely, following
the method of vanishing viscosity, we suppose that v7,, is small enough, and as a
result, instead of (1.7), we can deal with the nonlinear problem of Sobolev type.

2. Preliminaries

Let T > 0 be a given value. Let also Q = (0,1), @ = (0,7) x 2, and ¥ =
(0,T) x 09. Let 6 : R — R be a locally integrable function on R such that
§(z) = dp > 0 for a.e. z € Q. We will use the standard notion L?(£,§dx) for the
set of measurable functions u on 2 such that

1/2
Hu||L2(Q,§dz) = </ uzédx) < +o0.
0

We set H = L?(Q), Vo = HZ(Q), and identify the Hilbert space H with its dual
H*. On H we use the common natural inner product (-, -) 7, and endow the Hilbert
space Vy with the inner product

(o, V)vy = (¢, ¢)  forall p,9 € Vj.

We also make use of the weighted Sobolev space Vs as the set of functions u € Vj

for which the norm 1/2
s = (/ (4?4 §(u)?] dm>
Q

is finite. Note that due to the estimate

Julffy = [ e <65t [ 60 de < 050 [ [ul 4 000 ] do = a5 ulf
Q Q Q
(2.1)
the space Vs is complete with respect to the norm || - ||y;.
We recall that the dual space of the weighted Sobolev space Vs is equivalent
to Vi = W12(Q,67 ! dz) (for more details see [6]).

Remark 2.1. In what follows, we make use of the following result: if there exists
a value v € [1,+00) such that 6% € L(Q), then the expression (see [6, pp.46]):

lullv, = [ / <u’>26dx] v (2.

can be considered as a norm on Vs and it is equivalent to the norm ||-||5. Moreover,
in this case the embedding V5 — L?(Q) is compact. Since

15 ey = /Q 67 d < 85119 < +oo,

it follows that v = 1 satisfies the inclusion v € [1, +00).
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Recall that Vj and, hence, Vj are continuously embedded into C(£2), see [1,14]
for instance. Moreover, in view of Friedrich’s inequality

uller < lluella = lullve, VueVo (2.3)

and the obvious relation, for any x,y € Q, y > «x,

2
W2(y) = (u<m> + [Nt ds) < (u(e) + VT T W l)° < 202(x) + 2l |,
we have

2(y) = /Q W (y) de < 2 ([[ull? + 13
= 2 (Jully + llullZ,) = 4lul?,, Vyeo

Therefore,
[ull o) < 2ullvy Vu € Vo (2.4)

We also recall the Agmon’s inequality (see [22, p.52]): there exists a constant
C4 > 0 such that

lullz@) < Callulli*lulhy? Ve V. (2:5)
Remark 2.2. Since 6,6~1 € LY(Q), it follows that Vs is a uniformly convex
separable Banach space [14]. Moreover, in view of the estimate (2.1), the embedding
Vs — H is continuous and dense. Hence, H = H* is densely and continuous
embedded in Vy*, and, therefore, V5 < H — V" is a Hilbert triplet (see [12] for
the details).

By L?(0,T;Vp) we denote the space of (equivalence classes) of measurable
abstract functions w : [0, 7] — V such that

1/2

T
lullz20zivey = </0 HU(t)H%/Odt) <o

By analogy we can define the spaces L2(0,T; Vs), L>(0,T; H), L>(0,T; Vs), and
C([0,T]; H) (for the details, we refer to [5]). In what follows, when ¢ is fixed, the
expression u(t) stands for the function u(¢,-) considered as a function in Q with
values into a suitable functional space. When we adopt this convention, we write
u(t) instead of u(t, x) and u instead of u; for the weak derivative of u in the sense
of distribution

T T
|0 @) 0 de == [ 60 wlt) o)y &t Vo e
0 0

where (-, '>V0*;Vo denotes the pairing between V) and Vp. Here, Vi = H-1(Q) is
the dual space to V4.
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We also make use of the Hilbert spaces
Wo(0,T) = {ue L*(0,T;Vp) : we L*(0,T;Vy)}
and
W5(0,T) = {ue L*(0,T;V;5) : we L*0,T;Vy)},
supplied with their common inner product, see [5, p.473|, for instance.

Remark 2.3. The following result is fundamental (see [5]): Let (Vo, H, V) be a
Hilbert triplet, Vo < H < V{, with Vj separable, and let u € L?(0,T;Vp) and
w € L*(0,T;Vg). Then

e u € C([0,T]; H) and there exists Cr > 0 such that

max (Ol < Cr el + lilzoryy | (26

e if v € L2(0,T;Vp) and © € L%(0,T;Vy), then the following integration by
parts formula holds:

[ (660 0+ 0 6] 1= (a0 00 C5) )
’ (2.7)
for all s,¢ € [0,T].

Moreover, as immediately follows from Remark 2.2, the similar assertion is valid
for the Hilbert triplet V5 — H — V"

In what follows, we make use of the following technical result (see (2.7) for
comparison )

Lemma 2.1. Let u € Ws(0,T) be a given distribution and let as : Vs x Vs — R
be the bilinear form which is defined as follows

as(u,v) = /Q(Su'vl dr, Yu,veVs. (2.8)
Then
2 [ ({0 w0y, + s (@)sut)] dy
= llu@®1F + )}, — lus)7r = lu()|F;  for all s,t € [0,T].  (2.9)
Proof. We set

mﬂ:{u@,tEMﬂ,

0, otherwise

and regularize it by the convolution in ¢, i.e. we consider

N 1 t
ue=iepe, where pe(t) = p () peD.®). [ plyi=1.
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As a result, we obtain a sequence {u.} ., with the properties

ue € C*([0,T];V5), Ve >0,
us — u strongly in L2 (0,T;V5) as e — 0, (2.10)
Ue — U strongly in L2 (0,T;Vs), ase — 0.

It is easy to see that for each € > 0 the following equalities

%[(Ua<t)v ue(t)) g+ as (ue(t), us(t)) | =2 (e(t), ue(t)) g + 2 a5 (e (t), u=(t))

l[ue (O)11F;+llue (D113

(2.11)
(11 (8), (1)) = (it (1), e (£))y ey,

hold true. Moreover, it is worth to note that by properties (2.10) we have:

lue ()17 — w1,
(e (£), ue () g — (a(t), w(t) g »
ag (Ue(t), ue(t)) = as (u(t), u(t))

strongly in L}, (0,T) as € — 0. Taking this fact into account, we can pass to the
limit in (2.11) (in the sense of distribution D’(0,7T")) as ¢ — 0. As a result, we
arrive at the relation

g [(u(®), ut)) g + as (u(t), u(t))]
= 2 (i(t), u(t)) .y, + 206 (a(t), ut)) i D/(0,T). (212)

Since [[u()[% € LY(0,T), as (u(-),u(-)) € LX0,T), and (i(-), u(- )y v, € L(0,T),
after integration of (2.12), we arrive at the desired equality (2.9). O

3. Setting of the Dirichlet Initial-Boundary Value Problem

Let v > 0 be a viscosity parameter, and let

f e L0, T;L3(Q), pe L2(0,T; L)), g € Wy™(0,T),  (3.1)
h € Wy™(0,T), ug € Vs, no € L*(), ro € L*(Q), § € L}() (3.2)
are given distributions, where f stands for a fixed forcing term, ug and 79 are given

initial states, and § is a singular (probably locally unbounded) weight function
such that §(x) > g > 0 for a.e. z € Q.
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The Dirichlet initial-boundary value problem we consider in this paper can be
represented in the form of the following viscous Boussinesq system:

1 1

M+ Neh + =Ny + =Toly — VNze =0 in Q,
27 2 ) (3.3)
[u - (5ux)m]t + 9 (ux) +un,=f in@,
with the initial
n(0,:) =no u(0,:) =wup in Q, (3.4)

and boundary conditions

{ n(,0) =n(,1) =n" in(0,T),

’ . (3.5)
)y u(,1)=~h(-) in (0,7).

In order to give a precise description of the weak solutions to this problem,
we define the following bilinear and trilinear forms

alpw)=v [ JUds Ve et (36)
(o) = [ 8% de Vew eV (37)
ne.0) = [ [#vo+ gov's| o Vb€t (38)
o) = [ [ew) ot ov/o] do VovoeVs (39

Since Vj is continuously embedded into C(Q), it easily follows from (3.6)—(3.9)
that each of these forms are continuous. Indeed, let us consider the form by (¢, 1, ¢)
for instance. We have

(o, < I0llea [/rsouwdﬁ /wwrdx]
(2.4
RERPTP [MO el + 3l ||H}

by (2.3)
< Bllelllelivellelive-
Moreover, direct calculations show that
b1(p,,0) =0 for all p € V and ¢ € Vs, (3.10)

ba(r 0, ) = / oddde for all ¢, ¢ € V. (3.11)
Q
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Definition 3.1. We say that, for given g € WOI’OO(O,T) and h € Wol’oo(O,T), a
couple of functions (n(t),u(t)) is a weak solution to the initial-boundary value
problem (3.3)—(3.5) if

n(t) = wt) +n°,  u(t) =v(t) +u’(t), u(t)=g(t)—[h() —gt)]z, (3.12)
w(-) € Wp(0,T), () € Ws(0,T), (3.13)

(w(0), ) = (m0 —n",x)r  forall x € H, (3.14)

(u(0), x)y, = (uo,x)y, forall x € Vs, (3.15)

+ 5 o+ 19(t) = h(0)], ) =0, (3.17)

(0(), V)yay; + a2 (0(),9) + ba(v(t), v(t), ¥)
+ (e (O, V) g + (p(Hwa(t), ¥)
= (), )y — (@ (@), ¥) g — ba(u”(2), u*(t), 1)) (3.18)

for all ¢ € Vp and ¢ € V5 and a.e. t € [0,T].

Remark 3.1. Let us mention that if we multiply the left- and right-hand sides of
equations (3.17)—(3.18) by function x € L?(0,7T) and integrate the result over the
interval (0,7), all integrals are finite. Moreover, closely following the arguments
of Korpusov and Sveshnikov (see [13]), it can be shown that the weak solution
to (3.3)—(3.5) in the sense of Definition 3.1 is equivalent to the following one:
(n(t),u(t)) is a weak solution to the initial-boundary value problem (3.3)-(3.5) if
the conditions (3.12)-(3.15) hold true and

/ (A0, u0), W)y =0, V() € OV, (3.19)
/ A (0, ul), GO ey dE =0, VO() € OV, (3:20)
where
Ar(w,u) = 2w = Vg, +we(v + u”)
b5+ 0+ 03) + ro(vs ), (321)
Anfuu) = S (0= (Bu2),) + 5 (07), e
+ pwg — f + %u* + % ((u)?), - (3.22)
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4. On Uniqueness of Weak Solutions to the Viscous Boussinesq
System

Let

(' (£), u' () € [Wo(0,T) + 7] x [W5(0,T) + u*(t)],
(' (1), u' (1)) = (w'(t) + 0", 0" (1) + (1), i=1,2,

be two weak solutions to the initial-boundary value problem (3.3)—(3.5) for a given
boundary influences g € WOI’OO(O, T) and h € WOI’OO(O, T). We set

g
—~
~
~—
I
IS
—
—~
~
~—
|
IS
[\
—~
~
~—
<
—~
~
~—
I
<
—
—~
~
~—
|
<
[
—
~~
~—

Since
bl(w17vla ¢) - bl(w27 U27 ¢) = bl(wvvla (ZS) + bl(w27v7 ¢)7
bQ(U17U17¢) - b2(U2,’L)2,1lJ) = / [Ulfuxw + Uvi@b] dIL‘,
Q

it follows that the distributions w(-) and v(-) satisfy the following system

<1b(t), 30>V0*;V0 +a (w(t)’ 90) + b1 (w(t)v Ul(t)’ 90)

+ b1 (w2 (1), v(t), @) + bi(w(t), u*(t), ¢)
+ % ([ro +n"vz(t), )y =0, Ve eVy and ae. t€[0,T], (4.1)

(00), )y, + a2(0(0), )
+ [ o Ot + oO2(0w)] do+ (o)D)
+ (ve(t)uy, )y =0, V¢ eVs and ae. t €[0,7], (4.2)
w(0) =0 in H and v(0) =0 in Vj. (4.3)

Due to Remark 3.1, we can choose ¢ = w(t) and ¢ = v(t) in relations (4.1)—
(4.2). Then, upon this choosing, and Lemma 2.1 (see also Remark 2.3), we have
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and, therefore, relations (4.1)—(4.2) lead us to the equalities

1d 1
5 g0 + e, [ |50 + o0 v ds
+ % /Q [ro + n*]ve()w(t)de =0, for a.e. t € [0,T], (4.4)

— [||v(t)||?H + /Qé(vgc(lt))2 d:L} +/Q [0 (#)va () + v(E)v2(1)] v(t) da
+ / p(t)wy (t)v(t) de + / vz (t)uy(t)v(t) de =0, for a.e. t € [0,T]. (4.5)
Q Q

For our further analysis we make use of the Young’s and Gronwall’s inequalities.
e (Young’s Inequality) For all a,b,e > 0 and for all p € (1,+00), we have

eaP be

» +q€T/p7 with ¢ =p/(p —1); (4.6)

e (Gronwall’s Inequality) Let ¢ be a positive constant. Suppose that ¢ €
L'(0,T) and o(t) is non-negative for a.e. t € [0,T]. If v» € C ([0, T]) satisfies
the inequality

P(t) < c—i—/o e(s)Y(s)ds for all ¢t € [0,T],

then we have
t
P(t) < cexp </ o(s) ds) for all ¢ € [0,T7.
0

Taking into account these inequalities, we conclude that

1

2/Qvas(7f)w(7f)w2(75) dr < %sz(t)HH”Ux(t)HHHw(t)||L°°(Q)

by (2.4) 9 by (2.6) 9

< 2w @Ollallve@lallw®llv, < 2w llegomy;mlve (Ol mllw®) v
< 20E [[w? lwo(o.m) lva ()|l w(®) v
by (4.6)

IND

1
2 2 2
cEmH%@namamm+gm@h4{j%mmwwq

_ 66% HU’Q”%/VO(O,T

1%
Hjoa ()3 + Sl
by (2.1) 6C% ||w2H12/I/0(0,T)6al

1%
< > oI, + Gllw I (4.7)

14

C
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Proceeding in the similar manner, we get

/Qv(t)wx(t)wz(t) dz < |Jw? ()|l we ()| [0 ()] Lo ()

by (2.4) _
< 2/ 2Ol e ) Lol
by (2.6) _
< 2055 e llwgor s Ol 0@l
by (4.6) ~ 1
<" Confi 1o |<lua @1 + LIoOIR,

14
6CE\/(S_1 w2 [l wy 0,7

6CEdg ' w3y, (0,7 v
e vV, + 5 le® 1%, (4.8)

Co

and

5 | o+ 0wty do < Slnollalloa®)lnlw() =0

n %n*u%(t)llHHw( )|l

by (2.4),(2.3) 1
ol + 5| e @l O
nl e 2 1 2
< |Irolla + 5] [Sles 0l + 5wl
2112 2 =2 o+ ]}

*

3 7 2 v
= |Irolla+ 5] estol + ol

by (2.1) 3 7* 2 .
< 5, [”TOHH + 2} o lo@)I3, + 5||w(t)‘|%’0' (4.9)

C3

Combining the estimates (4.7)—(4.9), we obtain

1d v
S—w®FH + Sllw®)|ff;, < [Ci+ Ca+Cs]v@®)[5,  for ae. t e 0,T].

Hence, taking into account the initial condition (4.3), after integration, we get

t
lw(®)|% < 2[C1 + Cs + 03]/0 lo(s)|3,ds  forac te[0,T],  (4.10)

t 2 t
/0 w()F, ds < 201+ s +03]/0 lo(s)2, ds. (4.11)
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Proceeding in the similar manner with the estimation for the equation (4.5),

we obtain

/vx(t)UZ(t)v(t) da = (h(t) —g(t))/ vz (t)o(t) dx
Q Q
< (1Pl ooy + gl o.)) 1o @)L llvz (8)]

by (2.3
v ( 9

(”hHL‘”(O,T) + ||g||L°<>(0,T)) v (0|

(I8l ey + gl e o.r)) 6t lo@IF,- (4.12)

Dy

1)

Applying the similar arguments, we get
/Qu(t)wm(t)v(t) d < (@)l al|we (O] mllo(E)] L (2
< 20/ 1n0) s 1) L 0 (D)l
< /o ol [0+ L7,
= {terting = = /oy ) =85 ) Byl ) + 1O IR,

< 8 el Fee 015200 Il @I, + o115 (4.13)

Dy

and

/Qvl(t)va:(t)v(t) da < [ ()| oz (@)l [[v ()| (@)

by (2.5)

< CalloMleqoryanllos @) ol 3 o)1
6),(2.) 2
< CaCEI lwsom 0@ ()

by (2.1 B
< CaCu|v lwyom lv®IT, < CaCrdy v lwyom) lv@IIF,  (4.14)

~~

Do

5), (2.6)

by (2

N

and
/Qvi(t) ()] da < w2 ()| allo@) e llo(t)]] ()

by (2.5)
< Ol @) @152 oI < Call? @)y o @)1,

by (2.1) _
< 0ady PR ®) v Il ()1 (4.15)

Ds(t)
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In view of the estimates (4.12)-(4.15), we can conclude from (4.5) that

1d

Sq [Hv(t)H% +/Q<5(voc(t))2 dz| < Dollw(t)[[§, + [D1 4+ D2 + Ds(t) + 1] lv(t)|13;

for a.e. t € [0,T]. Hence, after integration, we arrive at the fulfilment for a.e.
t € [0,T] of the following inequality

@7 + v O,

t t
< 290/ w(s)|%, ds+2/ [D1 + Dy + Ds(s) + 1] ||v(s)|I}, ds
0 0

by (4.11) 3 2Dy )
< 2/ > (01 +Co + 03) + (D1 + Dy + Ds(s) + 1) |v(s)[Iy; ds
0

*(s)
(4.16)

Gathering together the estimates (4.16) and (4.10), we finally conclude that the
inequality

Lol + [o(®)]2, < 2 /0 [C1 + s + Cy + C*(s)] (lw(s)lI% + [v(s)]13,) ds
(4.17)

holds true for a.e. t € [0,T]. Taking into account the fact that

T T 1/2
/ Ds(t)dt < VT (/ | D3 (1) dt> = VTC6, (102 2 (0.1v5) < 4005
0 0

we have C*(-) € L'(0,T). Hence, by Gronwall’s inequality, we derive from (4.17)
that
lw®) |7 + [lv(®)[]}, =0 for a.e. t € [0,T]. (4.18)

Now we can summarize the obtained result as follows:

Lemma 4.1. Assume that the conditions (3.1) hold true. Let (n(-),u(:)) be a
weak solution to the system (3.3)—(3.5) in the sense of Definition 3.1. Then this
solution is unique in [Wo(0,T) + n*] x [Ws(0,T) + u*].

5. On Existence of Weak Solutions to the Viscous Boussinesq
System

In order to prove the existence of the corresponding weak solutions to the
initial-boundary value problem (3.3)—(3.5), we will follow the well-known Faedo-
Galerkin method which is also convenient for numerical approximations. With
that in mind, we consider a finite-dimensional approximation of the problem (3.3)—
(3.5). Namely, since Vj and Vj are separable Hilbert spaces and since C§°(Q2)
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and Cj°(R) are dense in Vj and Vj, respectively, it follows that there exist two
sequences of smooth functions {Cx } ey and {&x } e such that {Cy }, o constitutes
an orthogonal basis in 1y and an orthonormal basis in H, and {{ }, .y constitutes

an orthonormal basis in Vs with respect to the equivalent norm /|| - |3, +[| - I3,)-

In particular, it means that

&%, ifk=n, G2
(G 8n)r = { g,k”H otherwise, (G Cn v,y = (|)|’k||vo

&k &n) g + (& En)vy = Ok (Cks Cn) i = Ok

if £ =n,
otherwise,

where dj,, stands for the Kronecker delta.

Remark 5.1. In order to construct the sequence {&x}cn (vesp., {Ck}ren) With
properties indicated before, we can choose as &, (resp., () the Dirichlet eigenfunc-

tions of the operator Aw = — (6w’)’ + w (resp., the Dirichlet eigenfunctions of
Aw = —w") and normalize them with respect to the norm /|| - |3 + | - I3, in Vs
(resp., in H).

Following the main idea of Faedo-Galerkin method, we construct two sequences
of finite-dimensional subspaces

Vsm =span {&1,...,&n}  and Vo, =span {(1,...,(n}- (5.1)
As a result, we have
V;?,m C Vé,m—i—ly VO,m - Vb,m-&—la U%,m = Vé, UVO,m = VO

Further, for a fixed m, we set

W) =Y ek()Chy  vm(t) =D di(t)é, (5.2)
k=1 k=1
k=1 k=1

o= (0 —n"C)g, Be= (&) + (w0)z: (€k)2)12(0s5ax)
and it is clear that
wm(0) = no —n* strongly in H, Um(0) = wp strongly in Vj. (5.4)
Definition 5.1. We say that a couple of distributions
(W) + 1%, v (£) + 05 (8)) € [Wo(0,T) + 7] x [W5(0,T) + '

is a Galerkin approximation of the weak solution (w(t) 4+ n*, u(t) + u*(t)) to the
system (3.3)-(3.5) if wy,(t) and vy, (t) have the representation (5.2)-(5.3) and
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satisfy the following approximate variational problem

(W (), C) vy + @1 (wm (8), Cr) + b1 (wm (t), vm (), Cr)

b (0,07 (0),G) + 5 (o + 77 om0, G

+§([T0+77H g(t) = h(t)],Ck) g =0, (5.5)
<bm(t)7§k>v v, +a2(0m (), §k) + b2(vm (t), vim(t), &k)
+( €k

]
)
p(t) [wm ()] &) g + ([om (D], uz (8, 9)
= (f (), k) — (@ (£), &) g — ba(u” (1), w" (), &k) (5.6)

for a.e. t € [0,T] and every k=1,...,m

Remark 5.2. Since w,, € L*(0,T;Vy) and o, € L*(0,T;Vs) for any Galerkin
approximation, it follows that

(m (1), Crvevy = (W), Ce) g and  (Om(b), Ek)yry; = (0m(),Ek) g - (5.7)
The following assertion holds true.

Proposition 5.1. Under assumptions (3.1)—(3.2), for each m € N, there exists
T, > 0 such that the Galerkin approximation (wp,(t) + n*, um (t) + u*(t)) of the
weak solution to the system (3.3)—(3.5) is unique on [0, 7}, ]. Moreover, in this case
we have

meHl O,Tm7vm7 U’rne—[{1 Ovavvma

Wm € C([07 Tm]a VE),m); Um € C([07 Tm]; Vé,m)-

Proof. To begin with, let us show that the coefficients {c(f)},cy and {dx(t)}cn
can be defined from the system (5.3),(5.5),(5.6) in a unique way on some approp-
riate time interval [0,T,]. To do so, we note that because of orthonormality of

the sequences of smooth functions {Cx},cy and {&}cy in H, we have for all
k=1,....m

m

(o). Gy = (Do (6 Ge) , = enl),
s=1

(om0 60 = (Do ds(D0, &) | = dul®)ll

s=1
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Moreover, the orthogonality of these systems in V[, and Vj, respectively, implies

ar(win (1), Gr) = v (G Gi) y e (t) = V|Gl ex (8),
CLQ(i)m(t)a&c) = Z (5€;a§;c)Hd5(t) = |’£;§”%2(Q,f5dl‘)dk(t>’
s=1

bl(wm(t)vvm(t)aCk) :/Q LX_;CS(t)Csl |:Zd ] Ck dx

[gcs ”Zd ]deac

= Z by (CS: Ej’ Ck)cs(t)dj (t)v

s,7=1

by (W, (t), u*(t / [Z cs(t ] t)C dx

+3/ [ch cs] )G da

= > (G u (1), Gr)es () (1),

b2 (Vm (t), v (1), &) = Z(ss@ &) ds(t)d; (1),

% (ro [vm(O)] + 0" [om ()] C) g = % > (ro&s + 1€l Gk) gy ds(t),
s=1
() [wim ()], 2 &k) r = Y (1(8)GE: €) gy 5 (E),
s=1
([vm ()], uz(t), (&)
s:l

Taking these representations into account, we set

Con(t) = [e1(t), .., em(@®)]F, CO =lag,...,oml",
Di(t) = [di(1), ..., dm(®)]", Dy, = [Br,..., Bul,
Fr(t) = [F1(2), - - ~7Fm(t)]t

= (f(1), &) — (@ (1), &) g — b2(u” (1), u"(¢), &),
sy R (D)
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'j}zzjzl with aj; = = (ro&] + 1%, )

Agm(t) = [a?j(t)]:;': with azj(t) = (u (t)C]/wfi)H,
Azm = [a?j]j;ﬂ with af’y (@,&)H,

=

Ky, = diag {HQ”VOP"?HCmHVO},

N | —

C (t)Bm1© (t)
(Cin(t)BmCm(t) = 5
Cla(t )Bm mC (t)

where Bm7k |:bk:| 1 with bf] = bl(Ci7 g]v Ck)v
1-]

R D7, (t )Bm 1D (1)
D7, (1) B Din (1) =

DY, (£) B, Dy (t)
) _ |3k : Tk _
where Bm7k = |:b7/]:|l’]:1 with b'LJ - (§l§;>§k)H

Then the system (5.3),(5.5),(5.6) can be represented as follows

Con(t) = VK1 Crn(t) — Ap D (t) — CLL () B Con (t) + Ry (2),

D (t) = =t () Az Dy (t) — Ag i ())Cp(t) — DL, () By Dy (£) + Fo (2). (5.9
Cm(o) = C?n?

D, (0) = DP..

Since the sequence {{},cy is an orthogonal basis in Vs with respect to the

equivalent norm \/HUHH + ||u$HL2 Q5 dz) 1t follows that

diag {HEIH%D ) HgmH%{} + diag {Hfi”%%ﬁ;édm)? SRR HdnH%Q(Q,édx)}

is the identity matrix. Hence, for each m € N we deal with the following Cauchy
problem for a linear-quadratic system of ordinary differential equations

a4 [Cu(t)] _ [ —vKn —Apm C(t)
dt [Dm(t)] [—AZm(t) —uk (t )Agm] [Dm(t)}

) Bc)fggg o Eﬂ " ﬁ:éfﬂ t>0, (5.10)

{gzggg] - [ggﬂ : (5.11)

In view of the initial assumptions, we have

]Fm() € LQ(OvT;Rm)a u;() = g()_h() € Loo(oaT)v AQ,m(') € LOO(()?Tu Rmxm)
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Hence, by the Carathéodory’s existence theorem, the Cauchy problem (5.10)—
(5.11) admits a unique solution [C,,(t), Dy, (t)]" in C*([0, T}, ]; R*™) for an approp-
riate T,,, > 0. As a result, the representation (5.2) immediately leads us to the
conclusion

W € Hl(ova§Vb,m)a Um € Hl(oaTm;%,m)

and, therefore, wy,(-) € Wy(0,T,,) and vy, (-) € Ws(0,T,,). It remains to note
that the rest functional properties that were indicated in (5.8), are the direct
consequence of the Sobolev embedding theorem (see Remark 2.3). O

Remark 5.3. Since the nonlinearity in the right-hand side of the system (5.9) is
locally Lipschitz continuous with respect to the vector-function [Cp,(t), Dy (1),
by the well-known results of ODEs theory (see [19]) it follows that the unique
solution to the Cauchy problem (5.10)—(5.11) can be extended by continuity from
[0, T;,] to any larger interval. Hence, we can suppose that the intervals [0, T},] can
be chosen such that (T,,, > T for m =1,2,...).

Our next intention is to show that the sequence of Galerkin approximations
{(wm(t),vm(t))},meny POSSesses some compactness properties in an appropriate
topology. To do so, we begin with the following technical result.

Lemma 5.1. Under assumptions (3.1)—(3.2), there exists a constant C* > 0,
independent of m € N, such that C* = C* (‘|hHW01,00(07T)7 ||g||W01,oo(07T)> and

[wm () I7r + [[om ) |77 + [lom () [I3, < C* for allm €N and t € [0,T]. (5.12)

In particular, the following estimates

[om ()3, < @7 (T + @ ([lno — n*|IF + lluollZ + lluolls,)) Vit e€[0,T], (5.13)
lwm ()||7r < [In0 — n* (|7 + CT
+CeT O (T + @ (IIno — n*IIF + lluollzr + lluolly,)) . Vit €[0,T]
(5.14)
hold true, where
(Co = — lIrollu +n'T?
0o — V50 To||H n 3
* 1 *12 2
C1 = llrollsr +7] (llgll oo o,y + 1Pl oo 0,1))
« _ 35 A
C; = 55" [1loran + 56 +€2]. (5.15)
* —1 ~ 1 2
C3=10, |C+ $||/'LHL°°(O,T;H) )
C= HgHWOlvOO(o,T) + ||h||Wolv°°(07T)>
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and

ds

q
o) = [ -
e CT+ 055+ (C5+C35) s+ 57 " s/

, (5.16)

for some positive value € > 0.

Proof. Multiplying the equations (5.5)-(5.6) by cx(t) and dg(t), respectively, and

summing both equalities for k = 1,...,m, we get (see also (5.7))
(W (), wm ()i + a1 (wm (), wm(t)) + % ([ro + 1" [om ()], wm ()
+ = ([ro+n"][g(t) — h(t)] ,wm(t))y =0, forae. tel0,T], (5.17)

1
5 (
(0 () ,0m () 1 + a2(0m (1), vm (1)) + b2 (v (£), om (t), v (1))
+ (@) [wn @], s om () g + ([ ()], ug (8), om (1))
= (f(®), vm @) g = (@* (), om(t)) g
—ba(u*(t),u”(t), vm(t)), for a.e. t € [0,T]. (5.18)

We note that by (5.8) and Lemma 2.1, for a.e. ¢t € [0, 7], we have

(i (0) 0 (1)) 1 = 5 hem O,
(G (1), v (£)) gy + @2 (O (), Vm(£)) = %% om(®1% + lom®l2,], 19

a1(wm(t), wn(t)) = Vme(t)H%/O-

Moreover, the Holder’s, Young’s, and Agmon’s inequalities imply the following
estimate for the rest terms in (5.17)—(5.18):

%(7"0 [om ()], + 10" [vm ()], wm(8)) y < 1H?“o + 07 [l [om ()] | [ wm ()] oo (@)

y (2.1), (2.4
< [||T0||H+?7 V00 v (Ol lwm () v

by (4.6) - 1
< Droll +w1/%" | SO, + LY P
e==Zllroll m+n*]\/ 8¢

1 %12 14
oo Ul +1 o (@1, + % om0, (5.20)

Co
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5o+ 71 1(0) = h(O], wm ()1

N | —

sliro+n%lla (9l o.0) + [1All e or)) lwm ()l

<
< [H?‘oHH +1° (gl o1) + 1Bl 0,1)) llwm (B) v

by (4.6) e . 1
(gl ze o,y + Ill oo 0.7)) [2 [Iroller + 71> + = lwm ()],

2e
2
€= - (||9||Loo(0,T) + Hh||L°°(0,T))

2 VU
Wrollz +7*1 (gl o< o.7) + 1Al o< 0.7)) +1me(t)|!%/0; (5.21)

N~

C1

t\H

(£, om @) < LFOllom O < /55 1 o om (@)l (5:22)
(0 (0), om () < [ Ol o @)l < 54/55" (18] + 16(0)1) Nom (D,

3 _
< /85" (Il omy + Mllweeomy ) lom @l (5:23)

c

by (u” (t), u” (t), v (t)) = /Q u* (t)uy () om (t) da
< (g@O1+ h@O) luz Ol allom @)

2
< (gl oy + 1Pllyzeory ) V3 lom(®llv,
= C?\/65 Hom®)[lvs; (5.24)

(t)
(lg@®1 + RE)]) [lom @I,
)

< (lg |
< (lg®)] + 1h@E)) 65 HNvm O3, < 65 Cllom ()11
(5.25)

([om ()], uz (t), vm(t))H

b (tm (), 0 (1), v (1)) < /Q OB (0) [0 (1))

< v @[ l[[om ()] | l[vm ()] Lo @)

<0 lom @izl [om ()]l 2 lom ()]s

< 8 Hom Ol llom @1, < 65 lomO3,;  (5.26)
(1(t) [wim ()], , v () gy < ()22 T (8)]e 12 0 () | oo )

<00 el oo o1y 1w () 13 o () v
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_ € 1
< /o Wellmioan | §lum@1F, + 5 lom(@) :

e=——=—" }
AV ||HHLOO(0,T;H)
1

v —
< 5!\wm(t)|!%/o +3,% el e o sy lom (D1 (5.27)

Combining the estimates (5.20)—(5.27) together with the representations (5.19),
we derive from (5.17)-(5.18) the following inequalities

S Ol + Sl 1%, < Calon O, +C. (5.28)
3 5 Wom@IBs + Lom (O] < V55" (1l + 58+ 6] (O,
C;
v (€4 il ) om0,
S
35 Jom O, + Zlwm IR (5.29)

Then it follows from (5.28)—(5.29) that

%[me(t)lﬁq +llomONE + lom@17;] < P (lom@®llvs) (5.30)

where

W(z) = Of + Oz + (G5 + C5) 22+ 8, /2 22,

Thus, we arrive at the differential inequalities

d
= om @17 + lom @1z + lom®I7,] < € (lom@)llv;) (5.31)
d
lom @1 < C(’illvnw(?f)H%;s +C7, (5.32)
leom )13 + l[om ()3 + l[om (0) 3, ™ £ (ok + B7) - (5.33)
k=1

By Parseval’s identity, we have the following monotonicity property

m oo
Yo (@ +80) /Y (@ +B7) = llno =" IFr + luollfy + luollf, as m — oc.
k=1 k=1

Hence, the sequence

—

()3 + [0 (0) 3 + [0 (O)]3, } s bounded. The-
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refore, passing to the integral form of (5.31)-(5.33), we obtain
lom 175 < llmo = 7" 1 + luollzr + lluollF;

t
+ [ 8 (lon(o)) ds. te 0.7) 6.3
0
t
Jan®lfs < lmo =l + CIT+C [ on(@lRyds. te0.7] (63

. U(2) = Cf + C5v/z + (Co+C3) 2+ 657 /2. (5.36)
Putting ,
)= [ T (lon(o)If,) ds. tel0.7)
we have y(0) = 0, and the relation (5.34) leads us to the inequality
9(t) < W (llno = n*IIF + luoll7; + lluoll¥, + (1), t€[0,T].

Then, by integration on [0, t], we get

y(t) d
/ _ s <t telo,T].
o B (o = 1% + ol + uol3 + )

Setting ®(q) = Eq @d(z 7 where ¢ > 0 is some small enough positive value, the

previous inequality can be rewritten as follows
® (y(t) + llno — n* I3 + luollF; + lluoll¥,) < t+@ (Ilno — 0™ (17 + lluollF + [luollF;) »
that is (see (5.34) and (5.36))

lom@)11F, < 274 (t+ @ (Ino — 0" (17 + lluollz + luoll?,)) vt € [0,T]. (5.37)

It is worth to notice that the function [0, +00) 3 ¢t — ¥(t) € [0, 400) is monoto-

nically increasing. Hence, there exists a unique inverse function g — ®~!(q) with

the same property. As a result, (5.37) and (5.35) immediately imply the required

estimates (5.13)—(5.14). O
As an obvious consequence of Lemma 5.1 and inequality

T 2 2 r 2

v [ @1, dt < (Ol + CIT+C [ o0l

by (5.13) ) i}
< wn(0)][7 + CTT

+Co T e (T + @ (o — 1ll7; + lluollZ; + lluoll¥;)) » (5.38)

coming from (5.28), we have the following result.
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Corollary 5.1. The sequence of Galerkin approzimations {(wm(t),vm(t))}
is such that

meN

{wmn(t)}en 18 bounded in L>(0,T; H), (5.39)
{wm(®)}en s bounded in L*(0,T; Vp), (5.40)
{vm ()} hen 18 bounded in L>°(0,T; Vs), (5.41)

uniformly with respect to m.

We now proceed with an estimate of the norms of {(wWm(t),0m(t))},,cn in
appropriate spaces.

Lemma 5.2. There exist constants Cj, (k =1,...,3) and D; (i =1,...,5)
independent of m such that the following estimates hold:

N o ¢
lim@®)llvg < Cs + V2max {v + 20, Co | /Ou(t) + 5 (1), (5.42)
om(®)ll1 + lm(®)lvs < D3+ Da+ V2 (Dy + D3) V/@yu(t) + Ds(t) (5.43)

for allm € N and a.e. t € [0,T], where C is defined in (5.23) and

2 2 o W (312)
Py (t) = lwmOllz + lvm @Ol + lom Oy, < C. (5.44)

Proof. Let z € V) and v € Vs be arbitrary elements, and let m € N be a fixed
positive integer. Then we have a decomposition

z=w+w’, v=u+u’,
where w € Vg m, w® € Vofm, U € Vi, and ul € V(%m Hence,
lwllvg < llzllvy and lullv; < [lv]lv;- (5.45)
Since (see Remark 5.2)
(m (), 2) vy, = (W (t), w)y  and (0 (1), V)yey; = (Om(t), )y, (5.46)
it follows from (5.5)-(5.6) that the following equalities

(m(t), 2) g = —a1(wm(t), w) = br (Wi (t), vm(t), w) = by (wm(t), u"(t), w)

— 5 o+ 7 ()] )y — 5 (o +07] 9(0) — h(D)] )y
(5.47)
(i (1), 00+ @20 (2),0) = = (0 (0) 0 (0) 1) — (1) eom ()] )
([ (], 0w + (), )

— (W (), u) g — ba(u™(t),u"(t),u) (5.48)
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hold true for a.e. t € [0,T].
Then, by analogy with (4.7)—(4.9), we get

|a1(wim (1), w)| < V][wm ()][vs l[w]v,
[b1(wim (t), vm (t), w)|

< (5oLl + Ol om0 ) Tl

(on
<
—~

N

—_
—

(2.4),(2.3)

< 34/ 80 llom () [[vs llwnm ()]vo 1w vs
~——
Ch
b1 (W (t), u™ (L), w)]
1 *
< [ [w* ()] | [ wim ()] Loo (@) + (1w (8] || 2 | u (ﬂl!Loo(sz)) |wl| i
by (3.12

//\

(uguW <oy Il zy ) Uem@llve + e @lalla) ol

c
= 20wm (8o llwlv,

5 (o T )], + 0" lam(®), )y | < 3 ol om (el o
1, _ 1,
o0 Mm@l llwllr < /6 (Hrom #37) Tl ol
&

5 (o + 7] [9(6) = B w) e | < lirollllote) — Al ey

1 * ] 1 *
+ 51900 = ) Llhwlln < € (Troll + 3 ) e

Cs

Hence, combining this estimates with the representation (5.47), we obtain

(m(8),2) ] < [Cs+ (v +2C) llwm(®) v, + Cillom () vs lwm B llv,
+ Callom(®)lvs] Inellve
<|Cs+ (v +26) lwm(®)llvy + Cullom(®)lvs lwm (®llvg

+ Callom(®)lvs ] l12]vo-
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Then, by definition of the norm in Vi, we may write
lim@llvg < Cs + (v +2C) lwm®llve + Cullvm(®) s lwm@®llve + Collvm (®) s

< C5 + V2 max {y +2C, 6*2} VO () + %@m(t)

12)

g
ING

C, forallm e N and a.e. t € [0,7], (5.49)

where the constant C' does not depend on m.
Now we can proceed with the similar estimation for the equation (5.48). Using
the Schwarz, Friedrich’s, and Young’ss inequalities, we infer

| (1(t) [wm ()], @) | < Nl oo 0,70 Twm (8)], el e )
< 24/ 85 il oo 0,7, 0) wm ()l v,
D,

[([om @), (), 1) | < Cll wm O], Nalluller < 857 C lom(®) vs lullvs,
Iy
Do
| (f(8),u) g — (@ (1), w) g | < | fllpoe o,z lull a4+ 116 ()| |l 2

< /85 (1 oz + Il ry + gl ) v,

Ds

and

memwmmwwﬂAm%mm%ﬁMx

—3/2
< 265" [om ®)I; lullvs,
——

< om @Ol allull e lom ()] Lo (62)

Ds
b (u” (2), u™ (t), u)| = /QUUZ(f)u*(t) dx

< /051 C? [lullvs.-
A4

< Mz Ol llullalle” (@] o @)

——
D.

In view of these estimates, we deduce from (5.48)
(Om(t), 0) g + a2(0m(t),v) = (0m(t), 0) g + (0m (), v)y,
< [ Dalwm(®llva + Dallom(®)llv; + Ds + Da+ Dslom (I, ] lullvs

< [ Dallwn(®)llve + Dalfvm(®)lvs + Ds + D + Dsllom(®)13, | Iv]v;-
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Hence,

|om (O)l#r + [1om (B vy < Dillwm(t)llvy + Dallvm(#)|lv; + Ds + Dy + Ds|lom ()13,

< ﬁ?, + D4+ V2 (ZA)1 + ﬁ2> V @ (t) + f)5(I>(t)
by (5.12) -
< D, forallmeNanda.e. te[0,T], (5.50)
where the constant D does not depend on m. The proof is complete. O

Remark 5.4. Lemma 5.2 shows that the sequence {wn(t)},,cy is bounded in
L>°(0,T; V') while the sequence {0,,(t)},,cy is bounded in L>°(0, T V5). Combi-
ning this fact with Corollary 5.1, we conclude that

{wm(t)}en s bounded in L>°(0, T H) N Wy(0,T), (5.51)
{m(t)},,en 1s bounded in L>(0,T; V), (5.52)
{vm(®)}nen is bounded in WhH(0,T; Vs). (5.53)

Hence, by Banach-Alaoglu compactness theorem, we can deduce that there exists
a subsequence of the sequence of Galerkin approximations {(wm,(t), vm(t))},en
still denoted by the same suffix m, such that, as m — oo (see Lions |16, Theorem
5.1] and Simon [20]),

Wy, — w weakly in L2(0,T;Vp), (5.54)
Wy, — w weakly-* in L°°(0,T; H), (5.55)
Wy, — z weakly in L2(0,T;Vg) and weakly-* in L°°(0,T; Vg), (5.56)
Um — v strongly in LP(0,T; Vy) for any p € (1,00) by (5.53), (5.57)
Um — v weakly- in L>(0,T; V), (5.58)
Um — u weakly in L*(0,T; V) and weakly-+ in L>(0,T; V), (5.59)

where z = w in the sense of D'(0,T; V), and u = v as elements of D'(0,T; V;).
Indeed, in view of the definition of generalized derivative, we have

T T a(p
/ (wm(t)v C>V0*;V0 Sp(t) dt = _/ (wm(t)a C)VO E dt: VC € Vba v‘P € C(())O(Oa T)
0 0

Then (5.54) implies that w,, — w in the sense of distributions D’'(0,T’; V;"). Since,
the limit in D’(0,7T; V") is unique, in follows that z = w. The similar arguments
show that w = v in D'(0,T}; V).

In order to proceed further, we need a couple of the following technical results.

Proposition 5.2. Let {(w,(t), vm(t))},,cn be a sequence with properties (5.51)
(5.53) and (5.54)(5.59), and let u € L?(0,T;Vp) be an arbitrary distribution.
Then

T T
lim [ by (wm(t), vm (), u(t)) dt = /O by(w(t), v(t), u(t)) dt. (5.60)

m—00 0
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Proof. Following the definition of the trilinear form b; (see (3.8)), we have
T
/ by (wm (1), v (1), u(t)) dit =
1
/ / [wm Jetvm(t)u(t) + gwm() [vm(t)]wu(t)] dudt

- / | (w0 = fo(®l) o(eyutt) de
/ /wm vm(t) — () u(t) dadt
SWAC

t)dzdt + = //wm —w(t)) [v(t)]zu(t) dedt

! / / winlt) ([om()]s — [o(8)]2) u(t) dadt
/ / u(t) dzdt

_Jl +J2 / / dﬁdt"_Jg +J4

/ / u(t) dwdt. (5.61)

Since the inclusion v € L*>(0,T; Vs) implies v € L*(Q), it follows that v(-)u(-) €
L?(0,T; H). Hence,

Ji"— 0 as m — oo by condition (5.54). (5.62)

Besides, the estimate

T
[ ROt e < 5577 [ ol b

—1/2 —_
< 50 ||UHL2(O,T;V5)||u||L2(0,T;H) < 50 1THU”LO<>(0,T;V5)||UHL2(0,T;VO)
shows that [v(-)],u(-) € LY(0,T; H). Therefore, from (5.55), we deduce that
Ji"— 0 as m — oo by condition (5.54). (5.63)

Further we notice that {[wy,(-)]zu(-)},,cy is a bounded sequence in L'(0,T; H).
Indeed,

T
/0 ITwm O]zl dt < fwmlell 20,z vl L20,2:m)

by (5.51)
< lwllzz0.1v0) Slé%me”m(o,T;vo) < O <+oo. (5.64)
m
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Taking into account the characterization of the set W1>°(0,T; Vs) (see Evans [7,
p. 279]), we have: {vm()},,cn is a bounded sequence in the space of Lipschitz
continuous functions C%1([0, T]; V;). Hence, by Arzela—Ascoli theorem, we obtain

T
lim [J3"[ < lim | [[wn (D)lzu(@) g [[vm(t) — 0@)]| dedt

m—00 m— 00 0

by (564) _
< O lim flvm —vlogoriay <O i Jon —vllogorsv;) = 0. (5.65)

It remains to study the asymptotic behaviour of the forth term Jj*. To this end,
we make use of the following chain of estimates

T
217" </0 [[wm ()| oo (@) [vm (8)]e — [v()]all g [u() ||z dt

by (2.5)

T
< cA/’me<m”ﬂrnx>wﬂuwmanx—wuﬂaﬂwuadet

cumww#”wm/ww O om0 — [ Ol (8| dt

D

T
<Dwmpm¢ﬂ>(é m%umwumawh—hwnwzdﬁ

1/2

1/2
< Dllullz2(0,7:v0) <SUP ||wm|L2(O,T;V0)>
meN
1/4

x(ATw%wh—wwmmdQ - (5.66)

by (5.54)
Since sup [|wm|l20,r) < +oo and
meN

T T 2
Anmwm—wwm@w<%{£(Ameh—wmﬁwm)m

by (5.57)
<oy / lom(t) = o)1, dt = 52 om — 044 0y

it follows from (5.66) that

0 as m — oo,

Ji'—=0 as m — oo. (5.67)

Thus, in view of the properties (5.62), (5.63), (5.65), and (5.67), the limit passage
in (5.61) as m — oo leads to the desired relation (5.60). The proof is complete. [

Proposition 5.3. Let {(w,(t), vm(t))},,cn be a sequence with properties (5.51)—
(5.53) and (5.54)—(5.59), and let v € L?(0,T;Vs) be an arbitrary distribution.

Then
T

T
im | bo(vm(t), vm(t), u(t)) dt = /O ba(v(t), v(t), u(t)) dt. (5.68)

m—0o0 0
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Proof. Taking into account the definition of the trilinear form by (see (3.9) and
(3.11)), we have

T T
/0 b2 (Vi (t), Vi (t), u(t)) dt :/0 /va(t) [Umn ()] u(t) dzdt
T
= / / (v (t) — v(t)) [v(t)]pu(t) dzdt
o Ja
T
[ [ onl) (o0l = (o)) u(o) doc
T
+/0 /Qv(t) [v(t)]ou(t) dedt
T
= D"+ D3* + / ba(v(t),v(t),u(t))dt.  (5.69)
0
Then, in view of implication v € L*>®(0,T;Vs) = v € L*°(Q), we obtain
T
[ ] ont) = o@) ottt det] <
0o Ja

T
< =) /0 lom () = o(&)Lzllu(®) 1

< vl pee (@) 1wl L2 0,7y lvm — vl L2 (0,71
< 6 vl @ llull z20,v5) lvm — vllz20,7:v) -
Hence,
T’%i_lgloo D7 = 0 by the strong convergence (5.57). (5.70)

As for the term D3", we have
T
D51 =] [ o® ([0 = o)) u(t) doct]
T
</0 [vm ()| oo (@) [ [vm (D)) — [v(@)]all [lu() || 7 dt

by (2.1), (2.4) T
< 2\/501||UM(t)||L°°(0,T;V5)/O [[om )]z = ()]l allu(t)]| dt

<24/6;" sup [vm ()| oo (0,13v5) Nvmle = [W]ell L2 0,0 1wl 20,71

C
< O H|om — vl 20,7 1l 2 0,73v5) — 0 as m — oo by (5.57). (5.71)

Combining this result with (5.70), we can pass to the limit in (5.69). Thus, the
equality (5.69) follows. m

We are now in a position to prove the main result of this section.
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Theorem 5.1. Assume that the conditions (3.1)—(3.2) hold true. Let

{(wm (@) + 1", um (t) + u*(£)) }en

be a sequence of Galerkin approximations to the corresponding weak solution of
the initial-boundary value problem (3.3)—(3.5). Then there erists a unique pair

(w,v) € [L®(0,T; H) N Wo(0,T)] x WH(0,T; V) with w € L>(0,T;Vg)

such that (w,v) is a limit for the entire sequence {(wm(t), vm(t))} ey as M — 00
in the following sense

Wy, — w weakly in L*(0,T; V), (
Wy, = w weakly-+ in L>=(0,T; H), (
Wy, — 0 weakly in L*(0,T;Vy) and weakly-x in L>=(0,T; V), (5.74
U — v strongly in LP(0,T;Vy) for any p € (1,00) by (5.53), (
Uy — v weakly-+ in L>®(0,T; Vy), (
O — 0 weakly in L*(0,T;V;) and weakly-+ in L= (0,T; V), (

and (w + n*,v + u*) is the weak solution to the initial-boundary value problem
(3.3)=(3.5) in the sense of Definition 5.1.

Proof. To begin with, we note that the sequence of Galerkin approximations is
relative compact with respect to the convergence (5.72)—(5.77) (see Remark 5.4 for
the details). Let {(wp, (1), vm(t))},,cn be its arbitrary subsequence with properties
(5.72)—(5.77). Our first intension is to use these properties in order to pass to the
limit as m — oo in variational problem (5.5)—(5.6). However, we have to keep in
mind that the test functions in (5.5)-(5.6) have to be chosen in Vj,, % Vs . To
do so, we fix a couple of distributions (z,u) € L?(0,T;Vy) x L?(0,T; Vs). Since

2(t) =) wp(t)G and u(t) = M(t)
k=1 k=1

and these series are convergent in Vj and Vj, respectively, for a.e. t € [0,T], we

set
N

N
an(t) = wp(®)G and un(t) = M(t)é

k=1 k=1

and keep N fixed, for the time being. If m > N, then we obviously have (zn,uy) €
L%(0,T;Vom) x L*(0,T; Vs,). Hence, multiplying equation (5.5) by wg(t) and
equation (5.6) by Ax(¢) and summing for £k = 1,...,m, in view of the property
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(5.7), after integration over (0,7"), we get

~

T T
/O(U'Jm(t),zN(t))H dt + al(wm(t),zN(t))dt+/0 by (wm(t), vm(t), zn () dt

(t),w”(t), 2 (1)) dt

+
~

+
NI NI S— S5 —
o— B
N &
'
3

(ro [vm ()], + 0" [vm ()], s 2n () dt

+

([ro +n"Tg(t) = h(D)], 2n(8)) g dt =0, (5.78)

T T

T
/ (om(t), une () g dt + / as (b (1), un () dt + / b (0 (1), v (1), v (1)) d
0 0 0
T

T
+ / (u(t) ()], un () dt + / (om (), (1), un (1)) 5 dt
0 0
T T
- / (F(O), un (b)) dt — / (i (t), un (1)) dt
0 0
T
- /0 bo(u* (1), u* (1), un (t)) dt. (5.79)
Due to the weak convergence of the sequences

{(wm @), om(t) }en and {(m (L), 0m(t))}men

in their respective spaces (see (5.72)—(5.77) for the details), we can pass to the
limit as m — oo in that relations. Since (see (5.7),(5.74), and (5.77))

m—00

(W(6), 28 (D)

it follows from Propositions 5.2 and 5.3 that the following equalities are valid

T T T
| @)y i+ [ aev@)des [ b, oo. o)
0 0 0
T . 1 T .
+ [ nwo. v+ g [ (o) o] o (0) e

T
5 | o wlls®) = hol an(0)y it =0 (5.50)
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T T T
/(@(t),uN(t))H dt+/ aQ(o(t),uN(t))dH/ ba(v(t), 0(t), un (t)) dt
0 0 0
T T
+/’mwm@uwmmHﬁ+/'mwh@@mmme
0 0
T T
:/(ﬂWMWMﬁ—/(W@WMWHﬁ
0 0
T
- /0 bo(u* (1), u* (1), un (1)) - (5.81)

Now, we can let N — oo keeping in mind that zy — 2z and uy — wu strongly in
L?(0,T; Vo) and L?(0,T;Vs), respectively. Taking into account that the result is
valid for all (z,u) € L?(0,T;Vy) x L%(0,T;Vs), we finally conclude the fulfilment
of the following equalities

(w(t), Z>V0*;Vo +ar(w(t), z) + by (w(t),v(t), z) + by (w(t),u*(t), 2)
45 o+ ) [, 2)

45 o+ 7] o) — h(H] =) =0, (5.:82)

(0(), w)yy; + a2(0m(t), w) + b2(v(t), v(t), w) + (u(t) [wt)], )y

+ (O], ue(t),u)
= (f(t),w) gy — (@ (t), w) g = ba(u”(t), u* (1), ) (5.83)

for all z € Vjj and u € Vj, and almost each t € [0, T7.

It remains to show that (w(t), v(t)) satisfy the initial conditions w(0) = ng—n*
in H and v(0) = ug in V5. To begin with, we note that w € C([0,T]; H) and v €
C([0,T7]; V) (see Remark 2.3 and Lemma 2.1). Let us check the condition v(0) =
uo in Vg (the similar assertion for w(0) can be verified in the same way). With
that in mind we fix u € C*([0,7T]; V) with u(T) = 0 and apply the integration by
parts in the following relations

T T
/<mﬁxmeﬁ:—@%mmmm—/“wmmudeu
0 0
T

T
/ ag (0 (1), u(t)) dt = = (U, un(0)) 205 dx) —/ ag (vm(t), u(t)) dt.
0 0

Then from (5.81) we find

T T T
—/<w@mmmﬂﬁ—/ammmmmmw+/@mmm%@wmmﬁ
0 0 0
T T
[0 om0, @) [ (om0, 0, w0
0 0
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T T
= [ GO @)y de— [ @ O.un(o) d
0 0

T
- /0 bo(u* (£), u* (£), uny (8)) dt + Uy o (0)) gy + Uiy o (0))y, - (5.84)

Letting the first m — oo and then N — oo and taking into account that U,, — ug
strongly in Vs, we get from (5.84)

T T T
—/(mmmmHﬁ—/(mwmmmﬁ+/‘wmmmmmmﬁ
0 0 0
T T
+/0 (u(®) [w®)],  ult) g dt+/0 ([v(®)], uz (), u(t)) y dt
T T
:/(NM@M&/(W@MWHﬁ
0 0

T
—/0 ba(u™(8), u™(t), u(t)) dt + (uo, uw(0)) y + (w0, u(0))y; - (5.85)

On the other hand, if we apply the integration by part formula to the relation
(3.18) with ¢ = v(t), we obtain

T T T

—/(mmmmHﬁ—/(mmmmmﬁ+/‘wummmmmﬁ

0 0 0

T
/(u
0

T
/(f
0
T

—_ bQ(
0

Substracting (5.86) from (5.85), we have

(0(0),u(0)) g + (v(0),u(0))y; = (uo,u(0)) y + (w0, u(0))y; -

By arbitrariness of u(0), we finally obtain v(0) is equal to up as elements of
Hilbert space V. It is clear that the similar assertion is valid for the equality
w(0) =mno —n".

Thus, summing up the obtained results we can give the following conclusion:
the pair (w(t) +n*,v(t) + u*(t)) is a weak solution to the initial-boundary value
problem (3.3)—(3.5) in the sense of Definition 5.1. Since this conclusion is valid for
any cluster pair of the sequence of Galerkin approximations {(wy (%), vim(t))},,en
and the system (3.3)—(3.5) admits a unique weak solution (see Lemma 4.1), it
follows that (w,v) is a limit pair for the entire sequence {(wp (t), vm(t))}neny. O

+

T

w(t)], u(t))  dt + /0 (@), w5(), u(t)), dt
T

umHﬁ—A(M@w@Mﬁ

()|
(t), u(
w*(t),u* (t), u(t) dt + (v(0), u(0) 7 + (v(0),u(0))y, . (5.86)

o~

Remark 5.5. It remains to observe that estimates (5.13)—(5.14), (5.38) and (5.42)—
(5.43) are still valid for the weak solution to the initial-boundary value problem
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(3.3)—(3.5) (w+n*,v+u*). With that in mind it is enough to take into account the
strong convergence (5.4), the properties (5.72)—(5.77), the lower semi-continuity
of the norms [|-{|r2(0,7,v5): |- lz2(0,7:v%)> and ||| z2(0,7;v) With respect to the weak
convergence in the corresponding spaces, and pass to the limit in (5.13)—(5.14),
(5.38) and (5.42)-(5.43) as m — 0.

6. On Regularity of Weak Solutions to the Boussinesq System

In the context of optimization problems closely related with the Boussinesq
system, the regularity of the solutions of the corresponding initial-boundary value
problem (3.3)—(3.5) plays a crucial role. Typically, the regularity of the solution
improves with regularity of the original data. In view of this, we begin with the
following result.

Proposition 6.1. In addition to (3.2), let us assume that ng € Vo = H(Q).
Then a unique weak solution (w+n*, v+u*) of the initial-boundary value problem
(3.3)—(3.5) is such that

w e L>(0,T; H) N L*(0,T; H*(Q) N V), 6.1)
W € L2(0,T; H), v e Wh(0,T; Vs) '

and there exists a constant D, > 0 depending on
Q, T, v, HhIHLOO(O,T)u HQIHLC’O(O,T)a HfHLOQ(O,T;H)7 HUUHLOO(O,T)7 HUIHLOQ(O,T)v
el oo o,y 110 = 0¥z Nmollss [lwollyys Ilrollzr, do, and 7*
which satisfies the estimates
lwlZ2 0,7 m20) + 1wl 7o 0750y + 1@ 720,70y < D (6.2)
HUH%"O(O,T;V(;) + H@H%W(O,T;V(g) < D (6.3)

Proof. Multiplying the equation (5.5) by ¢x(t) and summing for k =1,...,m, we
get

a2y -+ a2 1) 1 (£)) + B1 (0 (£), o 8), ()

by (1), (1), o (8)) + 5 (04 1) [om (0], 1 ()5
45 (o7 ) s (8), tom () =0, (6.4
for a.e. t € [0,T]. We note that

a1 (wm (1), wm(t)) = v (wm(t), wm(t))y, = 5 N wa@)]allf;  for ae. t € (0,T).

It was indicated in Remark 5.4 that, for each m € N, we have v,,, € W1>°(0, T’; V).

However, because of the continuous embedding V5 — C(€2) and the fact that



104 P. I. KOGUT, YU. A. MAKSIMENKOVA

inclusion v, € W1°(0,T;Vs) implies v,, € C%1([0,T]; Vs), we deduce: [v,,], €
L>(Q) for each m € N. Hence, there exists a constant Cg > 0 such that

. o ()]sl (@) < O e [om(Olellvy < Crlomlwsoe vy

As aresult, by Holder’s and Young’s inequalities, we derive the following estimate:
5 (0 [om (O, 17 o (), (6) 1 < 5 70+ 7 e (6 ey ()
< % irollzr 4 0T lomllw oo 0,75v5) l[tom () |22
"< L ol + 7| Shonln s magy + - lim O

. 3 *
{lettlng €= §CE [lIrollz +n }}

302 ) 1, . )
=L llrollzr + 71 [lom 1,00 (0,205 + g lom @)l (6.5)

The similar one holds true for the last term in (6.4)

5 (1ot + 17"y, Wi () < Sllro + 0" [ lluz | oo o) | 0m (8) | 1

1 . .
< g ol -+ 7] (Mgl o) + Il gecoy) i 6)

c
1 r e, L W 2
< g lIrolla + 177 582+ - him (O] R
2
= 2 rollsr+ ' + 2l (1) (6.6
Since
. . 1 .
b1 (wimn (1), vm(t), Wm(t)) :/Q [[wm(t)]z O ()10 () + §wm(t)[vm(t)]wwm(t) dz,

it follows that
|01 (win (£), 0 (£), 10m ()| < [Jom (&) | oo () |l [wrm (&)l e |10 (8) | 1

+ %me(t)HH”[UM(t)]x”LOO(Q)||wm(t)||H

(24), 23) ,
< 24/05 omO)1vs lwm () 1w lltm (8) | 22

1 .
+ 2l (®)lvo N ()]s v I (1) 1 < [\/ ; CE} Fomllwooozva)

4
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€ 1, .
X 5llwm(t)\|%0+;€\\wm(t)|!% _
EZgOlHUmHWI’OO(O,T;V(;)

3C2 ) , 1 )
< —vmllpree v lwm O1v, + = llwm ()[|5- (6.7)
2 ( ) 6

From this inequality and (6.4)—(6.6), we infer

302

d . *
V@H[wm(t)]zllir + [l () 7 < TE [lrollsr + 0*T Jomlf.ee 0,7,

Go
302 %12 512 2 2 f 0.7
+ = llirolle + 0T +3C lom 1.0 0,70 lwm (), for ae. ¢ € (0, 7).

C3

Therefore, an integration over (0,t) yields

vlwm (B3, +/0 [ ()17 ds = v [wm ()]lE +/0 o (5) 17 ds

~ ~ ) ~
< TC2||Um||12/V1,oo(0,T;V5) + 3012”Um”%/vlyoo(o,T;V5) me”%Q(O,T;VO) + V||770||V0 + C3T

2
<7, [su% vauwm(o,m] T ol + T
me

2 by (5.51)-(5.53)

2
1362 [sup ||vm||W1,w<o,T;v5)} {sup uwmnm(o,T;vO)] 269 .
meN meN

(6.8)

As follows from this estimate, the sequences {wm,(-)},,cn and {m,(-)},,cn are
bounded in L*°(0,T; Vo) and L?(0, T; H), respectively. Hence, up to a subsequence,
we can suppose that there exist appropriate subsequences (still denoted by the
suffix m) such that (see (5.54), (5.56), and Remark 5.4)

Wy, — w in L®(0,T;Vp) and b, — w in L*(0,T;H) asm — oco. (6.9)
As aresult, we can pass to the limit in (6.8) as m — oo along a chosen subsequence
and deduce by the weak lower semi-continuity of the norms in L>°(0,7"; Vp) and
L?(0,T; H) that the same estimate holds for the limit element w. Hence,

we L®(0,T;Vy) and w e L*(0,T;H). (6.10)
Moreover, in the similar spirit to the estimation like (6.7), it can be shown that

(wm(t)v(t) + ;w(t)vx(t)> € H forae tel0,T]. (6.11)
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Indeed,
o (2o Oyt < eyl + 5 lo(e)oa ()l

1
SHlwa@ll o)z @) + 5wz @llve (t)ll
by (2.4)

< i w®) s (@) vy + ) g s (6) 1
< 3y/o5  w®) v, lo(®) v,
2C

by (5.51)—(5.53)
< C [lw®f; + lv@)13;] < +oo ae. t([0,T]. (6.12)

Taking this fact into account and combining it with property (6.10), we can rewrite
the equation in (3.17) in the form

o(wal®)02) | = = (00) + wal0) (0) + 0 (6) + 0(0) (0alt) +03(6) 0)
= %([(ro 1) () + s (O] p)  ae. t € [0,T] forall p € Vo

Then, the regularity theory for elliptic equations (see [7]) implies that w(t) €
H?(Q) for a.e. t € [0,T] and

lw(®)720) < C, Q) [ll??oll%/o @) + llwa(t) (v(t) +u(2)) 7
+ w(t) (va(t) +up (D) 177 + 1(ro +1%) (va(t) + wi (1) H?{] a.e. t € [0,7].
Integrating this relation over [0, 7] and using (6.5), (6.8), and (6.12), we see that

1o +17) (valt) + s (D) 720,75t
by (6.5) N
< 26% ol + 0P (Il e o) + C2T)

H%Q(O,T;H)
) T _
<2 [ 1Ol (IO + 16l o) d

<28, (HUH%/VLOO(O,T;V(;) + C’2H6||L1(Q)> [wllZ2(07.v5):

S
—~
i~
8
—~
o~
S~—
-
2
8 %
—~
~+
S~—
S~—

”%2(0,T;H)
I ~
< st [ 1w, (1R, + Clelo) d

< 485" (Il o) + C2 100100 ) 1020 35

g
8
—~
I~
—~
~
~—
-
IS
*
—~
~
~
~—
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by (6.8)
)y S

Hw||%2(o,T;H TCQHUH%/Vl,oo(o,T;V&) + V||770||%/0 + C5T

+ 3012“U”%4/1v°°(0,T;V5) HwH?ﬂ(O,T;Vo)?

where C is given by (5.23). This leads us to the conclusion: there exists a constant
Cy = Ci(r,Q,T,60) > 0 independent of w and u such that the following estimate

*\2
ol 07smr2ay < Co Il + ) + (14 ol 220100 ) 10 noe 0705
2 2
- R 6.13
+ ||g||W01’ (0,T) + || ||W01’ (0,T) ( )

holds true and, therefore, w € L?(0,T; H?(£2)) by (6.13) and Theorem 5.1. Thus,
(6.2) is a direct consequence of (6.13) and estimates (5.13)—(5.14), (5.38) and
(5.42)—(5.43) which are the same for the functions w and u as it is indicated in
Remark 5.5.

To end the proof, it remains to notice that the conclusion given above is valid
for any cluster pair of the approximation sequence {(wp,(t), um(t))},,cn- Since
the system (3.3)—(3.5) admits a unique weak solution (see Lemma 4.1), it follows
that the convergence (6.9) takes a place for the entire sequences {wy,(-)},,cn and

{m ()} men- O
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